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1. 126 Years Since Lalescu’s limit

by Neculai Stanciu, Buzau, Romania

In this paper we will present a method for calculating of some famous limits of Lalescu-type
sequences.

The ideas presented may be useful to students participating in various mathematics
competitions.

All the problems addressed are original and have been published in various mathematics
journals.

Teaching is a dynamic profession involving many aspects such as lecturing,
questioning/responding, interpersonal skills and thinking on one’s feet.

The most inspiring teachers are those who can transmit enthusiasm for their subject to the
students. If the teacher cannot get excited about the subject, then why should the students?

We take it as a personal responsibility to pass on to others the techniques and concepts that have

been acquired. We attempt to do this in a cheerful way by injecting humor whenever possible.

The adopted teaching philosophy can best be summed up by the phrase: teach by example, and
that we make here!

Stolz-Cesaro Theorem (C-S). If (X, ) ., and (V,),, are sequences such that () ., it is
L X —X = X
strictly monotonous and boundless with lim —*——" =] e R, then lim —~ =1
n—)ooyn+1 _yn n—)oeyn

Cauchy-D’Alembert Theorem (C-D’A). If sequence (Xn)nzo with X, > 0, forany neN and

n—0

. X .
lim 2L =] then IIm %/x, =1
xn n—>o0

In the material below we will present some limits, the solution of which involves the use
of the theorems stated above. Many of the problems presented are published in various national
or international journals, but the solutions presented here differ from those published.

The problems solved are famous Lalescu-type limits, and this year marks 126 years since
the appearance of the Lalescu limit in Romanian Mathematical Gazette.

Applications

1) The limit of Traian Lalescu sequence (G.M., Vol. VI, 1900-1901, problem 579, p. 148).

L=lim (f(n+ D -8/n = ©

e
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Solution. We denote u, =

n!

/ol | Cauchy—D'Alembert | n n
lim\/;:limn n! D lim (n+1)+.l'n_=]jm n zl
n—o pn n—»0 n" n—0 (n+1)n n' e +1 e

u - —_ — .e:
n—o " I’l—)OO \/_ ,1_>oo I’l+1 n n n! e ’

u, —1 wn+DH n+l
lim =1, Imu, =lim| ——=—| =lm ———=-=e¢
n— h’lu n—0 n—>0 2/l N0 nm

n—®0

L= lim (G D1~ 4/ = mr(”*vlmJ:)'_lj:mn@(un-l):
Vl.

1) The limit of D. M. Bdtinetu-Giurgiu sequence (G.M., Vol. XCIV, 1989, problem C:890, p. 139).

2 2
B —tm (n+)”  n e
e i (n+ 1)1 Al
(n+1)2 3/n!
Solution. We denote U
n®mil(n+ 1)!

n

n! 2 _
limu, =lim ———— i D" 21 fm %o

n— n—o nJ,r\/(n + 1)' n—»o0 nz " e ln un !

R (2 TS A ST R W b e [ TR
]Jmunzhm . = lim| — JdJim——=¢"-—=¢
n—0 n—o0 n n+1/(n + 1)! n—o0 n n—0 n+ 1 e

n [ (n+1)* %n! n’
B =1lim . —1|=lm—=@u,-1)=
n—)oonln! n+l[(n+1)! nz n—)oo”/n!
= lim o H -1 ‘Inu’ =e-1-lne=e
n—oo 1/ n! ]nu '
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lll) The limit of Romeo T. lanculescu sequence (G.M., Vol. XIX, 1913-1914, problem 2042, p. 160).

I =1lim ((2+1)yf(n+1) —nifn) =1

(n+1)”W(n+1 _1 »
n-: \/_ 'lenu ;

Solution. We denote U

n+l n
lim 1" = fim (n+1)\/_\/n+ hm(n_—i-lj .]jmn-i-l ) 1
n—»0 Nn—>0 n

: =e-1-1=e
n—0 n—o©  n n%wnm
= ]jm((n+1)"+w1/(n+1) —niln) =lim n&n(u, —1)=

lim4/n -2 Inu" =1-1-lne=1.

n—>0 u

n

IV) (D.M. Bdtinetu-Giurgiu, Neculai Stanciu, The College Mathematics Journal 2/2018)

2]
s —adnes L
2

lim s, = s (loachimescu constant), then compute hm(s —s)Z\/_
n—>0

ol
Solution. We denote x, = (s, —S)z\/_ \/_(S — S |— \/_ \/_

s e

—gC-S — +1
lim\/;(sn—s):]jmsls—limLs” fim YD

= —(Sn _Sn+ ):
n—»w n—ow b n—w 1 _L n—»w ln_'_l_\/; 1
Jn Jn+1l n

:lig}o n(n+1)<\/n+l+\/;(—2\/_— +2\/n+lj:

1
Vr+1

"”°°Zn+l+2 n(n+1) 2

tim (Vi + 1+ f2n +1-24/n(n + 1) )= lim ACEIESDINS

. . 11 1
Hence, lim (s, —s)X/n! =limx, ==, [- = :
n—»w n—w 2\e 2,\/;

Remark. Problem 16 from Romanian Mathematical Gazette, No. 2, Vol. |, 1895-1896, p. 39
proposed by Andrei G. loachimescu (1868-1943):



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — MARTIE 2026 www.mateinfo.ro

n—0

Find lim(l+%+§+...+l—2\/2j.

n

V) (D.M. Bdtinetu-Giurgiu, Neculai Stanciu, The American Mathematical Monthly 2/2016)

~ (n+2)n+l

If {an }nZO » a, (7’1 N l)n

lim b, (x).

n+l

.2 2 2
, XER, {bn (x)}nZI , b, (x)=n™" X(acos t-a,” x) , then compute

2

CoS™ x
. _ l—cos’x| cos’x cos’x | a, _
Solution. bn (x) =n (an+1 —-a, )_ n- (7 (un — 1) =

cos’ x 1 2
a u, -1 (n+2)"er oy —1 .
:( n} n lnun - cos” x ncos? x " 'lnu" -
n Inu n* F(n+1) Inu,

n

n +2 (n+1)c052x n +1 cos? x u _1
= " _u’,VneN,where
n+1 n Inu,

COSZX n+2 n COSZX
" = a,,, _ (n+3) . (n+1) | VneN:
(n+2)"" (n+2)"

n+2 n cos” x cos? x . u _1
lim u, = lim n+3 n+l = e-l =1, Im—"*—=1.
n—>o0 n—o| \ g+ 2 n+2 e e nu,

. zﬁm((n+3)"+2_ (n+1)" J . ((n+l)(n+3)}n+l.n+3
(n+2)"" (n+2)"™" (n+2)° n+l

n 0082 X

n
n—>w n—>0 n—>m

(n2+n)cos2 X nc()52 X

2

:h.m n +4n+3 hm n+3 :e—coszx_eZCoszx_ cos? x
n’ +4n+4 n+l

n—>0 n—>0

. o2 . 5 B "
So, lim bn(x):ec.os *1-1'In hmu:):ecns T ln e :coszx-e“” x
n—>00 —500

Remark. Problem 4600 from Romanian Mathematical Gazette, Vol. XLI, 1935-1936, p.216, defines
B n+2)"" (m+1)"
(n+1)" n""!

the sequence of Mihail Ghermdnescu (1899 — 1962): G, ,n=>2.

Note.For x=0, limb, (x)=1lm G, =e.

n—>0
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2. Extinderi ale unor inegalitati din Romanian
Mathematical Magazine nr. 47-winter edition 2025

Prof. Gheorghe Ghita

Articolul prezinta extinderi ale unor inegalitati propuse de Daniel Sitaru si Marin Chirciu.

Propozitie. Dacd k, x,y,z > 0 =

(k+1)3xyz < {Tkx +y) S = (x +y + 2) )

Gheorghe Ghita

Holder

Demonstratie. [[(kx +y) = (kx-ky-kz + i/yzx)3 =k +1)3xyz >

VIkx +y) = (k + 1)i/xyz

MA-MG

. 3 3 3
[Ikx+y) < (Z—(kxﬂ)) = (k2x+2y) = (k;) x+y+2)>°= Y[k +y) <

3 3

% x+y+2)
Aplicatii.
Al.In AABC are loc:

2(k + 1)V3r < 3/TI(ka + b)< 2(k + 1)V3R
Gheorghe Ghita

(€] Mitrinovic

Solutie. Y T(ka + b) S (k + D¥abc = (k + 1)3/4pRr >

Euler

(k+ DV12V3Rr2 S (k + 1)V 24V3r3=2(k + 1)V3r

(€] Mitrinovic

SM(ka + b gi/%(a+b+c)3=@ < (k+DV3R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Pentru k = 11n prima parte se obtine inegalitatea PP46324 de Daniel Sitaru, Octogon

Mathematical Magazine:

InAABC holds: i/(a + b)(b + ¢)(c + a)>4/3r,

iar in a doua se obtine inegalitatea propusa de Marin Chirciu in articolul About the problem

PP46324-Octogon Mathematical Magazine: In AABC holds: V(a + b)(b + ¢)(c + a)<2v3R
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A2.In AABC are loc:

3k + Dr < i/n(kra +ry) < @R

Gheorghe Ghita
(1)
YTIkr, + 1) S (k + Dirampre = (k + 1)\/@ D-b)p—-0)

(k + 1)3\/ ps” =
p(p-a)(p-b)(p—c)

k+1)° ﬁ

Solutie.

Mitrinovic

-
>

= (k+1)%/pS = (k+ 1)3/p? (k+ 1)V27r3 =3(k + Dr
(1) 4R Fuler 9(k+DR _ 3(k+DR
ra+r +7¢ oo + +
YTk, + 1) < (k + 1) 2227 = (k + 1) - .
Pentru k = 1 se obtine dubla inegalitatea propusa de Marin Chirciu in articolul About the problem
PP46324-Octogon Mathematical Magazine

: 6r < 3Tl(kr, + 1) < 3R
A3.In AABC are loc

3(k+ 1r < i/n(kha +hy) < @R

Gheorghe Ghita
(1)
Solutie.

*Mkh, + hy) S (k + 13/ hyhyh, —(k+1)3 85
(k+1) = 857 _

27Rr

IV

p?
> = (k+1) 2

(k+1) |2

2 (k + DV27r3 = 3(k + Dr
€

(k+1)(hq+hp+hc) 2(k+1)s(§+%+1
YT (khg + hy) < :

;) _ 2(k+1)S(¥ ab)

6(k+1)SR? _
3abc abc -
6(k+1)SR? _ 3(k+1)R

4RS

w

2

Pentru k = 1 se obtine dubla inegalitatea propusa de Marin Chirciu in articolul About the problem
PP46324-Octogon Mathematical Magazine

6r < 3/TI(kh, + hy) < 3R
A4. In AABC are loc:

3(k + Vr < TI(km, + my) < 3("“)

R

Gheorghe Ghita
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mq

hq A3

Solutie. i/]_[(kmal + my,) 2_ YII(kh, + hy) S 3(k+ Dr

(1) Leuennberger Euler
(k+1)(mg+mp+m;) ~ (k+1)(4R+1) ™ 3(k+1)R

YTIkm, +my) < (k+1) < . = =

3(k+1)

A5. In AABC are loc: 3(k+ 1)r < YTI(kw, + wp) < R

Gheorghe Ghita

wazhg A3
Solutie. VII(kw, + wy) S VII(kh, + hy) S 3(k+ Dr;

VG, 7y 2 Y, ) 2 220
A6. In AABC are loc: 3(k+1Dr < \/m < 3(RH)R
Gheorghe Ghita
Solutie. m ; \/H(kh—'*‘hb)> 3(k+ Dr;
Sasmg A4
Vs, +s9) 2 YMlm, +my) £ X2R
A7.Ifa,b,c > 0 then: Z—“(k‘”l;)(kbm >3(k+1).
Gheorghe Ghita
Solution. 5 J(karb)(kb+) Jm \/(ka+b)(kb+c) J(ka+bl))(kb+c) \/(ka+bb)(kb+c)

®
30D S 30k + 1) |22 = 30k + D).

For k = 1 is obtained problem 1998 proposed by Nguyen Hung Cuong-Vietnam, RMM-
Cyclic Inequalities Marathon 1901-2000.

27(k+1) (k+ 1)3

A8. In AABC the following relationship: Rr? <[J(kr, +1,) <——R(4R +
r)?
Gheorghe Ghita
€Y .
; Q 3 _ 3 S _
Solution. [I(kry +1p) = (k+ 1D)°ryrpre = (k+ 1) sy y——— = (k+
R

p(r-)p-b)p—0)
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p*2=;
3 3
(+ 135 = (k+ %S = (k+ D%p?r S ZE R
(1) s 1)? s 1)? Euler a1)?
~ ~
[Ckry + 1) £ E2 (41 +10° =222 (4R +7)° 2 . Z (4R +1)2 =
3
t1)” R(4R + 7)2.

6

For k = 1 is obtained problem J3059 proposed by Marin Chirciu, RMM nr.46-autumn
edition 2025

Bibliografie
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3. Inegalitati rezolvate prin mai multe metode

Prof. Pogorevici Aura-Loreta

Problema 1
Daca O<a<b si x, € [a,bl i=1,2,...,n atunci are loc inegalitatea:
" n N\ _(a+b) -n?
(; X, )(; X; j < YT

(Olimpiada, 1981, faza judeteand)
Solutie.
Solutia clasica este:
Din (x, —a)x, —b)<0, pentru ci a<x, <b, obtinem x +ab <(a+b)x,, sau, impartind cu

x,#0 rezultdi cd x,+abx;' <a+b . Sumand dupd i de la 1 la n rezultd

> x, +abd x;' <nla+b). Aplicand inegalitatea mediilor avem:
i=1 i=1

2 abixiixi_l < ixi + abixi_l .
i=1 i=1 i=1 i=1

Din ultimele doua relatii rezulta inegalitatea ceruta.
O problema deosebita ar fi: cand are loc egalitatea? Egalitatea are loc daca si numai daca avem
egalitate in (x, —a)x, —b)< 0 si in inegalitatea mediilor, adica

x, € {a,b}

n

>x = abzn: x;!
i=l1

i=l1
anume, k (0 <k < n) dintre numerele x, sunt egale cu @, n—k dintre numerele x, sunt egale

cu b si i'xi Zabixi_l , deci ka+(n—k)b:ab(ﬁ+ n-
i=l i=1 a

k . . .
j. Egalitatea are loc dacd si numai

no.. . n g :
daca 5 dintre numerele x; sunt egale cu a si > sunt egale cu b . Dar daca n este impar?

Se impune deci o altd abordare a problemei.

a+b—x,

Din (x, —a)x, —b)<0 = x, +abx;' <a+b < x;' < . Deci

ab

(éxi)[éxlfl)si(gxij[é(a+b—xi)}zi(éxi)[n(a+b)—§xi} A

egalitatea are loc cand x; € {a, b}. Mai ramane de vazut care este valoarea maxima a membrului

din dreapta. Sa presupunem k dintre x; egali cu a s1 n—k egali cu b. Valoarea expresiei

este:
L fka (kB ol + ) ka(n k- [la~b)k +”b11'b[(b-a)k+"a] _
_ 2, ~b-af K +nlb-afk _ . (b-a) L+ k]

ab ab
Deci vrem valoarea maxima a lui —k> +nk, cu n fixat.
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A fll)=—k> +nk

v

n—1
2

E n
n o n+l N\
2 2

< . A . - n . .
Daca n _este par, maximul se atinge in varful parabolei, deci cand & = 5 iar valoarea maxima

este 1> + (b—a)2n2 _ (a +b)2n2 .
4ab 4ab

< . . . . . . VR
Daca n _este impar, maximul se atinge cand & ia o valoare intreaga imediat inferioara lui 2

. -1 1 . .
adica n2 sau n;— . Vom calcula ambele valori ale lui f(k) pentru k =

si vom arata

ca ele sunt egale, deci valoarea comuna va fi si valoarea maxima a expresiei date. Intr-adevar:

o (b-af _{_(nig:n_%ﬂ}n”(i)—a)z =l __(a+bfn’ _(b-a)

ab 2 B -

In concluzie:

ab 4 4ab 4ab

(a+b)n g
., . aan daca n este par
oS [£)<
=1 P (a + b)2 n’ (b - a)2 9 .
— , daca nesteimpar.
4ab 4ab

Egalitatea are loc astfel:
Cand n este par, > dintre x, sunt egali cu a si 5 egalicu b.

: : . n+l
dintre x; sunt egali cu a si

. . +1 . .
Cand n este impar, egali cu b sau nT egalicu a si

n-1
—— egalicu b.
) g

Observatie:

(a+b)n?

Revenind la inegalitatea initiala putem spune ca 5
a

este chiar maximul expresiei

(Z x,.)(z x; lj pentru n par, iar pentru z# impar este doar o majoranta (deci inegalitatea este
i=1 i=1

strictd pentru n impar), maximul fiind cel obtinut in (*).
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Problema 2
Sa se arate cd |[——{<1,(V)xeR".
x“+1
(Olimpiada, faza locala, 1994)
Solutia 1.
2
2x 2 2 2 (x_l) 20 .. e
—<l& |2x| <x +Hle—x -1L2xx +1e , care sunt doud inegalitati
X +1 (x+17 >0

evident adevarate.

Solutia 2.
Notind x = tga inegalitatea se scrie in mod echivalent |— " = |sin 2a| <1 care este evident
X"+
adevarata.
Solutia 3.
2x
Fie ¢:R >R, glx)= .
4 g( ) 21l
(a2 +1)-2x2x  —2x7 42 2(-x7+1)
g (x): AV =752 ¥ {52 %
(x +1) (x +1) (x +l)
g'(x) =0< x=1sau x =—1. Punctul x =1 este punct de maxim, iar punctul x =—1 este de
minim.
g(1)=1; g(-1)=-1. Deci |g(x] <1.
Solutia 4.
Folosind inegalitatea mediilor avem:
1
o I x4l 2
LA it Tosial 25 <.
2 X |2x| x°+1
Solutia 5.
1 X+l
Sestiecd x+—= > 2 pentru x > 0.
X X
Problema 3
a+by
Daci |a|<1, |p| <1, atunci: Vi—a? +41-p* <2 1—( 5 j .

(Concurs admitere)
Solutia 1 algebrica.

2
Prin ridicare la patrat avem: 1—a2+1—bz+2mg4{1_(a;bj}j

oS2-d* b +2\/(1—a2)(1—b2) <4—g? — b —2ab < \/(l—az)(l—bz) <1—ab. Avand tot

numere pozitive in ambii membri, printr-o noua ridicare la patrat avem:
l—-a’ —b*+a’h’ <1-2ab+a’h’ < -b* —a’ < 2ab |~(—1)<:>

< a’ +b* >2ab < a’ +b* —2ab>0 < (a—b) >0 (adevarata).
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Solutia 2 geometrica.
Fie un semicerc de razi 1 si A(a,0), B(b,0) luate oriunde pe diametrul ce delimiteaza

semicercul.
Construim trapezul ABB'A’ inscris in semicerc AA4' | AB,

BB’ | AB si fie M mijlocul [4B], iar M mijlocul [4'B'].
Deci MM’ este linie mijlocie a trapezului ABB'A’ .

' B(b,0)
[04] = lal, 08| = B} [oM] = 1“2 4| =1 = a?  |BB| = VT1— b7,
l ’ 2 2
||MM = ”AA ;”BB = Vi-a 42_\/1 b ; Aplicand teorema lui Pitagora in triunghiul OMN

2
avem: ||NM|| = ]’1_[a-|2—bj .

(a+bj2 J1—a® +41-5>
< . 1- 5 > .

Cum |NM| = |MM'

2

Solutia 3 trigonometrica.
Deoarece |a| <1 si |b| <1 putem considera a=cosa,b=cosf , unde «a,f € [0,7[] .

2
Inegalitatea din enunt devine: V1 —cos’ & ++/1—cos’ B < 2\/1—[%) & sing +sin f <

2 . . . ;
SE\/4—cosza—coszﬁ—2cosacosﬂ =S sma+sm,6’£\/s1n2a+sm2,b’+2(1—cosacosﬂ) .

Prin ridicare la patrat avem:

sin® a+sin” B+ 2sinasin B <sin® a+sin’ f+2—2cosacos f <>

& sinasin f+cosa cos f <1< cos(a — ) <1 care este evident o relatie evident adevarata.
Se mai pot da doud solutii bazate pe analiza matematica:

Solutia 4.

Fie f:[-1,1]=[0.1] f(x)=~v1-x".

[x)= — => f"(x)= —( _1)3/2 <0 (nu este derivabila in punctele £1, dar acest fapt nu
-X 1-x

influenteazd demonstratia). Deci functia f este concava — S (x‘)-;f (x2) < f[xl ;xZJ )

2 2 2
Considerand x, = a si x, = b inegalitatea devine: V1-a ;‘\/1 b < /1_(a42-bj .
Observatie.

Demonstratia aceasta coincide cu solutia geometrica deoarece graficul functiei alese este chiar
semicercul considerat acolo.

Solutia 5.
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1

N

Alegem 0<a<h<1. Aria marginitd de graficul functiei g, axa Ox si dreptele x=a,

Fie g: [O, 1) — [O,+ oo), g(x) \/i_ .

) 1-x7
0,(V)x €[0,1). Atunci functia g este crescitoare pe [0,1).

este mai mica decat aria marginitd de graficul functiei g, axa Ox si dreptele x =b,

a+b

2 2 |b
Y <Al-= arb &

2

2 b
x=a+b Avem: IdeSJ‘de@—\/l—aez

2 . a l_xz LMVI—XZ
2

2
ofl- +1-p <2 /1—(“2”} .
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Art 9800

Math Journal
-9-

Marin Chirciu

Mathematical Journal prezinta o selectie de probleme recente din diverse publicatii de specialitate .

Problema1050.
X e {O,Z}
Solve for 2
~ 8
4M + ZW =log, >
I+x

Niculae Cavachi, Constanta, OL-Constanta-2014

Solutie.
: = ) i 2 P 1 1 Medii
LHS:4«/SITX+2\W Z4sm X +2cos x :4sm x + — :4sm x + — + — >

Avem 2 2 2
Medii .2

2 2 , cu egal pentruX = 0.

8 8

RHS =log, > <log, =log,8=3

I+x 1+0 , cu egal pentruX =0

LHS =45 4 295 > 3> Jog, —~ = RHS

Am obtinut +Xx , cu egal pentruX =0

Deducem ca solutia ecuatiei este ¥ = 0.

Remarca.

Vs
xe {O,—}
Let be 4 > Lfixed. Solve for 2

! Profesor, Colegiul National ,, Zinca Golescu " Pitesti
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3

prfins gl _og 2

1+x
Marin Chirciu

Deducem ca solutia ecuatiei este ¥ = 0.
Problemal051.
Solve for reals

{ \/;+\/)_/+\/_:3\/§

PAREINT ML L R o)}

Catalin Zirna, Constanta, OL-Constanta-2014

Solutie.
S(SE) () s
aem<=" 3 3 3

, - > ZXZZIZ,Z):ZG
sz +yAZG33'H2x +y :33'229‘ +zy > 33 212+6 :33 218 :326:192

(x.3,2)=(2,2,2)

Deducem ca solutia sistemului este .

Remarca.

Let be 4 > Lfixed. Solve for reals

{ J;+J;+J':3JI

lszry +ly2+z +/122+x :3/1&2+l
Marin Chirciu

(x, y,z) = (/1, /I,ﬂ)

Deducem ca solutia sistemului este .

Problemal052.

|fa9bacad > O’Cled zlthen

www.mateinfo.ro
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Z 1 <a+b+c+a’
a+3 4

Craciun Gheorghe, Mathematical Inequalities 2/2026

Solutie.

AG abed=1

LHS = zm Za+1+1+1 zwaT 24\/— 2 bed <

46 1 l+b+c+d

< Z T:E(4+3Za) < E(Za+32a>=g-42a222a=RHS.

AG
> > «4/ =431 =
Am folosit mai sus(AG): Za = 4, vezi Za > 43abed =41 =4 .

Egalitatea are loc daca si numai dacd ¢ =b=c=d=1,

Remarca.

1§ s Gaseen @y > O' aa,..a, =1,

Z 1 chtat..+ta,

a+n-1 n
Marin Chirciu
Solutie.

aa,..a,

LHS=Y" =>

a,+n—1
n-1

Ul l+a,+a,+...+a

<

<— B :Lz(n+(n—1)2a)ASG%(Za+(n—l)Za):iz-nz

n n n n n

=lZa = RHS
n .

. . Cosa=a,=..=a =1
Egalitatea are loc daca si numai daca 4G =4 a, .

Problemal053.

|faabaczo’a2 +b2 +Cz :lthen

Va1
ZHJ?I;‘E_

a1+1+ 41 zn,alll n\/_ z Vit <
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Alexandru Carnaru, OL Constanta-2014

Solutie.

Dina,b,cZO'a2+bz+cz =1 :a,b,ce[O,l] :>\/;2a2a4.

Ja Py s (Xa') 1 el 1

=—=RHS
1+\/_b

1+\/_b Z(Hfb) 3+«/?_>Za T 3:BAB 6

LHS =) ———

CS
l=a’>+b*+c* >
<
Am folosit mai sus 3 = Za - \/g .

Egalitatea are loc daca si numai daca 4 = b=c,

Remarca.

|fa,b,020,a"+b”+c" =1,n€N’n22then

Ya 1
> el
1+43b 6

Marin Chirciu

Solutie.

Dinaabaczo'an +b"+c" =1 :>a,b,ce[0,l] :>(’/22a2a2"'

a_ SO0 B N S
S = Z“1+\/_b Z“l+«/_b Z(Hfb) 3+4/§Za T3zt

=1=RHS
6

Egalitatea are loc daca si numai daca4 = b=c,
Problemal054.

Ifa’b’c >0 ,then

bc 3
Z (a+b)(a+c) _5.

OL-2014
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Solutie.

(a+b a+c a+b a-+tc a+b a+c

LHS =Y [—2 =) Afz%( b, ¢ j:%:RHS

Egalitatea are loc daca si numai daca? = b=c,

Remarca.
Ifa’b’c > O,then
bc 3
St 3
(a + b)(a + c) 2
Marin Chirciu
Solutie.
bc CBS bC Lema 3
z\} a+b a+c \/ a+b)(a+c) \/z (a+b)(a+c) \l 2
3
=—=RHS
J2
Egalitatea are loc daca si numai daca ¢ = b=c,
Lema.
f@0:¢>0 4o

bc 3
Z (a+b)(a+c) _5.

Problema1055.

InAABC holds:

Adil Abdullayev, Azerbaijan, RMM2/2020

Solutie.
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! :
7 Euler
LHS = h, slzﬁs R = RHS
Zizl ZL>£ ZL 2 2r \2r
Folosind h, P My R = m, R

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

InA4ABC holds:

Marin Chirciu
Problema1056.

InA4ABC holds:

1 383
Ta

Nguyen Hung Cuong, Vietnam, RMM 2/2026

Solutie.

w, wbw <r,nwr Mztrmovtc
LHS = Z—>33/ / / 1 3*/_—RHS
wW,W, v,

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

InAABC holds:

2(a)={2]

Marin Chirciu
Problemal056.

hcx,y,z>O’x+y+z=1then

www.mateinfo.ro
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Stud. Rares-Andrei Cotoi, Cluj-Napoca

Solutie.

Lema.

5 0.2>0 x+y+z=1,
X < 9x+1
1+x 16
X 1
f(x) =" X, ==
Folosim Tangent Line Method pentru functia 1+x , re (0’1)Tn punctul 3,

y—l=2(x—l) _9x+1
Ecuatiatangenteiestey_f(xo):f’(xo)(x_xo)<:> 4 16 3 <:>y 16

f(x)—i<9x+1

Avern T l+x 16 ¢3(3x_0220_

Folosind Lema obtinem:

Lema 9% x+3
yox frg9xtl 2x+3_943 12 3 _
1+x 16 16 16 6 4
x:y:Z:_
Egalitatea are loc daca si numai daca 3.

Remarca.

Ifx,y,z>O’x+y+z=land,12()then

Z X < 3
A+x 34A+1
Marin Chirciu

Problemal057.

hca,b,c,d >0then

4

Z a 16abcd
bed  abc+ abd + acd + bed
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Craciun Gheorghe, Mathematical Inequalities 2/2026

Solutie.
V_ 2
LHS =3 < CS(Za) AG( () ) = 16abed — RHS

>
bed ) bed > bed abc + abd + acd +bcd

Egalitatea are loc dacé si numai dacd ¢ =b=c=d

Remarca.

Ifa’b’c’d >Oand”IENthen

Z a’" S 16(abcd)5
becd  abc+abd +acd +bcd

Marin Chirciu
Solutie.
1 S 16

a’ S 16+ abcd

Pentru” =1 avem “~bcd — abc+abd + acd + bed , vezi CS si AM-GM.

Pentru”? 22 ge foloseste inegalitatea lui Holder.

e (] ST o o

bcd = 4% 2Zbcd 4" ZZbcd 4" ZZbcd " abc+abd +acd +bed

LHS =32

— RHS

Egalitatea are loc dacé si numai dacd ¢ =b=c=d

Problema 1058.

Ifa,b,c > 0,abc = lthen

Z 4a—12 >

(2b+1)

Thailand-2019

Solutie.
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_ e ap? 2 4(b* +b
Z( 4a 12+1J:Z4a Ledb’ +db ] s datdi’ +4b_ g (”+ +a)<12>4

(2b+1) (2b+1)’ (2b+1)’ (2b+1)’
sHlrbray,  Prbra,
2 - 2 =
unde (2b+1) = (2b+1) , care rezult3 din:
Lema.
Ifa’b’c > Othen

b2+b+a> a
(2b_|-1)2 Ca+ab+1

Demonstratie.
2
b-"+b+a S 1 a

(b2+b+a)(1+b+lJC§(b+b+1)2 =(2b+1)2 (2b+1)2 a 1+b+l " a+ab+1
a — a

abc=1

zb2+b+a>z a Y

(2b+1)2 C~a+ab+1

Egalitatea are loc daca si numai daca 4@ = b=c=1
Remarca.

Ifa,b,c > 0,abc = lthen

Z(4a—l)" 1

(2b+1)" 3"

Marin Chirciu

Problema 1059.

Q117. Let ABC be 3 triangle with AD the hight from A ,and E respectiverF the midlle of the sides
AC ,respectively AB For any pointPfrom the plane of triangle ABC, letY and Z be its symmetric

from the pointsE,respectiverF _1f P'is the midlle at DPandM =BY CZ, then prove that the
line MP’ passes through a fixed point.
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Titu Zvonaru, Sclipirea Mintii Nr36/2025, Q117

Solutie.

ABC)

Folosim afixele punctelor din pIanuI(

rie A(a):B(6).C(c).D(d).E(e). F (/). P(p).P'(P'). Y (¥).Z(2)

e:a+c’f:a+b, ,:d+p
Avem 2 2 2
a+c
Y=2E—P=[2- —pj=(a+c—p):Y(a+c—p):>y:a+c—p
a+b
Z=2F—P=(2- —pj=(a+b—p):>Z(a+b—p):>z=a+b—p
AvenM =BY(NCZ,

=b+t(a+c—
Ecuatiile parametrice ale drepteiBY:m b t(a ¢ p)_

’

m=c+t(a+b—
Ecuatiile parametrice ale dreptei CZ. ( p);

m=b+t(a+c—p)
Din m:c+t(a+b—p) :>m=a+b+c—p:>M(a+b+c—p)'

D,E F

Punctele se afla pe cercul celor noua puncte ale AABC, cercul lui Euler (mijloacele laturilor,

picioarele Tnhaltimilor si mijloacele segmentelor determinate de ortocentru si varfuri).

a+b+c+d
Centrul NV al cercului celor nous puncte ale AABC gste de afix 4 =
a+b+c+d
N ===T7
= 4

M,P',N

Aratam ca punctele sunt coliniare.

a+b+c+d 3a+3b+3c—d-4p
4 4

N—M:M—N:(a+b+c—p)—

’

WzP'—N:d;p—a+ch+d :2p+d—4a—b—c
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— g— 1
Obtinem NM =-3NP' = punctele M, P ’Nsunt coliniare = MP' trece prinN, centrul cercului
lui Euler al AABC, deci punct fix.

Concluzie: Dreapta MP' trece prin centrul cercului lui Euler al AABC
Problemal060.

Ifa,b,c>0,a+b+023then

ch +b+c
2a+1

>3

Panagiotis Danousis, Greece, MathAtelier 2/2026

Solutie.

@ +b+ctB e ad +3-a55 < 2a+1
LHS=) —— > _— 2 =>» 1=3=RHS
Z 2a+1 Z 2a+1 Z2a+1 Z )

Egalitatea are loc daca si numai daca ¢ = b=c=1

Remarca.

1).Ifa’b’c>O’a+b+c=3and/120then

a*+3(b+c) _ 21
>
2 2a+1  A+2

Solutie.
LHS=Za3+3(b+c)b+c;—a a3+3(3—a)S§SZ 7 Czs 7-9 _
2a+ 1 2a+ A 2a+4 Y (2a+A)
63 63 63 21

RHS

T2>a+34 23434 3(A+2) A+2

@ +3(3-a)27 o (a—1) (a+2)20

Am folosit mai sus: , cu egal pentrud = 1

Egalitatea are loc daca si numai daca4 = b=c=1,

.Ifa,b,c>0,a+b+c:3

2) then

a’ +3(b+c)

Y —————2>7

2a+1

Dezvoltari, Marin Chirciu
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Problemal061.
InAABC then
o —
x> >
. A . A
sin” — sin —
2 2

Nguyen Hung Cuong, Vietham, RMM 2/2026

www.mateinfo.ro

Solutie.
Lema
InAABC then
B-C b+c . A4
cos = sin —
a
Karl Mollweide
B—C b+cSmA b+c b+c ( )
bema 2 be(b+c
Bl ey RIS I -y -
sin® = sin’ 2 4 p c) a(p—b)(p—c)
2 2 be
2( 2 2 2 2 )
_ P (P72 —14Rr )+ (16R +2Rr +7 )GZ
2R
Gerresn (16Rr = 517 ) (16Rr = 57 + 21" —14Rr) +1* (16R” + 2Rr + 77 )

> =
2R

(16Rr—5r2)(16Rr—5r2 +2r* =14Rr)+7” (16R* + 2Rr +17)

2R

4(6R* = TRr+2r ) rur 2R 3
> 2>

R > Vi RHS
r r .
sin —
[1sin7

’

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

InAABC holds
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Marin Chirciu

Solution.
Lemma.

InAABC holds

5 P(P 427 —14Rr)+ 17 (16R* +2Rr+17)
Z 4 2Rr

Problemal062.
Ifa,b,c >0,a+b+c :3then

3

Y
a+b> 2

Nguyen Hung Cuong, Vietham, RMM 2/2026

Solutie.
a’ b* s0s b b 1
LHS—Zm—Za[I—a2+b2j : za(l_2abJ_za(1_Zj_za_Ezb_
1 1 3
—EZG—E'3—E—RHS.

Egalitatea are loc daca si numai daca ¢ = b=c=1
Remarca.
Ifa,b,c >0,a+b+c :3and” €N then
a 3
Z 2 T,
a+b" 2
Marin Chirciu

Problemal1063.
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hca,b,c>O,a+b+c£3then

ZL
Na* —a+1

Panagiotis Danousis, Greece,MathAtelier 2/2026

<3

Solutie.

SOS CBS

www.mateinfo.ro

LHS = ZW<ZIZI<@ L 33 =3-RiS

Egalitatea are loc daca si numai daca ¢ = b=c=1
Remarca.

Ifa’b’c>0’a+b+cg3andﬂ~<2then

3
Z\/a —Aa+1 \/2—1
Marin Chirciu
Solutie.
a SOS a
< Ja€
Ja* —2a+1 Z\/(z—,l) \2- /12
3

= = RHS

2-2

LHS=Y"

Egalitatea are loc daca si numai daca? = b=c=1,
Problemal064.
Solve in positive real numbers

1

11
(roz ear o

0lJ Salaj-1997

Solutie.
1 N 1 _ 1 \/E . \/y_z »
(x+y)\/; (y+z)«/; XVZ e X+y y+z

Za<3
3Za < !

J_
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o mer 1

Avem ¥ty y+z 22 , cuegal pentruX =V =%,

S={(.2,4)|4>0}

Multimea solutiilor ecuatiei este .
Remarca.
Solve in positive real numbers

1 1 1 3
+ +

(x+y)\/; (y+z)«/; (Z+x)\/;:2 xXyz.

Marin Chirciu
Solutie.

1 1 3

+ + ! _ 1 \/5+\/y_z+\/;——
(x+y)«/z (y+z)\/; (z+x)\/)_/ \/x;<3x+y y+z z+x_2_

AG
Jo Az Nael 113
Avem Xty y+z z+x 2.2 2 2,cuega|pentrux:y:Z.

_ ) o 8={(AA2)4>0
Multimea solutiilor ecuatiei este .

Problemal1065.

a,b,ceR

Determinati astfel incat

Ja? =10a+106 ++b> —12b+136 +c* —14c+170 = 30
OL S&laj-1997

Solutie.

Va2 —10a+106 ++b> —12b+136 +/c* —14c+170 =

= J(a=5) +81+/(b=6) +100+/(c=7)’ +12129+10+11=30

, cu egal pentru

(a,b,c) =(5, 6,7)

(a,b,c) = (5,6,7)

Deducem ca este solutia problemei.

Remarca.
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a,b,ceR

Determinati astfel incat

V& =220+ 227 +\[B ~2(A+1)b+2(A+1) +\¢* ~2(A+2)e+2(A+2) =3(A+1)

Marin Chirciu

(a,b,c):(ﬂ,/1+1,ﬂ+2)

Deducem ca este solutia problemei.
Problemal066.

Se considera numarul
2 %
p(m) =48m +16m+1' undemEN"

v v m o N v v
a).Daca numarulp( )este patrat perfect, aratati cd 77 este produsul a doud a doud numere
naturale consecutive.

2
m,a =(8a+1
b).Dati un exemplu de pereche( ’ ) de numere naturalecu proprietatea ca p(m) ( “ ) .

Mircea Fianu, Bucuresti, Concursul”Panaitopol”, Tulcea-2013

Solutie.

=48m” +16m+1=(4m~+1)(12m+1
a).p(m) 8m 6m ( " )( n ), numerele4m+1’12mJrl sunt prime intre ele.
Daca numérulp(m) este patrat perfect si numerele 4m+1,12m+1 sunt prime intre ele =

dm+1,12m+1

= fiecare dintre numerele este patrat perfect.

' 4m+1=(2k+1)’
Cum4m+leste impar si4" +leste pstrat perfect = Jk €N astfel incat h .

Am+1=(2k+1) =4k + 4k +1=4k (k+1)+1 _ m=k(k+1) _

Deducem ca ca M este

produsul a doua a doud numere naturale consecutive.

2
bjpentru =30 — p(m)=48m" +16m+1=48-30° +16-30+1=121-361=(11-19)" = 209"

cum 209 =8-26+1=> a =26 = (m:a) =(30,26)
Problemal067.

zeR

Determinati xVs astfel incat
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2x° +1Sy(z+2) 2y° +1Sz(x+2) 27 +1£x(y+2)

’ ’

OL-1997
Solutie.

Adunand cele trei inegalitati obtinem:

2D 3D +2Y x oy 2D 02D x+3= Y <0 o Y (x-1) + X a7 =Y xp <0
Z:(x—l)2 +%Z(x—y)2 <0

= ,cuegalpentrux:yzzzl.

Deducem ca (x, y,z) - (1’1’1) este solutia problemei.

Remarca.
Let be 4 >0 solve for reals

(/1+1)x2+/1:y(z+2/1)
(A+1)y* +A=z(x+24)
(/1+1)Zz+/1:x(y+2/1)

Marin Chirciu

=(L1L1
Deducem c3 (x,y,z) ( 7 )este solutia sistemului.
Problemal068.

a,b>0

Determinati astfel incat

a b 1
2 T 2>
b"+2a+1 a +2b+1 2

Lucian Petrescu, Tulcea, Concursul”Panaitopol”, Tulcea-2013
Solutie.
Lema.

Ifa’b > Othen

a a
<

b*+2a+1 2(a+b)

Demonstratie.
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a a
<

b +2a+1" 2(a+h) o (b-1) 20

, cu egal pentrub =1,
Sa trecem la rezolvarea problemei principale.

Folosind Lema obtinem:

a b a b 1
+ < + =—
b*+2a+1 a’+2b+1 2(a+b) 2(a+b) 2

, cu egal pentrua=b=1.

Deducem c3 (a, ) (l’l)este solutia problemei.

Remarca.

if ©0>04pen

a b < l

2 + 2
b"+2a+1 a +2b+1 2

Marin Chirciu

Problemal1069.

Ifa,b,c>012a+abc=4the

n
H(l+g+caj227
b .

2014 JBMO
Solutie.

Lema.
Ifa’b’c > O’Za+abc:4then

abc<1

Demonstratie.

www.mateinfo.ro

4= a+abc23abe+abe —y 4> 33abe +abe <> 4> 3 +1 <> £ +31-4<0 <

<:>(t_l)(t2+t+4)go<:>t£1<:>abc£1.
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4—c _64—16Za+42ab—abc“b"=4_*2“

a a+b+abc
LHS = l+—+ca |= =
II( b “J [— =11 abe
abc=4—2a 60—15 +4 b2a=4—ab615 b +4 b AG abc<1
_ Qa+4) ab2e15abe+4) a :15+421215+4-33% >
a abc

abc abc

abc<1

> 15+4-3=27=RHS |

Egalitatea are loc daca si numai daca 4 = b=c=1,

Remarca.

Ifa’b’c>0 Za+/1abc=ﬂ+3 ﬂzothen

H(l+%+lacj2(ﬂ+2)3.

Marin Chirciu
Remarca.

InA4ABC holds:

1)

H(l+:—”}28.

a

Solutie.

Lema.

Ifa’b’c>0,za=3then

H[H%)zs.

Se cunoaste identitatea in triunghi '@ < L

(x,y,Z)=(z,3—r,3—r

o r] )
b "¢/ obtinem:

a

r

a

H(l+r—bj28.

Folosind Lema pentru
Egalitatea are loc daca si numai daca triunghiul este echilateral.

2).
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H(HZ_]JJZS.

Dezvoltari, Marin Chirciu
Problemal070.

InAABC
Y (h,—h.)(b—c)+4p(R-2r)=0
Solutie.

Lema.

in AABC

p(p2 +r —14Rr)

S -)(b-e) =

Remarca.

in AABC

Z(hb—hc)(b—c)+/1p(R—2r)20'/124.

Dezvoltari, Marin Chirciu

Problemal071.
5 _
1% Vs 2 > O'ZX _zxythen

szySS

Turkey 2019 Junior National Olympiad

Solutie.

5
RS =3 22 23 22y xy = LHS
xy

Am folosit mai sus:

www.mateinfo.ro
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5
z X (;) 3 Chebyshev 1

SOS
) ny—zx @szzzxzzxy'veZins > EZxSsz > Zx32xy.

(2) AG
3 2 3 3 3 3 3 3 2
X=X XX+ 23«3,36 -x7-y” =3x o . —_
(2): z Z Y , Vezi Y Y y; se scriu si celelalte doua inegalitati

analoage si se aduna.
. v . . o = =z :1
Egalitatea are loc daca si numai daca =y .

Remarca.
2n+3 __

szny <3
Marin Chirciu

Problemal072.

Ifx,y,z>0,x+y+Z=lthen

Z 1 S 1

2x° +2x+yz  xp+yz+zx _
Turkey 2007 TST
Solutie.
Lema.

Ifx,y,z>0’x+y+z:lthen

1 S vz
2x° +2x+yz (xy+yz+zx)2
Demonstratie.

1 vz
>
2x? +2x+yz (xy+yz+zx)2 PN ()chrszrzx)2 2yz(2x2 +2x+yz) PN

PN szyz +2xysz > 2%’ yz+2xyz+y°z° %:1

XV Y2 X 420z 22X Yz 4202+ V2 e XV 27X 22X )2 o

2
<:>x2(y2—2yz+zz)20<:>x2(y—z) Zo,cu egal pentru”? = %,
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1 Lema yZ

LHS=) ———— > =
Z2x2+2x+yz

1
Egalitatea are loc daca si numai daca 3.
Remarca.
In A4BC holds:
1).
2

DN marakbys
£:+2+L 4R +r

r,r, Ll

a a c
Solutie.
Lema.

Ifx’y’Z>O,x+y+Z:lthen

Z 1 S 1

2% +2x+yz xXy+yz+zx

s

Se cunoaste identitatea Ya

rrr
(x’yaz) :[r_’r_’r_J
Folosind Lema pentru a b "e¢/ obtinem concluzia.
Remarca.
InA4BC holds
Z 1 4p°r
2r 2 r  p’+r’+4Rr

hyh

c

3).
1 1
Ryt

Dezvoltari, Marin Chirciu

www.mateinfo.ro
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Solutie.

1 p*+r° +4Rr 1 4R+
2= =t

- 2.2 - 2
Folosind hyh, ar'p si Tl P obtinem concluzia.
Problemal073.
InA4BC holds

th+mc >£(£j
a NS

Konstantinos Geronikolas, Greece, MathTime 12/2022

Solutie.

e X R G R A X by

a

Mitrinovic ") -1
:25-2Zi:4sz g 20 20" 23003 18 (RYT Ly
bc abc 4RS R R Blr

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

InAABC holds

s(a2] (3]
a R) neN

’

Marin Chirciu

Solutie.
Dacan =0 obtinem egalitatea 3=3,
Pentru” = lvezi Lema.

Pentru”? =2 se foloseste inegalitatea lui Holder.

n n n
Z m, +m, m, +m, 6r\3
" Holder z Lema

m, +m a R
LHS = —b e > =3 a > 3| &
Z( a j 3! 3 3

www.mateinfo.ro
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R

(2] 7] e

Lema.

InAABC holds

Zmermc > 6r3

a R

Problemal074.

In AABC holds
> [1,BC]=3F

Sarkhan Adgozalov, Georgia, RMM 2/2026
Solutie.
Lema.

InAABC holds

ar,
2 .

[1,BC]=

Remarca.

InAABC holds

1).

3r3(2R-r) <> [1,BC] < 3R2*/§

2).

3 32
81§ L<>[1,BCT < (981}

r

Dezvoltari, Marin Chirciu
Problemal1075.

Solve for reals

www.mateinfo.ro
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\/9x—10 \/7x—8
7 —7 =2
x—1 x—1 _

CS Cheong 2/2025
Solutie.
\/9x—10 \/7x—8 {a—b=2 {a=1 9
{ -4 =2 7 7 X=—
x—1 x—1 = a —b =2<:> b=—1<:> 8
9
xX=—
Deducem ca 8 este solutia ecuatiei.
Remarca.

n>Lk>0n-k=2

Let be fixed.Solve for reals
\/nx—n—l kx—k—1
7 —7 =2
x—1 x—1
Solutie.
n
X=—
Deducem ca n—1este solutia ecuatiei.
Remarca.

Let be 4 > O fixed.Solve for reals

</(/1+2)x—/1—3 R e
x—1 x—1 '

Dezvoltari, Marin Chirciu

Solutie.
_x2
Deducem ca A+l este solutia ecuatiei.
Problemal076.
Solve for reals
1 1 1 1012

— +..+ =
1+2 14243 1+2+3+..+x 1013

Russel Abdullah, Math2/2026

www.mateinfo.ro
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Solutie.
S N 1 C1012 N2 1012
142 14243 14243 +..4x 1013 < mn(n+2) 1013 o
2x(l_ 1 j_1012 2(1_ 1 )_1012 11 506 11 506
o S\n on+l) 1013 & (2 x+1) 10132 x+1 1013 < x+1 2 1013
1 1

< x+1 B 21013 < x+1=2-1013 < x+1=2026 < x=2025

Deducem c X =2025 ggte solutia ecuatiei.

Remarca.

Let be 4 >0 solve for reals

1 1 1 22
—+ +..+ =
1+2 1+2+3 1+243+..+x 2441

Marin Chirciu

Solutie.

Deducem cd X =44 +1este solutia ecuatiei.
Problemal077.

Solve for reals

x(x+y+z)

y(x+y+z):2
Z(x+y+z)=6

Sanong Huayrerai, Math 2/2026
Solutie.

Adunand cele trei ecuatii obtinem:

(x+y+2)2:9<:>x+y+z=i3'

X=—

{x(x+y+z):1 1
1), X+y+z=13 +3

{y(x+y+z):2 ’
2) X+y+z=13 :y_i_3'
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{z(x+y+z):6 6
3) X+y+z=43 :y_g.

~(3393:39)
Multimea solutiilor sistemului este 333 333 .

Remarca.

a,b,c,2>0,a+b+c=1>

Let be .Solve for reals
x(x+y+z)=a
y(x+y+z)=b
z(x+y+z)=c

Mmarin Chirciu

Solutie.

5= {(
Multimea solutiilor sistemului este
Problemal078.

hcx,y,z>O’x+y+z:1then

1

2+ZK£
X

Kaltrin Surdulli, Pure Inequalities 2/2026

Solutie.

Folosim 24" _Method.

T 272 -2pr -2

Avem X Xyz r r

Inegalitatea se scrie:

2+ <—

r 9r &

g -2r 1 q_2 1
r

3 , Vezi

www.mateinfo.ro

1
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X=y=z=-—
Egalitatea are loc daca si numai daca 3.

Remarca.

Ifx,y,z>0lx+y+z:1 and A =2 then

Remarca.
InA4ABC nholde:
1).
2
v, R
2+
yresy)

T

Solutie.
Lema.

hcx,y,z>O’x+y+z=1then

2+Zyz

ppas

Se cunoaste identitatea in triunghi Yo

roror ", R ?
(xeyaz): Ty T T 2+Z
) r, h T , nr 2r
Folosind Lema pentru a ¢/ obtinem: ¢

2).

2+Z

5

Dezvoltari, Marin Chirciu

Problemal079.

Solve in reals
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1

1
4 447 +4 7250

Concursul ”Laurentiu Duican”, Brasov,5-7 mai 1994

Solutie.

1 1
LI
X
1). Dacd X <0 =>4 +4* +4 * <3 =jpecyatia nu are solutie.

1

2). Daca X > 0 este solutie a inecuatiei=si ¥ este solutie a inecuatiei = este suficient s3
- I . |Loo
determinam solutiile inecuatiei pe[ ’ )
1
. — X
5 .[1,00)—>R'f1(x)—4 +4°  f,

- . . . . 1,00
Consideram functia este functie strict crescatoare pe[ ’ ) .

L) >R fi(x)=4"

. . “ o } [1,e0)
Consideram functia = J2 este functie strict crescitoare pe .

1

L
Rezulta ca functia v [l,oo) - R, f(x) =/ (x) /2 (x) =444 este functie strict

crescdtoare pe [1’ oo) .

>
Din f(x) - f(2) Si f functie strict crescatoare pe [l,oo) =>x22
. o (0m) S-(O"}UP"’O)
Deducem ca multimea solutiilor inecuatiei pe este .
Remarca.

Let be @ > Lfixed. Solve in reals

2 2x+E

a*+a*+a *2a+d" +a’
Marin Chirciu
Solutie.

. o (0) S:(O"}UP"’O)
Deducem ca multimea solutiilor inecuatiei pe este .
Problema1080.

Solve in reals
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log, <1+\/;) =log, x

Concursul ”Laurentiu Duican”, Brasov,5-7 mai 1994
Solutie.
{1 +fx =2
_ _ t Y r L r
log2(1+\/;)—log3X—t:> x:3t :>(2 —1) =3 <:>2t_1:32<:>42_1:32<:>
¥ ¥ ! :

1)\2 3\2 1)2 3\2
S42=1+32 o4 4 <2 e 4 4) este functie strict
descrescatoare, ca suma de doua functii exponentiale cu baze subunitare.

t

Din2 < t=2’f=10g3x:>10g3x:2<:> x=9
Deducem c&X =9 este solutia ecuatiei.
Remarca.

Let be @ > Lfixed. Solve in reals
log, (1 + \/;) = logazf1 X

Marin Chirciu

Solutie.

2
x=(a’-1) R
Deducem ca este solutia ecuatiei.
Problemal1081.

Solve in naturals
1!+2!+3!+...+x!:y2'
Moscow Math Olympiad
Solutie.

u(14+2434+...+x!)=3
PentruX =4 = ( ) = IH2H34 ..+ X!y poate fi patrat perfect.

Convin (x,y) € {(1’1)’(3’3)} .

Multimea solutiilor ecuatiei este §= {(1’1)’(3’3)} .
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Remarca.
142434+ x!
Determinati x,yeN pentru care yz este patratul unui numar rational.
Marin Chirciu
Solutie.

u(14+2434+ .. +x!)=3
PentruX =4 = ( ) = I+ 24- 34 ..+ X!y poate fi pstrat perfect.

(x.»)e{(Ly).(3,5)/ yeN}

Convin .
Problemal1082.

If a,b,c> 0then

a’+b*+2 1
>A/2
2at6+2) Yo b2 V2

Amir Sofi, Kosovo, Mathematics(College and High School) 2/2026

Solutie.

2 2 CBS 2 g2
LHS = |2 +b"+2 N 1 > |4 +b"+2 N 1 _
2(a+b+2) Ya? +b*+2 WNa+5+2 Y +b>+2

2 2
_Lfaxbt2 ! :l\/\/a2+b2+2 —_—
2\ V2 +p*+2 Y2 +p*+2 2 Ja® +b*+2

AG
LN P S S l\“/az+bz+2-
Ja* +b* +2 2

\S)

1 \F
—_— =2 —:\/EzRHS
Ja* +b* +2 2 '

CBS

2(a+b+2)<4a’ +b* +2 _a+b+2s\/(1+1+2)(az+bz+2)<:>

Am folosit mai sus , Vezi

S arb 2 W@ 0 12) L ool o 2arbr2) sl T2

Egalitatea are loc daca si numai dacad 4 = b=1,

Remarca.

If a’b’c>0and/120then
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a+b*+ 1 1 2
+ >
Vi+2(a+b+A) Ya?+p>+4 YA+2
Marin Chirciu
Problemal1083.

Sa se calculeze
limn

[1_ S j
K \/n2+l \/n2+2 n’+n .

Ilie Dinulescu, Pitesti, Concursul”Dan Barbilian”-2001-Pitesti

Solutie.

limn(l— R S ):limn(l— 1 ]=lim2(1— L j:
o \/n2+1 \/n2+2 nw4n) " ARt +k ) " n’+k

= limZn: k

T vk (n+\/n2 +k)

z k < k

k=1 \/nz+n(n+\/n2 +n) k=1 \/n2+k(n+\/n2+k) _k=1 n2+1(n+\/n2+1)

IA

A
M:
bl

Avem
n(n+1) n(n+1)
n 2 S n k S n 2

k=1 n2+n(n+\/n2+n) k:I\/n2+k(n+\/n2+k) k:I\/n2+l(n+\/n2+l)

g

limi k _1

= «/n2+k(n+\/n2+k)_5

Din teorema clestelui obtinem

) 1 1 1 1
limn| 1- — ———— = —
o 41 n?+2 n’+n 2.

Deducem ca
Remarca.
Sa se calculeze

1).
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) 1 1 1
limn|1- — ——————
n—so0 i/n3+12 %/n3+22 3 n? .

. 1 1 1 1
limn 1_3 3 2 33 > T 3 2 Y
Deducem ci \/n +1 \/n +2 no+n 3.
2).
limn[l— ! — ! —...—;J
no Y410 Yn* 428 Int +n’ .

Dezvoltari, Marin Chirciu

Solutie.

limn

( 1 1 1 J 1
1- — —————— [=—
n—so 4/n4+l3 (‘/n4+23 St 4'

Deducem ca
Problemal1084.

a,b>1

Let be fixed. Solve in reals

a*+log, y=a
a’+log,z=a

a +log,x=a

Marin Chirciu, Concursul”Dan Barbilian”-2001-Pitesti

Solutie.

. x Z . . . = =
Flex,y,z>0'( > )osolutlea5|stemuIU|:>x y=z,

. _a’ = _ ) - f(x)=a" +log, x—a
Rezolvam ecuatlaa +10gbx a,cu x—lsolu'gle unlca,(ve2|f( ) & ,x>0este

functie strict crescatoare).

. . L Axy,z)=(L11 o
Deducem c3 sistemul admlte( 2 ) ( > )este solutie unica.
Remarca.

a,b>1

Let be and 4 2 0 fixed. Solve in reals
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a' +Alog, y=a

a’'+Alog,z=a
a +Alog, x=a

Marin Chirciu

=(1L1,1
Deducem ca sistemul admite (x,y,z) ( > )este solutie unica.
Problema1085.

Solve in naturals

(x+ij+(x+%)+(x+%}+...+(x+%1j =340
Manual Burtea, Math 2/2026

Solutie.

Este suma unei progresii aritmetice cu ratia?” = 2,

(x+1+x+mjn
x+l + x+2 + x+1—7 +...+ x+E =340 4 4 =340
4 4 4 4

<= 2 =

(x+£j=(x+lj+(n—l)2 —(4x+61)n:340
4 4 <n=16 4 o x=6=(n.x)=(16,6)

Solutia ecuatiei este ¥ = 6,

Remarca.

Fie” €N fixat. Solve in naturals

1 9 17 121 85n
X4+— |+ x+= [+ x+— |+ H]| x+— |=—
e A e

Marin Chirciu
Solutie.
Solutia ecuatiei este ¥ = 6.

Problemal086.
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hcx,y,z>0

then

Zx4 N 3xyz Z%zxz

ny Zx

Sursa:Marin lonescu Mathematical Inequalities 2/2026

Solutie.
Notsm P = 2254 = 2 0.r =32

4_ 4 402 2 2 _ 2 _
Avemzx =p —4p°qg+4q 2pr$i2x p 2q_

Inegalitatea se scrie:

4 2 2
p —4p q+4q 2pr+3xyz Zz(p2—2q)

q p 3

Datoritd omogenitatii p=I1
genitatii putem lua .

2

1-4qg+4q 2r+3r22(1—2q) i
q 3 < 16q" =14 +9gr —6r+320 o0 rozults din -
3 —

1). Orz 46]—1' vezi inegalitatea lui Schur P —4pq+9r20’p =lel-4¢+9r20 o
P 9r24q—1.

r<—

r<—
2). 27 yegil =P =Xy +z= 3w =3 1238 o 27

!
2
169" ~14q+q(4g=1)=6: 24320 _ 360 9944520 o (39-1)(120-5)2 0

7

care rezulta din 3 12 .

1
<- 2 <3
3). 1 3'Ve2i1=p2=(x+y+z) >3(y+yz+2x)=3q 123 <:>q 3,

Egalitatea are loc daca si numai dacs ¥ =V =%,

Remarca.

0<a<d

Ifx’y’z>0and - 2 then
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Zx 4z A+3 )
ny sz 9 Zx

Marin Chrciu
Problemal087.

InAABC holds

m> 1 8(RJ4
pIRLPER RS
3\/_F 9 9\2r)

Adil Abdullayev, Azerbaijan, RMM 2/2020

Solutie.
Lema.

InAABC holds

Zmi =%(p2—r2 —4Rr)

Mitrinovic

F=pr 2> r-3r\/§:3r2x/§

Folosind Lema si obtinem concluzia.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problemal1088.

X +2

=2
|fxyaZ> -1 ZX +1

then

Yl

X +2

Nguyen Viet Hung, Vietnam, Mathematical Inequalities 2/2026

Solutie.

Lema.

IfX > —lthen

(x2 +2)2
4

X +1<

www.mateinfo.ro
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Demonstratie.

x3 +1=(x+1)(x2 _x+1)“£()€+1)+(x2_x+1) _ xz +2S2S(x2+2)2

x*+2 X’ +2 4
2_Zx3+1 Zz(x2+2)2 _Zx2+2

1
4 =“~x+2 2

Inegalitatea este stricta.

Remarca.

x+2

=6

then

x2+2

13
> Sg.

Marin Chirciu

Problema1089.

2
3
22 - ZZ

a +a(b+c)+bc

Costel Fodor, Mathematical Inequalities 2/2026

Solutie.

2 2 4 , cu egal pentruX = 0.

A S 020 !

1 —
a2+a(b+c)+bc_2(a +a b+c +bc) Za +3Zab (Za2+22ab)+2ab_

SOS

(Z")2+Zab I+ ab 1+;(Za)2 1+;-12

1
Egalitatea are loc daca si numai daca 3,

Remarca.

|fa’b’c>O,a+b+C:1and”EN’n22then
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3-n
S
a’+a(b+c)+bc 4
Marin Chirciu

Problema1090.

Ifa’b’c > Othen

Z a >a+b+c
a’+ab+b* 3

Tournament Of the Towns 1998
Solutie.
Lema.

Ifa’b’c > Othen

a’ >2a—b
a’+ab+b> 3

a L;”“Z2a—b 1

a’+ab+b> B Za=RHS-

LHS = -
SZ 3 3

Egalitatea are loc daca si numai daca4 = b=c,

Remarca.

Ifa’b’c>O and 4 = O then:

1).
Z a >a+b+c

a’+dab+b*>  A+1
2).

Z a+b >2(a+b+c)
a’ +Aab+b* A+1

Dezvoltari, Marin Chirciu

www.mateinfo.ro
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Problemal1091.

InAABC holds
1
4Z%=3+Za2;

Bogdan Fustei, RMM 12/2019

Solutie.

Zrhr p>+r> +10Rr Z_:p2+r2+4Rr

2

Folosind Wa 4Rrp obtinem concluzia.
Remarca.
In A4BC holds

Z hb hc > ’/2) rc
2 = 2
w w

a a .

Marin Chirciu

Solutie.

Zhbhc _pi=37 Zﬁ_p2+r2+10Rr

2 2
. w 4Rr . “~w 8Rr . .
Folosind a Si a rezulta concluzia.

Problemal1092.

1.3096. 115727 > Othen in AABC hoids

4 2
a'x

~>4F’
(y+2)

D. M. Batinetu-Giurgiu, RMM-47/2025

Solutie.

LHS =Y =4F? = RHS

2
X 2 2
'yl C;(zy_,_za J Tsin>mfaS(2\/§F) _12F2
3

(y+z)2_ 3 B 3

a >2F«/_

Am folosit mai sus inegalitatea lui Tsintsifas y+z

www.mateinfo.ro
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

RN >Oand”lENthen in AABC holds

Z aann >3(2\/§FJ11
B 3

(r+2)

Marin Chirciu

Solutie.

Pentru”? =0se obtine egalitatea 3=3,

2
Y 2 >03F

y+z

Pentru” =l avem , vezi inegalitatea lui Tsintsifas.

Pentru”? =2 se foloseste inegalitatea lui Holder.

X

2 n
aznx" Holder [Zy+za j Tsin;ifas (2'\/§F) :3{2,\/3§FJn _ RHS

LHS = >
z (y + Z)n 3n—1 3n—1

X

a’ 22F«/§

Am folosit mai sus inegalitatea lui Tsintsifas y+z , unde XY,z > O.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problemal1093.

1.3095. InAA4BC holds

>

> F
bx+cy x+y

Z a’ 4\/§

D. M. Batinetu-Giurgiu, Claudia Nanuti, RMM 47/2025

Solutie.

LHS:Z a” Hofer (Zaf _ (Za)3 _ (Za)z

xb+yc 3 (xb+yc) 3-(x+y)Dda 3(x+y)

(2p)2 oy Had;iger4.3FJ§: AF

= = = RHS
3(x+y) x+y

3-(x+y) 3 -(x+y)

www.mateinfo.ro
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2
Am folosit mai sus inegalitatea lui Hadwigerp = 3F‘/§_
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

TR >0 then in A4BC holds

a2n+1 N 3 2 2n 3F\/§ .
be+yc_x+y(§j ( ) neN.

’

Marin Chirciu
Solutie.

s e (Zaf” <za>““ (Za)"

xb+yc 32nilZ(xb+yc) 3" (x+) Za . (x+y)

2n-1 2n-1 - 2n-1

3 -(x+y)_3 (x+y) 37 (x+y) x4y

(2p)2n 22n (p2 )Vl Hadwzger 2 (3F\/_) 3 2 2
3
2
Am folosit mai sus inegalitatea lui Hadwiger 2 2 3FJ§.
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1094.

1.3094. InAA4BC holds

D. M. Batinetu-Giurgiu, Claudia Nanuti, RMM 47/2025

Solutie.

LHS = Z Holder (Za)3 _(20)3 _1(Za)2 (2p)2 4p2

bie - 3D (b+c) 32>a 6

B 2p2 Hadwzger 2 3F\/_ B 2J_F RHS
3 3

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

www.mateinfo.ro
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InA4BC holds

S22 (e )

Marin Chirciu

Solutie.

LHs =y & (o) (Xe) _(Xa)" @) _2(p)
b+e 373 (b+c) 37 2>a 372 372 372

T T, R

3 3"

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1095
J.3093. IfM < Int(AABC')' da’db’dc -distances of the pointM to the sides BC,C4, 4B then

2
Zﬂ >24F

da
D. M. Batinetu-Giurgiu, Mihaly Bencze, RMM 47/2025
Solutie.
2 2 2
2 272 cs ab ab) Gordon | 4F \/§ 2
LHs =Y _ @b S (2a) _(2ab) o (453) _ B 24F = RES
d, ad, > ad, 2F 2F 2F

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
IfM < Int(AABC)' da’db’dc -distances of the pointM to the sides BC,C4, 4B then

2n-1p2n
z a > pdn-lgn p2n-l
d

a nelN.

’

Marin Chirciu

Solutie.
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n n 2n .,
LIS :Zaznflbzn :Zaznbn Hoger (Zab)z _ (Zab)z Gog(m (4F\/§) ) (48F2) i

d ad > ad, 2F  2F 2F

a a

— 24n713n F2n71 — RHS
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1096.

1.3088. InA4BC holds
1 2
R4 Za(Zaz) .

Daniel Sitaru, RMM 47/2025

Solutie.

Za2 =2(p2 -7 —4Rr)

Folosind inegalitatea se scrie:

1 2
R*>—(2(p* —r>—4Rr SIR*>4( p* —12 —4R 2
81( ( )) g B (p g r) , care rezultd din inegalitatea lui
2 2 2
Gerretsen: P <S4R +4Rr+3r .

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

InA4BC holds

.o :
K 29_”(2612) 'neN.

Marin Chirciu

Solutie.

Pentru”? =0se obtine egalitatea 1=1,

~ N*
in continuare, fie? €1\ |

1 n
R2n > — Zaz 9R2 > 2 2 2
W > —r~—4Rr
9 ( ) s (p ), care rezultd din inegalitatea lui Gerretsen:

p> <4R’ +4Rr +3r2.

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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Problemal1097.

1.3082. InA4BC holds
Su's ()

27 _
Daniel Sitaru, RMM 47/2025
Solutie.
Lema.

InAABC holds
Z:IA4 =p’ (p2 +2r —16Rr)+r2 (32R2 +r2)

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

In A4BCholds
12R*? <> 14" <20R* ~2727

Marin Chirciu
Problema1098.

In A4BC holds
2pY a2 48F”

D.M.Batinetu-Giurgiu, Neculai Stanciu, RMM 2/2026
Solutie.

Gerretsen

LHS=2pZa3 :2p-2p(p2 -3’ —6Rr)=4p2 (p2 -3’ —6Rr) >

Gerretsen Euler

> 4p’ (16Rr—5 =3r" —6Rr)=4p’ (10Rr—8/7) > 4p*(10-2r-r -8 ) =
4p* 12r° =48p*r’ =48F2.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

www.mateinfo.ro
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InAABC holds

6p°R’
4 2 2_ 3_
s s Yaya <21

Marin Chirciu
Problemal1099.

Solve in reals

N2 +12x 467 +4/1> =6y +18 =10

Constantinescu Dragos Jr, Ramnicu Valcea, OL-2014-Valcea

Solutie.

V25 +12x+67 +\[)7 —6y+18 =\/2(x2 +6x+9)+49+\/(y2—6y+9)+9 -

= J2(x+3) +49 +|(y-3) +9212-0+49 +0+9 =7+3=10

Axy)=(-3,3 ) .
Deducem ca( y) ( i )este solutia ecuatiei.
Remarca.

A,n>0

Let be fixed. Solve in reals

\/2x2+12x+2,2+9+\/y2—6y+n2+9 =A+n

Marin Chirciu

Solutie.

x,y)=(-3,3
Deducem cé( ,y) ( ’ )este solutia ecuatiei.
Problema1100.

Solve in reals

Je=1]+x—2015] = 2014

GM-12/2013,Neculai Stanciu,Buzau si luliana Trasca, Olt , E:14587

Solutie.
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Cozult) X <1 = x~2015<1-2015=—2014 = [¥—2015]>2014 _, |x~2015[ > 2014

=>ecuatia nu are solutii.

Cazul2), 1 £x<2015= x—120 :>|x_1|=x_1$ixﬁ2015 — [x=2015[=2015-x

Ecuatia se scrie: VX—1+32015—x =42014 < x—1+2x—142015—x +2015—x=2014

e 2Jx—1/2015—x =0 « X €{1,2015}

Cazul3), x> 2015 = x—1>2014 = [¥=1|>2014 v =1[> 2014 _

=>ecuatia nu are solutii.

§=1{1,2015}

Multimea solutiilor ecuatiei este .

Remarca.

Let be 4 2 L fixed. Solve in reals

\/|x—1|+\/|x—l—l| :\/Z.

Marin Chirciu

Solutie.

S={1,A+1}

Multimea solutiilor ecuatiei este .
Problemal101.

IfAABChoIds
stc%(l#can%j > 6+2\/§

Nguyen Hung Cuong, Vietnam, RMM2/2026

Solutie.
sinA

A A 1 1 9 1 1 O

LHS=ZCSCE(1+tan5j:Z .A+ — y, =Z. A+ AZ
sin— sin— cos— sin— CcoS—
2 2 2

o
>6+23=LHS



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — MARTIE 2026 www.mateinfo.ro

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

if AABC holds

chc§(1+ﬂtan§j > 2(3+ﬂ\/§)

,unde 420 .
Marin Chirciu
Problema1102.

Ifa’b’c > Othen

a
————>\a+b+c
z\/a+2b

Hoa Van Nguyen, Vietnam, Mathematical Inequalities

Solutie.

Gy i e (S (S

| 1

+2ab (a*+2ab) (Y (a*+2ab)) (X +2) ab)
(EF (50 s

((Za)z )i (>a)

Egalitatea are loc daca si numai dacd @ =b=c,

LS =2 I "2 7

Remarca.
Ifa’b’c > Oandn € Nthen

5 )

Marin Chirciu

Solutie.
Pentru”? =0 se obtine egalitatea 3=3.

pentru” =l vezi Lema.

l_
2
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Pentru”? =2 se foloseste inegalitatea lui Holder.

LHS = >
Z[ a+2b} 3n 1 3}171 3

Holde,(Z mj i (Jar e :3( MJ

Problema1103.

Ifx,y,z>ley+yz+zx+xyz:4then

Z X >X+y+Z
y+z 2

Nguyen Hung Cuong, Vietnam, Mathematical Inequalities 2/2026

Solutie.

1
xy+yz+zx+xyz:4<:>zx+2 =1 =

A TR S ! P2 T PO N TR R ol X _
1_Zx+2_2 (1 x+2j 2(3 Zx+2j 2 2%x+2 @Zﬁz_l.
—Z (Zx)2 :Zx2 +2ny Zx +2zxy

2+2x Z(x2+2x) Zx2+22x Zx +2Dx o
PN sz +2Zx22x2 +22xy P szzxy,(*)-

-y

x+2

LHS:Z z X (Zx)2 (Zx) mZx _ RS

Xy +xz Z(xy+xz) Zny

Egalitatea are loc daca si numai daca r=y=z= 1.
Remarca.
1% V2 >O’xy+yz+zx+xyz:4then

PREDI

Marin Chirciu
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Problema 1104.

a

n

an+1

a =1 . 1+ y
17 s ha, n= 1 53 se calculeze:

- a) o
Fie sirul de numere reale( " /n21 definit prin

1 [1 2 3 n]
lim—| —+—+—+..+—
—ep\a  a, a a

n

D.M.Bétinetu-Giurgiu, Neculai Stanciu,GM-5/2013,26769

Solutie.

0 = a, 1 _i=n Z[L_L]:Z” L_izn(njtl)

l+na, & a,, a, ="\%ua 4, < a4, g 2 s
1 1 n(n+1) 2 o)
_Iz 2 an+1: 2 an: 2
< Gy = n+2n+2 = n—-n+2

l+3+i+...+ﬁ:iizik-wzli(ktk%zk):

a a, a a, k=19 k= 2 23

Obtinem:
n n n 2 2
=1(Zk3—2k2+22kj=1 w(n+1)’ _n(n+))(@n+l)  on(n+1))_
A k=1 k=1 2 4 6 2

_ n(n+1)(3n2 —n+10)
24

lim—| —+—+—+..+—
g 1 a a a a
Rezulta b2

1(1 7 3 nJ _ 1n(n+1)(3n2—n+10) 3

. 1(1 2 3 nj
lm—| —+—+—+...+— |=

eptla  a, a a

Deducem ca

Remarca.

n

a =
+1
" l+na,

o a,) e a=1_ )
Fie sirul de numere reale( n/n21 definit prin ! si = 1 55 se calculeze:

lim 2 )
n—>x0 nzan

Marin Chirciu
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Solutie.

0. = a, L Z(L_szzn L_i:n(n+l)

l+na, & a,, a, = a4, a4, G 2 &
1 1 n(n+1) o) 2 1 n*-n+2
-—T = a,, ,=——-— aqa =—— —_— =
o a,, 1 2 o R in+2=" nP-n+2 =4, 2 =

= na, n
-n+2
n P n (lm) n n n
. [(n—n+2 . n+2 . —n+2 \-n+2

lim| — =lim > = lim| 1+ — =lim| | 1+— =
n—>0 n an n—>0 n n—>0 n n—>0 n

lim 7”+2-n B 1
=em> n = =-—

: ( 2 j 1
Iim > =—
n—»0

Deducem ca na, e.

Problema 1105.

1f@<2andb>2then

2 2
a +5_b +5s-12
a=-2 b-2

Aurel Dobosan, Lugoj, GM-11/2013, E:14574

Solutie.

Notém(x,y)z(a—z,b—z)’x<0,y>0.

2

(x+2)2+5_(y+2) +5 < 1
X y B < XY= +9y-9x+12xy <0

y(x+3)2 —x(y—3)2 20, vezi® < 0,y> 0, cu egal pentru(x’y) :(_3’3) = (a,b)z(—l,5).

b)=(-15
Egalitatea are loc daca si numai dacé(a’ ) ( ’ )
Remarca.

if@a<Aandb>Athen
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a2+21+1_b2+2/1+1

<-2(A1+1
a—A ) ( +).

Marin Chirciu

Solutie.

(x:y):(a_l,b_l) x<0,y>0.

Notam

(x+/1)2+2l+1_(y+/1)2+2/1+1 <2(i+1)
X y - =

xzy—xyz+(/1+1)2y—(/1+1)2x+2(ﬂ+1)xySO PN y(x+2,+1)2—x(y—ﬂ,—l)2 >0

, cu egal pentru (x,y) :(_}“_l’ﬂ'”) = (a,b) :(—1»2ﬂ+1)_

, vezi

x<0,y>0

Egalitatea are loc daca si numai daca (a,b) = (_1, 2ﬂ+1).

Problemal1106.

|fa9bacad >O’a+b+c+d=lthen

5 5
Tty
Dorinel Anca, Mathematical Inequalities 2/2026
Solutie.
Lema.

F%0 >0 4pen

a +b’ >az+b2
a+b 2

@’ +b tem a + b’ ~ (za)z
UB=ZM+K2 5 > atz

4

Egalitatea are loc daca si numai daca

Remarca.
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Marin Chirciu
Solutie.
Lema.

F%0 >0 en

an+2+bn+2 S a2+b2

a+p 2
2
n+2 n+2 Loma 2 2 cs a 2
Lﬂszzw Lshath =Za22(z ) P pus
a’+b" 2 4 4 4
a:b:c:d:l
4

Egalitatea are loc daca si numai daca

Remarca.

hcx,y,z>O’x+y+z=1then

5 5

x+y 1
Z 3 723

x4y 3

Marin Chirciu
Solutie.
Lema.

Ifa’b > Othen

X4y x4y
r+y 2

X=y=z=—
Egalitatea are loc daca si numai daca 3.

Remarca.
Ifx’y’Z>O,x+y+zzland”€Nthen

1).

www.mateinfo.ro
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n+2 n+2

x4y 1
Zﬁz_

x"+y 3

2).

xn+2+yn+2 S x2+y2

x"+y" 2

Remarca.
1).
rAr 1
Z 2 2(.3, 3\ 2.2
A (ra +7 ) 3r
Solutie.
Lema.

F%0 >0 en

Lo

Se cunoaste identitatea in triunghi Ta

5 5
S

2.2 3 3
A (ra +rb) 3r

(x’y,Z)Z[L,L r

2
ro r,j .
b "¢/ obtinem:

a

Folosind Lema pentru

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2).

B +h 1
2z iy () +h,) %37

Dezvoltari, Marin Chirciu
Problemal107.

Solve for integers
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a’b* —11a* —11»* =1893 )
Eugen Predoiu, Calarasi, GM-10/2013
Solutie.

s i a2_11b2+1893
Ab —11a" —115* =1893 e @ (° —11)=116° +1893 @ =51

a’ =11+ 22014
= b —11

2014
— €
pin@* €N b —11  =b"—11€ Dy, 2014=2.19.53.

Convin:
a’*-11=38 a’> =49
1) bz—11=53<:> 132:64<:>

{a2—11=53 {az =64 {a=i8
2).

b -11=38 o |b*=49 o, |b=17

Multimea solutiilor ecuatiei este S= {(i7’ 18)’(i8’ i7)}

Remarca.

Solve for integers

a’b* —9a* —9b* =31

Marin Chirciu
Solutie.
9h* +31 112
2(1.2 o2 2 = a’=9+
&b -9 —9b" =31 e @ (07 =9) =90 +31 L @ =75 b9

112

> S g¢€N
Din@ eN=5b"-9

:>b2_9€D112,112=24~7_

Convin:

a*-9=7 a* =16 a=14
1). b*=9=16 o (b"=25 o |b=%5
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a’-9=16 a’ =25 a=15
). b'-9=7 o (b°=16 o [b=%4

Multimea solutiilor ecuatiei este §= {(i4’ i5),(i5,i4)} .

Problema 1108.

Solve in reals
217 +22° +23" + 24 =25 +26° +27".

Craciun Gheorghe, Math 2/2026

Solutie.

21 +227 +23"+24" =25 +26" + 27" <

21 (22Y) [(23Y 25\ (26Y\" (27Y
G - G )
« (24 24 24 24 24 24

www.mateinfo.ro

. X)= X . . o . . .
Ecuatia este de forma f( ) g( ), unde f este functie strict descrescatoare si 8 este functie strict

f(2)=2(2)

crescatoare. O astfel de ecuatie are cel mult o solutie. Cum
solutia unica a ecuatiei.

Remarca.

Solve in reals
36" +37" +38" +39" +40" =41" +42" +43" +44"
Marin Chirciu

Solutie.

36" +37" +38+39" +40" =41"+42" +43" + 44" <

i) ) ) () =) () +(8) () 1
— 40 40 40 40 40 40 40 40

deducem cd X =2 este

. X)= X . . o . . .
Ecuatia este de forma f( ) g( ), unde / este functie strict descrescatoare si 8 este functie strict

. . . 2)=g(2 . x—
crescatoare. O astfel de ecuatie are cel mult o solutie. Cum f( ) g( )deducem cd X =2este

solutia unica a ecuatiei.
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Problema1108.

1o
L5522 .

Traian Preda, Bucuresti, GM-9/2013
Solutie.

Lema.

1 < c(a+b)
a+b 4

Demonstratie.

1 Sgs a+b"b:1 c(a+b)
a+b 4ab 4

Lema a + b SOS 1

LHS = Z

a+b

Egalitatea are loc daca si numai daca? = b=c=1

Remarca.

Z:a+b 2Zab.

Marin Chirciu

Problema1109.

Aratati ca numarul

A=2014" +2014" +1

nu este prim.

Gheorghe Rambu, OL-2014-Maramures

Solutie.

www.mateinfo.ro

Z =— a<2 a’ = RHS
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(x2 +x+l)(x3—x+1)=x5+x4+l x=2014° =

Punand in egalitatea

_ 15 12 _ 6 3 9 3
_, A=2014"+2014" +1 (2014 +2014 +1)(2014 2014 +1):>Aestenumércompus.

Remarca.

1).Aratati ca numarul
A=2026"+2026" +1
nu este prim.

2).

Aratati ca numarul

n+n*+1 neN,n=>2
’

nu este prim.
Dezvoltari, Marin Chirciu

Solutie.

2 3 5 4
n +n+1)(n —n+1):n +n" +1 5,4 .
( = n"+n" +1 este numar compus.

Folosind egalitatea
Problemal110.
Solve in integers

4x° (y—l)—4x—y—l=0

Marius Farkas, OL-2014-lasi

Solutie.

be (2x+1)° x4l
4 (y=1)—4x-y-1=0 " (2x-1)(2x+1) oV T2y | xyeZ

a2 2,
VTl Tl T a1 T e 2xleD = {20112} o 2xe{-10,23) o

o xe{01) o yef-13) o (ry)e{(0.-1).0.3)]

Multimea solutiilor ecuatiei este S= {(O’_l)’(l’S)} .

Remarca.
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Fie 4> 2 numar intreg par fixat. Solve in integers

X (y—l)—Zﬂx—y—le

Marin Chirciu

Solutie.

y= (AXJFI)Z _ Ax+1
W (y=1)-2Ax-y-1=0 o,”  (Ax-1)(Ax+1) oV 7 25_1 xyeZ

Axl_ 2 2,
YU a1 U s a1 e Ax-leD ={-2-112} o, Axe{-1,0,2,3}

o x=0=y=-1=(xr)=(0,-1)

=(0,-1
Deducem c3 (x,y) (0’ )este solutia ecuatiei.
Problemal111.

InAABC holds

3
z; < 1
be(r,—r) \2r
Sarkhan Adgozalov, Georgia, RMM 2/2026
Solutie.

Lema.

InAABC holds

1 1
zbc(ra —r) AR

1 1 FEuler 1 1
= > < > =—5=RHS
bc(ra —r) 4Ry 4.2p-r 87

LHS =Y

Egalitatea are loc daca si numai daca triunghiul este echilateral..
Remarca.

InAABC holds:

1).
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1 1 1
< <
2R r Z:bc(ra —r) 4Rr’

2)

1 1
Z:bc(ra —r) 4R’

3).

1 1 R
< <
2R*r Zbc(ha —r) ~16¢*

a).

zbc(hi—r)zzbc(rj—r).

5).

sl p*—3r> —4Rr
be(h,~r) 2Rr*(p*+r* +2Rr)

6)

1 1
Z:bc(ra —r) 4Rr?

Dezvoltari, Marin Chirciu

Problemal112.

In non-obtuse A BC holds
2(R+r) <\a* +b* + ¢

Arkady Alt, USA, MathOlymp 2/2026

Solutie.
2R+r)<NE+02 +E L MR+r) <X d o 4(R+r) <2(p* =17 —4Rr) _
p’=2R° +8Rr+3r2’ (Walker).

Egalitatea are loc daca si numai daca triunghiul este echilateral..
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Remarca.

In non-obtuse A BC holds

1).

34 z%(zm)“_

2).In non-obtuse A BCholds
> 24(R+r)

3).

4y 2
a*" Z3(—j R+r)"
)y 3| (R+7) eN

Dezvoltari, Marin Chirciu
Problemal113.

InA4ABC holds

Z 41” >36r
sin 4 )

Sarkhan Adgozalov, Georgia, RMM 2/2026
Solutie.

Lema.

InAABC holds

Z Al, _p2+r2+4Rr
sin 4 r

Remarca.
InAABC holds

Al 4(R+r)2
4 <
sin 4 7

1I8R< Y’

Marin Chirciu

www.mateinfo.ro
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Problemal114.

Solve for reals

xz(y+z)2 :(3xz+x+l)yzz2

2.2

(4y2+y+1)z X

y? (z+x)2

z ()chy)2 =(SZ2 +z+l))c2y2

Chew -Seong Cheong, Math 2/2026

Solutie.

(x, 0,0),(O,y,0),(0, O,Z)

sunt solutii.

x,,z#0

Pentru obtinem:

x’ (y+z)2 =(3xz+x+l)yzz2

2

y? (z+)c)2 (4y2 +y+1)zzx

2
l l = abe)= L1L
Zz(x+y)2=(522+2+1)x2y2 - x+yj _5+ +Z (,b’)[x’y’zj

(b+c)2:3+a+a2 (b—a

(c+a) =4+b+b>  1(c—b
(a,b c)=[;;,;] b 2 _5 > 1+2Za=k

(a+b) =5+c+c - (a—c)(1+22a)=2 2 |(a=c)k=2 -

-1

b-—a=—
k
-1

c—b=—
k
2

“TT% Sab —btrc=b-

= k' = @,0,€ gt in progresie aritmeticy = ¢ =0 F1¢=0-1 =

_(cta) =4+b+b o (b—r+b+r) =4+b+b’ L 41 — 44 b+ b’

. be{i,—l} re{l,_—l}
o3 —bh-4=0 < (30-4)(b+1)=0 o, 3 = 9 5] =
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13 12 11\ (-6 -5 -4 9 9 9 -5 -5 -5
(a,b,C)E B R R Y B R R (x’yzz)e PIPSEIRE I U} BT R R
- 9°9 9 )\'57575 )/ 13121167574 )|

S:{(x»oao)»(oay»o) (0.0 2)9(3’2’3}(—_5’—_5’—_5)}
Multimea solutiilor sistemului este: 1312711 6 5 4 )
x,y,z€R

Problemal115.

2
Ifa’b’c>(),3+za SZZabthen

Za23

Nguyen Viet Hung, Vietnam, Mathematical Inequalities 2/2026

Solutie.

3+Za2 S2Zab ©3+(Za)2 £4Zab :>3+(Za)2 S4Zab£4%(2a>2

=

3+(Za)2 34%(261)2 - (Za)2 29 o Za23.

-

Egalitatea are loc daca si numai daca ¢ = b=c=1

Remarca.

1).Ifa,b,c>0 3(2—1)+Za2S/IZab /ﬂt>1then

Za >3

2). 1§D > 0,za =3 1nd A2 Lthen
3(/1—1)+Z:a2 Z/’LZab

Dezvoltari, Marin Chirciu

Problemal116.

Solve in reals
45 +48° =36" + 80"_

Math1/2026
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Solutie.
45x+48x:36X+80x@(80%—45”)+(36’f—48X)=0 ®5X(16X—9X)—12X(4X—3X)=0 -

o5 (4x —3*)(4* +3*)—12x (4* —3*):0 - (4’6—3}6)(20%15’6—12’6):0_

§={-2,0}

Multimea solutiilor ecuatiei este .
Remarca.

Solve in reals

1).

63" +48" =36" +112"

Solutie.

§={-10}

Multimea solutiilor ecuatiei este

2).

16" +21" =9 +28"

Solutie.

Multimea solutiilor ecuatiei este :{ ’1} .
3).

157 +16" =9" +20"

Dezvoltari, Marin Chirciu

Solutie.

5={0,2}

Multimea solutiilor ecuatiei este .
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Problemal117.
1 1 1
b a+—=b+—=c+—
1§42 € e distint nonzero real numbers such that b c a then

|abc| =1

Kledis Ahmetaj, Mathematics(College and High School)2/2026

Solutie.
1 1 b—a
a-c=——— a—-c=
a b ab
1 1 -
b-—a=——-— b-a=S b
b ¢ bc
1 1 a—c
gir=prlocrl Jemp=m-= |e-b=
b c a = ¢C 4 ca —

(a—c)(b-a)(c-p)=L=4.czbaze 1 1 1

= — 2
= ab bc ca <  ab bc ca Q(abc) :1<:>|abc|—1.
Remarca.
A A A
b a+—=b+—=c+—
1).1f %€ pe distint nonzero real numbers and 4 >0 such that b ¢ a then

|abc| = /1«/;

Marin Chirciu
Problemal118.

Solve in reals

x+ x+l+,/x+l =1024
2 4

Bahadur Heydarov, Math 2/2026

Solutie.

X+ x+l+,/x+l:1024 X+
2 4 P
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2
1 ’ 1 , , ,
(54‘ X+ZJ =1024 l+ x+l:32 x+l :32—l x+l:@

1 (63Y 63 1 21 (63-1)(63+1 -
x+Z=(_j x=(?j L 631 (63-1)(63+1) 62:64 oo
PN = 4

4 = 4 4

Deducem cd X =992 este solutia ecuatiei.
Remarca.

PR

Let be 2 fixed. Solve in reals

x+ x+l+,/x+l =1’
2 4

Marin Chirciu

xzﬁ(l—l)

Problema1119.

Deducem ca este solutia ecuatiei.

InAABC holds
a
—>24/3

2, V3

Elton Papanikolla, Math Olymp, 2/2026
Solutie.

Lema.

InAABC holds

Zi_ p’—r’—4Rr
h, pr

Remarca.
InAA4BC holds

1).
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PRI
ha ra
Dezvoltari, Marin Chirciu

Solutie.

Za_p2—r2—4Rr Za 2(4R+7)

Folosim: h, pr si Yo p
Problema1120.

InA4ABC holds

> a +%Hﬁ22
ra .

b+c

Adil Abdullayev, Azerbaijan, RMM 11/2019

www.mateinfo.ro

Solutie.

>y - R AT __ l6Rr
Folosim b+c  p+r+2Rr si [l p2+l’2+2Rr'
Remarca.
In A4BC holds

a W, 3 1
Z:b+c+ﬂbl_[ra Zﬂ,+2 ASE

7

Marin Chirciu
Problemal121.

InAABC holds
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sin 4 1
e

sin Bsin C COSE

Do Thanh Tung, Vietnam, Mathematical Inequalities, 1/2026
Solutie.
Lema.

InAABC holds

Remarca.

InAABC holds

2 . 2
187 < z sin A < 9R
F sinBsinC 2F
Marin Chirciu
Solutie.

Lema.

InAABC holds

Z sin 4 _pz—r2—4Rr
sin BsinC rp
Problemal122.

Demonstrati ca

jmd . 2016

X =
4142015 2015

OL-Gorj-2014

Solutie.
J‘l+2015)r J‘1+2015)‘ j1+2015x l+2015_ 1+2015x

‘I T (=)™ fm 2015*mdx+jmdx

1
dx:.[
1+2015" o 2015"+1 o 1+2015
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:j(1+2015)‘)\/1+x2°14dx:jmdx
0 .

1+2015" 0
1
J.\/1+x2°14dx < ‘/%
. . % 2015 Lo

Inegalitatea se scrie , care rezulta din CBS:
1 css |1 1 2015 [ 1
J. 1+x M dx < jlzdx-j(l+x2014)dx= 1 x+x - %
0 0 0 2015 )|0 2015
Deducem ci - 1+2015 \}2015 .
Remarca.

Demonstrati ca

1
_[ 1+x e < 2n+2
S 1+(2n+1) 2n+1 neN
Marin Chirciu
Problemal123.
1 I+x,
X, = —_ X =
x 1 n+l
Fie sirul( ”)”2‘ definit prin, 2 , 2 .Calculati

lim(xlxz...xn)

n—>x0

Al. Gabriel Marsanu, lasi, GM 12/2013

Solutie.
_ 1 _ T T
X = 2—0084 x2=cos§ xn:c052n+1 _ . N
, Jeee ,(inductie matematica).
1
X X,.. X =
172 n Yy T
2"sin——
. 2n+1
Rezulta

www.mateinfo.ro
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. . 1 . 1 =0 x )
lim (x,x,...x, ) = lim =lim = =
n—»oo n—»oo 2n . T n—»o0 . V/a T
sin sin 1
n+l ntl | QMF
2 P 2
T T
n+l
Obtinem 2
. 2
lim (x,x,...x, ) ==
Deducem c3d"”” T
Remarca.
1 I+x,
Co(x) e T T .
Fie sirul nzl definit prin , .Calculati
. 22n
Iim(x
lim(x, )
Marin Chirciu
Solutie.
1 T T
X, = 2—0054 X, =C0S— xn—coszw1 _ . N
, Jeee) ,(inductie matematica).
1 z 2n
2> 1 2% [COS‘;:T—IJZ
. 221 . T a . T . V3 cosil—l 2
lim(x,)” =lim|cos—— | =lim{1+cos———1| =lim|I+|cos——-1I 2 =
n—o n—»o 2’“’ n—»ow 2"+ n—w 2’“’
.2 T
simnT—— 2
fim| -2 z’f( ”2] PR
. T 2n . .2 2n . .2 T 2n n—e ( T ] 2" lim——=1
lim| cos——-1 |2 lim| 1-2sin —1]2 lim| —2sin 2 — -0 X
N0 2”*1 _ o 2”*2 __now 2”*2 _ o2 _
= = =e =
T 2 2 2
n 2n —
w e mlgp
— — — 8
=e = =e

Problemal224.

b+c c+a a+b

f@bic>0 3@ 430 43¢ =27 4.0
a=b=c.

George-Florin Serban, Braila, SGM12/2013
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Solutie.

b+c ct+a atb 46 b+c c+a a+b btc cta atb 45

LHS =34 437 43¢ >33« .35 .3¢ =33« b ¢ >335 =27=RHS

cu egal pentru@ =b=c

Egalitatea are loc daca si numai daca ¢ =b=c,

Remarca.

b+c c+d d+a a+b

@b, d>0 4@ 140 14 ¢ 140 =64 a0,

a=b=c=d
Marin Chirciu
Solutie.
bte  etd  dta atb 4q bte  ctd  dia  atb 4f bre,ctd dia atb i
LHS=4 +4°b 44 ¢ 444 >24\4a .4 4 .44 =44« b ¢ d >44% =

:64=RHS,cu egalpentrua:bzczd

Egalitatea are loc daca si numai dacd ¢ = b=c=d
Problemal225.

16752 > 0 en

2 2
L s 4(x-2)
4 4

OL-Gorj-2014

Solutie.
2 2 2()
LHS:x—+y—CzSM£4(x—z):RHS
y z y+Z
) 9y
= X—Z 2
unde VTZ? <:>(x+y) 24(x—z)(y+z)<:>

o X2+ 2dxy—dyz+dxz—42" X+ +4Z2 2xy+4yz—4xz >0 o

2
s (X —-2z) 20 —y—2z=
(x Y Z) , cu egal pentru x-y-2z=0
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Egalitatea are loc daca si numai daca x=y+2z .

Remarca.

16752 > 0 an

2 2 2
x—+y—+M28(x—z)
y oz y+z

Marin Chirciu

Problemal226.

Ifa,b,ce[O,l]then

ZLSE
b+c*+7 3

OL-Alba-2014
Solutie.
Lema.
a,b,cel0,1
If [ ]then
a < a

b+c+7 3(a+b+c)
Demonstratie.

1fX > Othen

x3—3x+220.

2
X =3x+2>0 & x(x—l) 20’ cu egal pentrUX=1.

a A23¢-2 a a a,bé:sl a

www.mateinfo.ro

b+ +7  b+3c-2+7 b+3c+5 3(a+b+c)

a Lema a 1
LHS=S—% <y % ___pRHs
Zb+c3+7 Z3(a+b+c) 3

Egalitatea are loc dacd si numai dacd 4 = b=c=1,
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Remarca.

1
Ifa’b’c e[O, ]andl 27 then

Z a < 3
b+’ +A4 A+2
Marin Chirciu

Solutie.

Lema.

Ifa’b’c 6[0’1] and 427 then

a < 3a
b+’ +4 (A+2)(a+b+c)

Problemal227.

VI.619.Solve in prime numbers

p(107+10+ p* ) =2028

Mihai Vijdeluc, Baia Mare, RMT-4/2025
Solutie.
p(107+10+ p* ) =2028 = par

=q=3

,q)=1(2,3

Deducem ca (p q) ( )este solutia ecuatiei.
Remarca.

Solve in prime numbers

1).

p(107+10+ p) =224

Solutie.

(p.9)=(2.2)

Deducem ca este solutia ecuatiei.

2).

p=prim=p=2=

2(10"+10+22)=2028

www.mateinfo.ro

< 107 =1000
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p(107+10+ p) = 2024

Solutie.

(p.q)=(2.3)

Deducem ca este solutia ecuatiei.

3)[

p(107+10+ p*) =2036

Solutie.

(p.q)=(2.3)

Deducem ca este solutia ecuatiei.

4).

p(107+10+ p*) =2052

Solutie.

(p.q)=(2.3)

Deducem ca este solutia ecuatiei.

5).

p(107+10+ p*) =2084

Solutie.

(p.q)=(2.3)

Deducem ca este solutia ecuatiei.

6).

p(107+10+ p'*) = 4068

Solutie.

(p.q)=(2.3)

Deducem ca este solutia ecuatiei.

7).
p(107+ p* + p+4q)=2026

Dezvoltari, Marin Chirciu

Solutie.

www.mateinfo.ro
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(p.q)=(2.3)

Deducem ca este solutia ecuatiei.
Problemal228

VI.619. Solve in integers

Gheorghe lacob, Pascani, Gabriela Munteanu, lasi, RMT-4/2025

Solutie.

xy[x_ﬂ _%J —2025

x o »(x+1)=2023x=2025 _ y(x+1)=2023x+2025

2023 1)+2
p 2023642005 2023(x+D)2 o, 2
= x+1 = x+1 = x+1

2

2 2
=2023+— =2023+——€Z —el _
veZ” il =7 il Co a1 e xtleD ={=2-L12}

’

e XE {—3,—2, 0,1} Y€ {2022, 2021,2025, 2024}

Multimea solutiilor ecuatiei este §= {(_3’ 2022)’(_2’ 2021)’(0’ 2025)’(1’ 2024)} )

Remarca.

Let be 4 € Z fixed. Solve in integers

1).

xy(x—ﬂ—ijzﬂ.JrZ
x oy

Solutie.

S={(-3,2-1),(-2,4-2),(0,4+2),(1,A+1)}

Multimea solutiilor ecuatiei este .

2).

xy(x—_'_1 — ij =A+3
X Yy

Solutie.
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S={(-4,4-1),(-2,4-3),(0,4+3),(2,4+1)}

Multimea solutiilor ecuatiei este .

Solutie.

S={(-6,4—1),(-2,4-5),(0,2+5),(4,1+1)}

Multimea solutiilor ecuatiei este .

4).

(x+1 i)
xXy| —-——|=A+p
x oy

, p prime number fixed..
Marin Chirciu

Solutie.

S={(-p-1LA-1),(-2,2-p).(0,A+p),(p—1,A+1)}

Multimea solutiilor ecuatiei este .

Problemal1229.

vile19. 1f%4 D¢ >0 a+b+c=3en

Vda+4+da+5+da+6 <9

Cand are loc egalitatea?
Aurel Dobosan, Lugoj, RMT-4/2025

Solutie.

LHS =\J4a+4 +4a+5 +J4a+6C25J3(4a+4+4a+5+4a+6) 2\/3<4(a+b+c)+15) =

= B3(4-3+15) =327 =81 =9=RHS

, cu egal pentru4a+4=4b+5=4c+6=k =

(abc):(k—4 k-5 k—6j k=4 k=5 k=6 _.
4 4 4 ) atbre=3> 4 4 4 Sk=9<

)

p—

b b

ENI N
AW

(a,b,c):(

ENG RV

R
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Egalitatea are loc daca si numai daca (4 4 4] .

Remarca.

§%0¢20 a+b+e=3,3,44>1then

Jla+ A +JAa+A+1+JAa+A1+2 s~/9(2ﬂ+1)

Cand are loc egalitatea?
Marin Chirciu

Solutie.

CBS
LHS =JAa+A+Aa+Ai+1+\Aa+A+2 < \[3(Aa+A+Aa+A+1+Aa+A+2)=

=\3(2:3+32+3) = 9(22+1) =RHS | egal pentruda+A=b+A+1=Ac+ A+2=k

=
k=2 k—=A-1k—1-2 _ a1 kg
(a’bjc):( ’ , j k=2 k=A-1 k—i-2_,
= A A A a+b+c=3= 1 y) y)
(u+1—/1 2A+1-A-1 2ﬂ,+1—}t—2j
(a,b,c)z , )
Sk=21+1 < A A A

A+1
aba =l >
(bic)= 4

NN

l—lj
= T A .

N

A+1 A-1
bo)=| 222 22
(a,b,c) ( L) j

Egalitatea are loc daca si numai daca
Problema1230.

InAABC holds

2355

Sa

Bogdan Fustei, RMM 11/2019

Solutie.

Lema.
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InA4BC holds

Demonstratie.

a 2\/5\/ Wazz\/ECOSé Cos— = p(p ) e
1). b+c vezi b+c 2, 2 be si p-a
ma_b2+02 2bc
= g =P
2) SU 2bc , Vezi “ b2 +Cz a .
e _ h (b+c)2_b t 1 _1fm,
Wa2 2\/% 4bc 4bc 2 2\ s,
b+c Vi
LHS = Zr” =25 [ j %(HZ j:RHS
Remarca.
InAABC holds

13 r rr 3R
___S b'c S—
4 2R sz 2r

a

Marin Chirciu
Solutie.
Lema.

InAA4BC holds

nr. (b+c)2

w’ 4bc
2 2
Zﬁ_ p~+r +10Rr
c=f -~
Folosind Lema obtinem: e 8Rr
Problema1231.

Solve for reals

www.mateinfo.ro
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\;4+zm=x(1_m)

Kostas Geronikolas,Greece, Mathematical Inequalities 1/2021

Solutie.

J 2 = 22 2 2
Cu substitutia 4-x" =120 o 4-x" = & x" =4t obtinem:

2
V4+244—x =x(1—\/4—x2)<:>4+2 4-x* =x2(l—\/4—x2) ©4+2t:(4—t2)(1—t)2

t(t3 — 27 —3t+10)=0 - t(t+2)(z2 ~4t+5)=0

St =28 -3 +10t=0 & oSt=0 =

< X =2 olutie acceptats.
Remarca.

1). Let be 0 <A <4 fixed. Solve for reals

NN :x(1—\//12—x2)

Deducem c3 X = este solutia unica a ecuatiei.

2).Solve for reals
Wa+16— 5 =x(1—x/16—x2)

Dezvoltari, Marin Chirciu

Solutie.

/ 2 _ 2 2 2 2
Cu substitutia 16-x" =120 o 16-x"=1" < x" =161 obtinem:

2
24 +16— % :x(l—\/16—x2)©16+4 16—x :xz(l—x/16—x2) -

16+4r=(16-1)(1-1) £ =26 ~15¢+36) =0

o =28 152 +36t=0 @f(

t(t+4)(t_3)2=0 <1=01=3 <:>x:4,x=—\/7.

5={.1

Deducem ca multimea solutiilor ecuatiei este .

p—

Problemal232.

InAA4BC holds
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Z(ha+h;l)£ha+hc) 1o
b"c .

D.M.Batinetu-Giurgiu, Flaviu Cristian Verde, RMM1/2026
Solutie.
Lema.

InAABC holds

(ha + hb)(ha + hc) p6 +p4 (3r2 —4Rr)+pzr2 (32R2 +8Rr +3r2)+r3 (4R +r)3

www.mateinfo.ro

Z hh, - 16R*r* p’
Remarca.

InA4ABC holds

Solutie.

Lema.

Z:(ra +rb)(ra +rc) _ pz(r—SR)z-i-(4R+r)3

L, pr

Remarca.

InA4ABC holds

Z(ha+hb)(ha+hc) 2[2rjzz(ra+rb)(ra+rc)

hyh, R nr,

Dezvoltari, Marin Chirciu
Problemal233.

Ifa’b’c > Othen

a(b+c)

a’+bc

) R

b+c

Nguyen Viet Hung, Vietnam, Mathematical Inequalities 1/2026
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Solutie.
Lema.
% DX >0 0
1 1 1
+ >

(a+x)2 (ber)2 - x’+ab

Demonstratie.

L
(a+b)(a+);_2Jc§(a+x) j(””)z_(aw) “*j
(“b)[“z—zjf(“’f)zj(b:”z(a+b)ib+ij
e I
IRAEICT T R O
bt c) ana e

www.mateinfo.ro

+Za

RHS = Z SZa(b+c)[ ! >+ ! ZJ:Z

a’ +bc (a+b) (a+c)

a+b AG

a(b+c)+b(c+a)=2 2ab : +z

B2 (a+bY (atby “(a+

Z Z:a+b 2

Egalitatea are loc daca si numai daca ¥ = b=c,
Remarca.

Ifa’b’c > Othen

e Dt

b+c a +bc

Marin Chirciu

Problemal1234.

Ifaabac>0'a2 +b2 +C2 :3then

(a+b)2 (a+c)2

=LHS
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Sanong Huayrerai, Mathematical Inequalities 1/2026

Solutie.

LHS =Y < )y @ 9 (Zo) _ (X)) 3

a+bc= a2+abc_Z(aerabc)_Za2+3abc=3+3abc=
abc<1
>S5 3 _gus

“l+abe 141 2

2 2 2 3 212 2
Am folosit mai sus A€ S1 yezi3=a +b"+c” 23a'b’c” = abe<1

Egalitatea are loc dac si numai dacd ¢ = b=c=1

Remarca.
2 2 2
Ifaabac>0’a +b +cC :3and/120then

3

z a > 3
a+Abc A+1 .

Marin Chirciu
Problema1235.

In A4ABC holds

2.2
$2C 5 op
a .

Nguyen Son Ha,Vietnam, Problems-Book-2nd Edition, Titu Andreesu, Gabriel Dospinescu

Remarca.

InAABC holds

2.2
S 5560

a

Solutie

www.mateinfo.ro
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25 (2]
— 2 2 2
b2C2 ;g a Leéna p _ (27Rr) Mztrgovzc (27Rr) _ 54R7" _ 36r2

a’ 3 3 3p° 5. 27\ 9R

4

Lema.
In A4BC holds

@ > 27Rr

a p

be p2 (p2 + 277 —8Rr) +7? (4R + r)z

Folosim: a 4prR

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

InAABC holds

1).

2 2
>4
bcc R

Solutie

ve) (o]
az C;S‘ bC LeZma Rp B (9r)2 Mitrgovic (91")2 B 92,/,2 ~ 4”'2

2 2 = - 2.2 2 2 4

bc 3 3 3R°p 3R2~27R 3R2-27R R
2).

asor

bc Rp
Solutie

a _ p2 —r2 —4Rr

Folosim: be 2Rrp
3).
4).

www.mateinfo.ro



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — MARTIE 2026

bct &P 1
Z( = +b2c2j24r2£9+ﬁj

2 2
zbf > 3612
6).

Z a 24_’/2
b’c*  R*

Dezvoltari, Marin Chirciu
Problemal236.

InAABC holds

Za LZaerJrc
Vb+c—a .

Konstantinos Geronikolas, Greece, Mathematical Inequalities 1/2026
Solutie
Lema.

InAABC holds

2
4 a > 2a
\}b+c—a b+c

Demonstratie

1<—
a 2

b+c—a l(b+c—a j b+c a 2a 24°
- . — 41 |= >
a

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

InAABC holds

www.mateinfo.ro

a >a- =
2a = \\b+c—-a b+c b+c

v a trs2a g2 (X s
LHS—Za btc—a _Zb+c_2(b+c)_ ZZa —Za—RHS.
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Marin Chirciu

Solutie

a b+c—a 1(b+c—a b+c
Y4 sy [brema Nfbreza )
Pentru” =0 se obtine b+c—a , Vezi a 2 a 2a =
/ a > 2a _ 2a
b+c—a b+c b+c =
a Nesbitt

a 2a 3
32 >y =2y > 2-5_3.

b+c—a b+c b+c

n continuare fie”? =1
Lema.

InAABC holds

a 2an+1
a",/ >
b+c—a b+c,neN.

Demonstratie

1
. 2a 24"

a —_—za - =
2a = b+c—a b+c b+c

R 3 R ) 3 ) YO
LHS—Za b+c—a ZZ“b+c = 3”_12(b+c)_3"_1-22a_ 3

_ (Z_] s

a

1<—

b+c—a l(bJrc—a j b+c
_ — 41| =
a 2

a

3

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problemal1237.

$610. InAABC holds

A 1 . A
HCOSE Sﬁ(lJrHsmEj
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Nguyen Viet Hung, Vietnam,Crux Mathematicorum,November 2022

Solutie

Hcosézi HsinA =L

Folosind 2 4R si 2 4R inegalitatea se scrie:

£<L(1+Lj £<L.4R+T"
4R~ 3\ 4R) = 4R 3 4R <:>P\/§S4R+r,(Doucet).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

InAABChoIds:

1).

r . A A 1
(1+3\/§)E£Hsm5+ncosg£(1+3\/?_>)§.
Solutie

A p . A r
HCOS—=— siIN — = —
Folosim: 2 4R Si 2 4R

2).

(Hsiné) +(Hcos£j > 2(L(1+3\/§)j
2 2 8R neN.

Marin Chirciu

Problema1238.

Ifa’b’c > Othen

Z 1 S 1

8a’+bc ab+bc+ca

Sanong Huayrerai, Mathematical Inequalities 1/2026

Solutie

Folosim 74" -Method.

Notsm P = Za,q = Zab,r = abc'

www.mateinfo.ro
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Avemzb3 3 :q3—3pqr+3r2.

1 p2c? cs (Z:l)c)2 7 01
LHS =2, 8a’ +bc 2 8a’h’c® +b’c’ - Z(Sazbzc2 +b3c3) 2412+ bc? = q

g M ]

—2_
e 24720 T g o >3 12417 o q* 2(q’ —3pgr+3r)+ 24

AG
< 3pgr227r* < pqg29r . P1= Y a) ab>3labc -3} (abc)” =9abe = o

Egalitatea are loc daca si numai daca ¢ = b=c,
Remarca.

Ifa’b’c > Othen:

1).

Z 1 S 1

8a’+bc a’+b*+c’

2).

Z 1 S 3

8a’ +bc (a+b+c)2

Dezvoltari, Marin Chirciu

Problemal1239.

Ifa’b>0,a+b=2then

+
l—a+2a*> 1-b+2b*

1 1
>Jab
Craciun Gheorghe, Mathematical Inequalities 1/2026

Solutie.

1 1 tpa, _a+b

LHS: 2+ T Z =
l—-a+2a 1-b+2b

>Jab = RHS

Lema.

Ifa’b>0,a+b:2then
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1 1
>+ =21
l-a+2a” 1-b+2bH

Remarca.

Ifa’b>0,a+b:2and/122then

1 1 >2JE

+ >
l—a+Aa® 1-b+1b° A

Marin Chirciu

Problema1240

Solve for” €N
n=n+n! .

Math Olympiad Germany

Solutie

(nz—l):n!

w=n+nl <n-n=nl <" <n=S5
n!> n(n2 —1)
Pentru” 25 = , vezi inductie matematica.
Remarca.
>
i ENn 25y
n!'z n(n2 —l)
Marin Chirciu
Solutie.

Se foloseste metoda inductiei matematice.
Problemal241.

InAABC holds

3
4_R+12 (a+b+c)
r 3abc

Nguyen Viet Hung, Vietnam, Mathematical Inequalities 1/2026

www.mateinfo.ro
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Solutie

3 3 2
4R 12(a+b+c) AR . 8P 4R . 2p

r 3abc = T _3'4R’”P <:>7 3R &

3R(4R+r) >2p°

2 2 2
vezi inegalitateaIuiGerretsen:p <4R" +4Rr+3r .

Remarca.

InAABC holds

2
4R 3(a+b+c)
r ab+bc+ca

Marin Chirciu

Problemal242.

2
za —a+12§
b+1 2

Nguyen Van Hoa, Vietnam, Mathematical Inequalities 1/2026

Solutie

(a—1)2+a: a CS(Z("_l))2+Z

’

LHS—ZM_Z Z(a_1)2+z N
- b+l b+1 b+1 b+l D (b+1)

2 2
O TS 2 AN
Za+3 ab+a Za+3 Zab+2a 1

= RHS

N | W

Egalitatea are loc daca si numai dacd 4 = b=c=1,

Remarca.
hca,b,c>0’a+b+c=3 and 4 = L then:

1).
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Zaz—a+/1>ﬁ
b+1 2

f%D:¢>0 aibrc=3 3ngA=1 n>04hen:

2).

zaz—a+/1> 34
b+n  n+l.

Dezvoltari, Marin Chirciu
Problema1243.

g6 y>0 x+y=2

Z\/xz +3xy <4

Nguyen Van Hoa, Vietnam, Mathematical Inequalities 1/2026

then

Solutie

www.mateinfo.ro

LHS = Z»\/x +3xy Z\/x x+3y \/sz x+3y \/Zx 42x— 2:4.2 =

=4=RHS |
x=y=1

Egalitatea are loc daca si numai daca

Remarca.

1). Ifx’y>0,x+y:2and}“20then:

Z\/xz +Axy <24 A+1

2). Ifx’y’Z>O,x+y+zz3and}“20then

Z«f}f +Axy <3JA+1

3). 1F %1 X205 X, >0'x1 +X,+..+x,=n

Z«/xf + Axx, SnA+1

Dezvoltari, Marin Chirciu

and Az 0then
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Problema1244.

Evaluate

-1
[
x+x'Inx  x>1,

Aslam Qureshi, Math 1/2026

Solutie
_1 1 1 1 1 1 1 I+xInx=t
Ix_dxzj(&__jdxzj(&__jdx 2
x(1+x)lnx l+xlnx x l+xlnx x
:lnt—lnx+C:ln(1+xlnx)—lnx+Czlnm+C
X
-1 1+x1
I =%,
Deducem ¢i” X+ Inx X
Remarca.
Let be 4 = O fixed. Evaluate
-A
[
Ax+x"Inx  x>1,
Marin Chirciu
Solutie
- +x1
T 2’1 dy=In27¥I0x
Deducem ci” Ax+x"Inx X
Problema1245.

5068. In A4BC holds

et

r

Nguyen Viet Hung, Vietnam,Crux Mathematicorum,

Solutie

ﬂ—lnx=
t

www.mateinfo.ro
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(a,b,c)z(y+z,z+x,x+y) x,9,2>0

Folosind substitutiile lui Ravi avem

R (x+y)(y+z)(z+x)

(x’yaz)z(p_aap_bap_c) 7: 4)0/2 FzglxyZ(X‘l‘y-FZ)

’ 7 ’

F F oz(x+y+z)

p—a x X

r xyz

RHS = (_+_j((+ o (X (\f \D iy Jﬁ[)

()

Xy

Feg )

Inegalitatea se scrie:

(x+y)(y+z)(z+x) S (X‘U/)(\/;\/;)z

Xyz Xy =

(y+z)(z+x) 2(\/;\/;)2

(y+2z)(z+x) P e

= Z y+z)(z+x)>xz+yz+2z\/_<:>

o Xy+yz+ox+z’ 2xz+yz+22\/)q_y - Xy+z’ 222\/5 PN (Z—\/E)z =0

7

z= X=V= S
cuegalpentru” VYW GX=V=Z S a=b=c,
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

In AABC holds

1).
i

Marin Chirciu



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — MARTIE 2026 www.mateinfo.ro

Solutie

() =(50) (%+%j(x+y)228

g

Notand inegalitatea se scrie

2( 2 2
<:>x4+2x3y—6x2y2+2xy3+y4ZOQ(x_y) (x +axy+y )20

= 12—z _
cu egal pentru™ =Y <> \'a b <>a=b,

Egalitatea are loc daca si numai daca triunghiul este isoscel cu4 = b,

et
.
(i
(i

Dezvoltari, Marin Chirciu
Problemal246.

Ifa’b 21 then

> 2a\b-1<a* +b’

Panagiotis Danousis, Greece, MathAtelier 1/2026.

Solutie

AG NeA
LHS =Y 2a\Jb—1<> ab=2ab < a* +b* = RHS
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Egalitatea are loc daca si numai dacd @ = b=2
Remarca.

Ifa,bZIandneN,n22

> 2a\b-1<a" +b"

then

Marin Chirciu

Problemal247.

|faabac>01‘\/%+ bc +\/£:3then

[T(2a+b+c)=64

Panagiotis Danousis, Greece, Mathematical Inequalities 1/2026

Solutie

Lema8/9

www.mateinfo.ro

LHS = H2a+b+c >H24/a+b a+c SH a+b > S—ZaZab—

=%2a2bcg64=RHS

7

64 0
?Zazbc 264 - ZaZbc >9

unde , care rezulta din:

), 20k =3 Vezi3=2@cés 3)ab 33 ab _ 9<3> ab
NDXEE (Xa) 233 ab233=9_ (3a) 29 _ >a>3

, Vezi

Egalitatea are loc daca si numai daca4 = b=c=1,

Remarca.

1).|fa=bac>0'\/%+ bc +\/a:3then

Y (2a+b+c)=12

2).|fa,b,c > 0’ Nab ++bc ++ca =331d7” € Nthen

:Zab23
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> (2a+b+c) =3-4"

Dezvoltari, Marin Chirciu
Problema1248.

1 1 1
—+—+—=a+b+c
Ifa’b’c>0,a b ¢ then

Za2+222abc
4 4 _

Marin Chirciu, Mathematical Inequalities 1/2026

Solutie

Folosim 24" _Method.

Notdm P:Za,qzzab,r:abc.

9 21 2 921 ¢g
Piage2x2l, poageo>=d
q:pr:>p 1 4 4 o 4 4 p =4p -8pg+9p>21q &
2
4
4p +9p_q(8p+21),care rezults din 3 ,vezip (a+b+c) _3(ab+bc+ca) 39 _
p*23q

Este suficient sa aratam ca:

2
4p3+9pz%(8p+21)

e 4p' —21p? +27p>0 = P(P=3)(4p-9)20 ;>3

, vezi
dinq23,adevératdinq2Z3pr,q:pr =q’ 23q:>6]23'

p’23q 4235 p*233=95p23

Egalitatea are loc daca si numai dacsa=b=c=1

Remarca.

l+l+l:a+b+c
1).|fa,b,c>0'a b ¢ and 0< A <3 then

Za2 +/12(/1+3)abc
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1 1 1
—+—+—=a+b+c
21f%0:¢>0 a b c then

Zaz +32>6abc
Dezvoltari, Marin Chirciu
Problemal250.

In acute ABC holds

AH p
Zar 9r?

Sarkhan Adgozalov, Georgia, RMM 1/2026
Solutie

Lema.

In acute AABC holds:

1).

2

Z AH p>—5r*—8Rr

ar, 2pr
2).
i
p r .
3).

3 ZAH 3R
p a-h Zpr

a

4)

AH R+r
Za-ha_ pr
5).

AH AH
Za-h SZa-r

a a

www.mateinfo.ro
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Dezvoltari, Marin Chirciu

Problemal251.

Solve for*

Sanong Huayrerai, Math 1/2026

Solutie

Se impune conditia: ¥ >0,

3 4
12
lnx:(e_J xlnx e
= 4.1 12 4+1 12
) & o™= oM =" < Inx

4+Inx

=lne? <

www.mateinfo.ro

o (4nx)inx =125 (4+0)1=12 & 2 gy 10— o 1€{-26) o velee}

S:{e_z,eﬁ}

Deducem ca multimea solutiilor ecuatiei este

Remarca.

1).Let be 4 > O fixed. Solve for*

Solutie

S _{ 22 ,1}
v . .. . . - e ,e
Deducem cd multimea solutiilor ecuatiei este .

2).Let be 7 > O fixed. Solve for*

Solutie

S:{e—zn’en}

Deducem ca multimea solutiilor ecuatiei este

3).Let be 7 > O fixed. Solve for X
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Deducem ca multimea solutiilor ecuatiei este

4).Let be 4 > Ofixed. Solve for X

2 A+l
XJnx — fi_
X

Dezvoltari, Marin Chirciu

Solutie

S:{e_z,eﬁ}

Deducem ca multimea solutiilor ecuatiei este
Problema1252.

1 1
S Ss
a+4b+4c 3
Nguyen Viet Hung, Vietnam, Mathematical Inequalities 1/2026
Solutie
Lema.

1 1
<
a+4b+4c 3(1+a+b)

Demonstratie.

www.mateinfo.ro

2n  _—n*-2n
S:{e ,e }

a+bte>3abe =3 — a+4b+dc=(a+b+c)+3b+3c>3+3b+3c=3(1+a+b) _,

1 1
<
:a+4b+4c23(1+a+b) _, a+4b+4c 3(l+a+b) .
2 2 2
(a,b,0)=(x—,y—,Z—J
Yz zx Xy

Cu substitutia obtinem:
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S Lema 1 xyZ SOS
LHS=) —— < — == — <
Za+4b+4c Zl+b+c Z +7+Zi 32“xyz+y3+z3
zx Xy
SOS 1 1
< = — =] =—
zxszryz y+z Z:er)HrZ 3 3
Egalitatea are loc daca si numai daca? = b=c=1,
Remarca.
b 0 Oélﬁg
1). if4>0-€ > ,05021and 2 then

1 3
<
Z“a+lb+ﬂ,c 24+1

2).1§%0:¢>0 abe=14pen

1
S— <
Na+4b+4c
Dezvoltari, Marin Chirciu
Problemal253.

Ifx,y>0,x+y£1then

(e

Nguyen Viet Hung, Vietnam, Mathematical Inequalities 1/2026

Solutie

3.3

X Xy X'y’

LHS = (1—ij[1—%j: (=17 =1) (=)= +x+1)(37+ y+1) s

Y

CBs(x—l)(y—l)(xy+ xy+1) cgsxy(xy+ xy+1) (nyr\/E+1)2
2 x3y3 xy x2y2

www.mateinfo.ro

2 2 <l
+ +1 ML
:(—xy ald ]:(HLJFL] e Ly ] =(1+2+4)" =7* =49 = RHS
Xy
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Egalitatea are loc daca si numai daca 2,

Remarca.

1) |fx,y,a>0,x+ySa

3 3
(1—‘%)[1—‘%)249
X y

2. Y > 0 x+y <2y

(3o

Dezvoltari, Marin Chirciu

then

Problemal1254.

4
=3
i -0-¢ > O,Za then find

7
. a
min ZE
Oscar Reynaga Alarcon, Mathematics(College and High School) 1/2026

Solutie

1 1 1

a,b,c)=| x*,y*, z*
. . (a4,b4,C4):(x,y,Z) ( 7 ) [ ’y ’ v
Cu substitutia = problema se reformuleaza:

%> Vs 2 >O,Zx=3then find

7

) x4
mmZ—é
4

y

Remarca.

=3
1), 1f b > O,Za then find

;
minZ%
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Solutie

7
. a
man:—5 =9
Deducem ca b pentrud =b=c=1
Am folosit mai sus:

Inegalitatea lui Yang:( generalized Radon inequality).

a, 20,b, >O,r20,s20,r2s+1th

If en

Egalitatea are loc daca si numai daca ¥ = b=c,

.lfa,b,c>0 Za:3andn,keN

2) then find

n+k+1

bi’l

Dezvoltari, Marin Chirciu

Problemal1255.

a b +bJa =182
- a+b)
If

a\/;+b\/1; =183 then find 9 (

Sanong Huayrerai, Math 1/2026

Solutie

Calculém(

(o NG =+ =152 _, (5 G152 5.

www.mateinfo.ro

3
Ja+b) =aa+bb +3(avb +ba)=183+3-182=729 _ o, [ _o
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2 5 182 364 365
_ O =a+b+2-— +bh=81—-— a+b=——
(Va+b) =a+b+2ab _ 9 =" 9 = 9
2 (a+b)=2-22 73
Ob’;inem5 59
Remarca.

a\b +ba=n

1). Letbe/? > 0K >0.n+3k =270 |f{“‘/z+b‘/z=  then fina (9 +7).

Solutie
— 3_
Deducemcéﬂ(a+b)_ﬂ' 2”.
{ b+ba=n 1’12(1 IJ
R _+_
2).Letben>0’k>0’n+3k=ﬂ’3fixed.If a\/;-l_b\/zzkthenfind Ala b .

Dezvoltari, Marin Chirciu

Solutie

2
”-(Ll):;ﬁ—zn
Ala b _

Problema1256.

Deducem ca

hcx,y,z>O’xy+yz+zx:1then

1 3
Tty

3x2 +1

Nguyen Viet Hung, Vietnam, Mathematical Inequalities 1/2026

Solutie

1 3 3x* 3
Z 7 125 Z%S_

3x*+1 2 37 +1 2,

3x? 3x? 3x°
Avemz3x2+l _Z3x2 +xy+yz+zx _Zx(x+y+z)+2x2 +yz -

D |y Ay 2l
x+y+z) 2xX*+yz ) 4= x+y+z 2x° +yz 2x* +yz )

’
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2 (1) 2
" —Z A Y ¥ >
unde4 2x° +yz 2<:> 2x"+yz 2 & 2x +yz vezi
2
iy vz ¢ (22) (X _
2x* + yz 2xyz + y*z2* Z(2x2yz+y222) (Zyz)
X=y=z= L
Egalitatea are loc daca si numai daca ‘/?_’ .
Remarca.
In A4BC holds
1).
L
3tan® 241 2
2
Marin Chirciu
Solutie
Lema.
hcx,y,z>0’xy+yz+zx:lthen
S22
3xT+1 2
Sa trecem la rezolvarea problemei principale.
A B
Ztan—tan— =1
Se cunoaste identitatea in triunghi 2
_r 3
_ A B C , A 2
(x)y’Z)_ tan_atan_atan_ 3tan *+1
2 2 2

Aplicdnd Lema pentru obtinem:
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

In acute ABC holds
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Z;>§
3cot’ A+1 2

Marin Chirciu
Problemal257.

InAABC holds

()

Sarkhan Adgozalov, Georgia, RMM 1/2026

2 4G - 2
a >33 a =3
Wch H Wch

Wy <p(p—a) 3 Mttrmovtc 3 3 9 3 ?
\/ 3 PR —2 = — = RHS
H p(p L p p
3

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Solutie

Remarca.

InAABC holds

2n 3 n
WpWe p neN .

7

Marin Chirciu

Problema1258.

i AABC gyem AP = BD,D e(AB)'APJ_CD,Pe(CD),APﬂBC: {E}

Aflati SAEC

Elton Papanikolla,Math Olymp 1/2026

Solutie
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CE DA PA_,

Folosim teorema lui Menelaus pentru AAEB Si transversalaC—P—D = CB DB PE =

2P4 1 PE = CE =2PE =y ACPEdreptunghic in P, conform reciprocei unghiului de 30°
avem XECP =30" = <4EC =60

Deducem ca XAEC =60’ .
Problema1259.

1722. In acute AABC holds

b +c*—a*

abc
Z ———>a+b+c
Titu Andreescu, USA, Mathematical Reflections Nr.1/2026

Solution.

a b C a b C Gerretsen a b C

LHS = = > -
zb“rcz—az 2(p2—(2R+r)2) 2(4R2+4Rr+3r2—(2R+r)2)

4R R Euler
= rpz:_pz 2p=a+b+c=RHS
2-2r r )

Z 1 _ 1

b’ +c*—a’ Z[p2 —(2R+r)2}

| used above
Equality occurs if and only if the triangle is equilateral.

Remark.

In acute AMBC holds

(abc)2

>(4F)’

Marin Chirciu
Problemal1260.

InAABC holds

\4

3
Ornr.
2 2 b
I I(ma +mamb+mb)_(—” -

Tyt +7,
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Daniel Sitaru, RMM 1/2026

Solutie
NeA M 1My M 2T T @ 9]/' vy ’
LHS = H(m(f +m,m, +m,f) > H3mamb =2Tmimim. > 2Trinht>| —ebe | =
B
c

=RHS
Remarca.

InAABC holds

H(W2+WW +W2)>(zj2( o, T
a a’’b b )= R

I"a-O-I’E7 +7"C

Marin Chirciu

Problemal261.

1
a,b,c>—

1 3
I N
Zlog2 (3a+b) 2

Nguyen Hung Cuong, Vietham, RMM 1/2026

Solutie
l CS 9 9 AG 9
Zlog2(3a+b) Zlog2 (3a+b) log2H(3a+b) Z(3a+b) }
log, ==
9 9 9 9 3
= 3 = 3 = 3 = =—:RHS
42“ | 4.3 log,4 32 2
log, 3 0g, 3
Egalitatea are loc daca si numai daca4 = b=c=1,
Remarca.
a,b,c>——
If /1+1'a+b+cs3and/l>0then
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z 1 > 3
log,(Aa+b) log,(A+1)

Marin Chirciu

Problemal272.
|faabac >1 , a+b+c< 6then

1
(log, a+log, b)’

53
4

Nguyen Hung Cuong, Vietham, RMM 1/2026

Solutie
3
3 adon 1
LHS =Y LI ! " (2 2
(log, a+log, b) (log, a+log, b) (Z“(log2 a+log, b))
B A S A 0 W
(ZZlogz a) 4(log, abc) 4(log,8)" 4(3) 36 4

3

Am folosit mai sus abc <8 , vezi
Egalitatea are loc dacé si numai dacs@ =b=c=2,
Remarca.

1
(log, a+log, b)’

>3
8

1 >i

(log, a+log,b)" 2"

Dezvoltari, Marin Chirciu
Problemal273.

fa,b,c>0

1724.1 then

AG 32(156 3
abcﬁ(a_'_i_'_cj < (gJ =2°=8

www.mateinfo.ro
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H(a3 +bc) > (abc)2 H(a + 1) .

Nguyen Viet Hung, Vietnam, Mathematical Reflections Nr.1/2026

Solution.

H[%sz]‘[(%ﬁl]

3 3 CBS 2
(Z—H](b—ﬂj (@Hj
We have ¢ cd ¢

(s ey {1 T

and analogs =

,(1).

and analogs =

,(2)-

H(E“}H (a+1) o [1(@ +be)> (abe) T (a+1)

From(1) and(2) =
Equality occurs if and only if & = b=c,
Remark.

a,b,c,d >0

1). If then

H(a3 +bcd) > 16(abca’)3 .

fa,b,c,d >Othen

2). 1
H(a3 +bcd) > abca’H(ab+cd)

Dezvoltari, Marin Chirciu

Problemal274.

BT,T €(AC)

Fie AABC dreptunghic cu A=90" Si C=30" considersm bisectoarea sinaltimea

AE E (B
’ E( C) .Paralela prinC la BT taie ABin I

Aratati ca puncteIeF’E’T sunt coliniare.
Manual-EDP-2004 Nita — Nastasescu, Ex-11/193
Solutie

FA TC EB _

Folosim teorema lui Menelaus si aratam ca FB T4 EC
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rc_sc

Din teorema bisectoarei= 14 B4 ,(1).

BC_,
Din teorema unghiului de 30"'= B4 ,(2).
< _,
Din(1) si (2) = T4
A= pp- EB _1
Notand AE=h=AC=2h 3~ B CE=mB3=EC 3

AB AT 1 FA

oinBTIIFC = BF ~ TC 2 = FB

3
2 .

FA_3 TC_, EB_1 FA IC EB

—_——. = 1 Menelaus

pinfB 2 T4 siEC 3=FB T4 EC = puncteIeF’E’Tsunt coliniare.
Problemal275.

f%0-¢>04pan

3abc ja+b+c
a+b+c

o<

Panagiotis Danousis, Greece, MathAtelier 1/2026

Solutie

Datorit3 omogenititii putem lua @ + 5+ ¢ =1 inegalitatea devine:

Hal_” <3abc PN Ha_” <3 PN lnHa_” <In3 PN Z—alna <In3

1

f(x)=—xInx >0 f'(x)=—Inx—1 f(x)=-=<0

Consideram functia X =/ este functie

1
X, ==
concava si folosim Tangent Line Method in puntul 3,

y=x(In3-1)+2 f(x):—xlnxgx(ln3—1)+%

Ecuatia tangentei este 3=

Z—alnaSZ(a(ln3—l)+§j:(1n3—1)2a+1=(ln3—1)‘1+1=ln3
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Egalitatea are loc daca si numai daca? = b=c,

Remarca.

Ifa,b,c,d>0

then

a+b+c+d
H ab+c+d < ( 4abed )

a+b+c+d

Marin Chirciu

Problemal276.

§726. InA4BC nolds

1

3
>

2

b+c—a \2Rr _

Nguyen Viet Hung, Vietnam, Mathematical Reflections Nr.1/2026

Solution.

(1(
LHS=Z;=12 1 :l'4R+r:4R+r2,3 _ RHS
b+c—a 2 p-a 2 2pr 2Rr

pr

where 2P’
, _R(4R+r)
P = ar=r)

It is enough to show that:

R(4R+r)2 >6r-

4R+r0 [3 (4R+1) 3
= = 2
2Rr 4p°r’ 2Rr R(4R+r) > 6rp’

R(4R+7)
2(2R - r)

Equality occurs if and only if the triangle is equilateral.

Remark.

InAABC holds

(b+c—a)

1

—n

—>3(6Rr)2

Marin Chirciu

’

neN.

, see Gerretsen'Inequality

< 2R—r23r < R22r (Eulernequality).



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — MARTIE 2026 www.mateinfo.ro

Solution

For” =0 we have equality 3=3.
For” =1 see Lemma.
For” =2 we use Holder’Inequality.

I n /3 n 3 )
1 Holder b+c—a Leg’"" 2Rr 2Rr _ -

LHS = n 2 n-1 n-1 = 3
(b +c— a) 3 3 3

Problemal277.

InA4ABC holds
Za tan’ >64r F?

D.M,Batinetu-Giurgiu, Neculai Stanciu, RMM 11/2020

Solutie.

6 6
LHS =Y o tan® 2 ACW 1Za S tan g > %(23:?) .1:(2312) > 64r*F* = RHS
Remarca.

1).In AABC holds

Zan tan2£2(Lb_'_c]
2 3 neN,

7’

Solutie.

Ztanzézl

Pentru” =0 avem 2 , vezi mai jos.

Zata 2é> a+b+c
2

Pentru” =1 avem 3 , vezi

Cb h
) eysevl
Zatan —

_z Ztan _> Z a+b+c

Pentru”? =2 se foloseste inegalitatea lui Holder.
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LHS =Y a" tan’ ACEbyShevlza 3 tan’ AH"ﬁi”l(Z“)n 1) :(“*b“jn — RHS

311*1 311 3

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2).InA4BC holds

A 3R’
3R? <) gPtan®’ —<—
Z 2 2r
Solutie.
Lema.
InAABC holds
Za tan’ (SR +r —pz)
3).InA4BC holds
3
54Rr<Za cot’ = A ZZR
7

Dezvoltari, Marin Chirciu
Solutie.
Lema.

InAABC holds

>a cotz§=2[(4R+r)2 —pz}

Problemal1278.

InAABC holds
A B C
csc—| tan— +tan — 24\5
Z 2( 2 2j

Zaza Mzhavanadze, Georgia, RMM 1/2026

Solutie.
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Lema.
InA4ABC holds
A( B C cot—
csc—| tan—+tan— |= 2
2 2 B
COS — COS —
2 2
A A A
A B C COtE AG COtE HCOtE
LHSZZCSCE(tan5+tan5j:ZW233H B C =33 y =

p
=3 r -3,

2
== =33/16R > 43 = RHS
P P
4R 16R?

Egalitatea are loc daca si numai daca triunghiul este echilateral.

S s

Remarca.

InAABC holds

Zsecé tangjttamg >4
2 2 2

Marin Chirciu
Remarca.

InAA4BC holds
A B
chc— cot—+cotg 212\/5
2 2 2
Zaza Mzhavanadze, Georgia
Solutie.

Lema.

InAABC holds
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cotA cotA HcotA
A( B C P 2 2

= — — - =) —— =« > - 4 3 |— & _
LHS chcz(cot2+cot2J Z 7 C_33H. 3 C 33 e
SIn —Sin — SIn —S1in — H sin =
2 2 2 2 ( 2)

P
r

=3 =3

2,
3 =3, :3,3/161{3 P >123 = RHS
r r
(mj 16R?

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Soly I

Remarca.

InA4ABC holds

ZSG:Cé cot§+cot£ >12
2 2 2

Marin Chirciu
Problemal1279.
Prove

sin 80’ N sin 20° ’
sin 20° sin 80°

Elton Papanikolla,Math Olymp 1/2026

Remarca.

sin20"  2sin10"cos10”  2sin10"cos10°

. = 5 =2sin10’
Avem Sin 80’ sin 80" cos10°
. ° . - \2 -3 °
s?nSOO N 51.n200 _ -1 : +(2sin10°)2 — 4sin’10 = 1+8§1n 100 _
Obtinem: sin 20 sin80 2sinl0 2sinl0 2sinl10

1+8sin’10° _ 1+6sin10"~2sin(3-sin10") 14+6sin10° —2sin30° _
2sin10° 2sin 10’ 2sin10°
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. . 1
) 1+6sin10 —2-5 B 6sin10° .
2sin10° 2sin10°
Remarca.
xe(0,907)
1).Solve for
2
sin 80° sin 20° .
- +| — =6sinx
sin 20° sin 80°
x(0,180)
2)Solve for
) ) 2
sin 80° sin 20° )
- +| — =3sinx
sin 20° sin 80°

Dezvoltari, Marin Chirciu

Deducem ci * =90 este solutia unica a ecuatiei.
Problema1280.

Ifa’b’c >0 then

1+M£2/H(l+a) .

Viet Giap Tony, Math Olymp 1/2026
Remarca.

Lema.

a,,a,,....a, >0

If then

H(1+a1)2(1+q/m)n.

Huygens Lemma

Folosind inegalitatea lui Huygens pentru’”? = 2=

(1+c)(1+d)2(1+\/c7)2 N

www.mateinfo.ro

(1+a)(1+b)2(1+\/%)
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(1+a)(1+b)(1+c)(1+d) 2 (1+ab ) (1+ed ) =((1+Vab)(1+ed )| =
Z(H \/E\/CE)A‘ :(1+W)4 :>(1+a)(1+b)(1+c)(1+d)2(1+W)4

=

(1+a)(1+5)(1+) 1+ abe) > 1+ Yabedfabe |

Punandd = Vabe = N

o (1+a)(14b)(1+) (14 Yabe )2 (1+3fabe) _ (1+a)(1+b)(1+¢)2 (1+abe)

o+ a)(1+0)(1+c) 21+ abe.

Egalitatea are loc daca si numai daca4 = b=c,
Remarca.

Ifa,b,c,d >0 then

1+W£14/H(1+a) .

Marin Chirciu
Problemal1281.

Solve for naturals

X’ —16x =4yx—93/x+9

Sakthivel Thirunavukkarasu, RMM 1/2026.

Solutie.

B vy 4 — . 19 4 9+(x-9) 27+27+(x+9) _
RHS = 4x—93/x+ _27J9(x 9)3/27 27(x+9) £ =2 3 =

_i.i-x+63_2x(x+63)

272 3 8l

2 16 _LHS_RHS<2x(x+63) 2 16 <2x(x+63) .

x"—16x= = —T:x - X_TQSI(X —16x)£2x(x+63)

C:)x(79x—1422)30 <:>79x(x_18)50,x216 < 16<x<18 xeN < x=18,

Deducem ci X =18 este solutia unica a ecuatiei.

Remarca.
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2
Letbe A € N, fixed, 2249 = ks, n(ﬂ+9) - (/1+9) —12k . Solve for naturals

X —mx=4Jx—AYx+ 1

Marin Chirciu

Solutie.

Deducem c3 X =4+9 este solutia unica a ecuatiei.
Problemal282

Evaluate

J.xﬁdx xe(L,0)

Aslam Qureshi, Math 1/2026

Solutie.

X

X T X x
D xhe = (eh”‘ )‘nx =e Mv=¢" N le“dx = Ie"dx =e"+C=x""+C
in )

X X
y J.xh“‘dx =xr 4+ C
Deducem ca ,

Remarca.

Let be 4 > Ofixed. Evaluate

Ax
J.xmdx xe(L,0)

’

Marin Chirciu

Solutie.

Ax Ax Ax — 1 1 T
Din
Problemal283.

Solve for reals

Yx=1+3-x=x —12x+18

Nguyen Hung Cuong, Vietnam, RMM 1/2026

www.mateinfo.ro

2L X Nl A A.
X = (e Y = "o 2 [xrde=[etdr=—e" +C=—x"+C
- - = 2 2
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Solutie.

D=[1,3]

Domeniul de definitie este

a+b a*+b*
5 3\4/ 5 (a,b):(\“/x—l,{‘/?;—x)
Folosind inegalitatea ponderata a mediilor pentru ,

4 4
\4/x—1+\4/3—x<4(4‘1x_1) +(4q3—x) I L b et
2 - 2 _\/ -1+ -x<2

obtinem:

/(1)

2
Apoi ¥ — 123 +1822 3y X —12x+1620 < (¥=2) (x+4)20

Din (1) si (2) = LHS ={x—1+33—x>x"~12x+18=RHS egal pentruX =2,

Deducem c& X =2 este solutia unica a ecuatiei.

Remarca.

Let be A20 fixed. Solve for reals

Yx+1-A+YA+1-x = =3x+22° +2
Marin Chirciu
Solutie.

Deducem c3 X = este solutia unica a ecuatiei.
Problemal284.

InAABC holds

m B-C
¢ _>2R)>» cos

2 » A Z 2

cos” —

2

Eldeniz Hesenov, Georgia, RMM 1/2026
Solutie.
Lemal.

InAABC holds
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> 212

cos’ =
2

Demonstratie.

A4 p(p-a)
2
m > —q) COS"  —=—T—7—7"
Folosim: “ p(p )si 2 be
InA4BC holds:
1).
ZcosB_C£3
2 .
2).
2
1< S M 3R
2 r
CcOS
3).
4(R*-7¢*
36r<S e < ( )
. A P
sin® —
2

Dezvoltari, Marin Chirciu
Problema1285.

Arata ca ecuatia admite o infinitate de solutii in numere intregi:
3
4y 42+ (x+y+z) =xz

Marin Chirciu, Math 1/2026

Solutie.

Ecuatia admite multimea de solutii:

Problema1286.
117 €N then

1).

www.mateinfo.ro

(63:2)=(k40) 4oz
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n(n+1)(n+2)(n+3)
4

1:2:3+2-3-4+...+n(n+1)(n+2)=

2)

1-442-7+3-10+...+n(3n+1)=n(n+1)’

3).

(1+2)(1+2°)(1+2%)... (1427 ) =27 -1

4).
13" +7" =236
5).

7 —1:48

6).

9" 18

7).
n +5n:6
8).

n(\/;+l)

2 .

N2+ edn >

10).
3 >t 0 +1 _
11).

1 1 1 n
—+—t.+

1335 7 (2n-1)(2n+1) 2n+1

www.mateinfo.ro
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1 1 1 n

18 815 " (Tn=6)(Tnt1) Tn+l

13).

> 2? n’ n(n+l)
— .+ =
1335 7 (2n=1)(2n+1) 2(2n+1)

14).
1 1 1 1 1 1 1 1
I——+———=+..+ -——=— +ot—
2 3 4 2n+1 2n n+l n+2 2n
Manual-IX
Solutie.

Se foloseste metoda inductiei matematice.

Problem1286.
3
ifk” =2k +1=0 then find

__k
K+ +2
Math 10/2025

Solutie.

E-2k+1=0 &k +1=2k =
koo k k. kK1
KEak*42 kz(k3+1)+2 k* -2k +2 2(k3+1) 2.2k 4

k
Deducem cs K* +k*+2 4

Remarca.
ifh’ =2k +1=0 2> 0then find

__k
K+ +A
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Marin Chirciu

k1
Deducem cs K* +k*+2 A%

Problemal287.

In acute ABC holds
Zl\/cot A> 2
7, 3r

Vasile Mircea Popa, RMM 1/2026

Solutie.

Chebyshev 1

LHS =Y~ \/cotA . Z\/c tAChdZShevl L 33/1—[\/00&4:

T . 2
:;GHCOtA >§:RHS.

Remarca.

In acute ABC holds

-1
Zi cot A Siz-?,“
h 2

7

a

Marin Chirciu
Solutie.

Chebyshevl
LHS = Z \/cotA

Problema1288.

TRAERA >0 then in A4BC holds

1
e e
yv+z\ bc 2R?

s ZJHE?——¢§T_‘§§

34 = RHS

Mehmet Sahin, Turkey, Math Olymp 1/2026

2

4r

www.mateinfo.ro
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Solutie.
a 2 1 X 4 T'sintsifas 1 ) 1
LHS = = at > —— /F*= = RHS
Z“y+z(bcj a’bh’c’ Z:y+z 16R*F? 2R
al a*>8F?
V+z

Am folosit mai sus inegalitatea lui Tsintsifas
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

1) 115 Y2 > 0 then in AABC holds

]

y+z
Marin Chirciu
Solutie.
T'sintsifas
LHS =Y = (“J:LZ o L BB s
y+z\bc) abc=y+z 4RF 2R _

a>2\/_F

Am folosit mai sus inegalitatea lui Tsintsifas y+z
Egalitatea are loc daca si numai daca triunghiul este echilateral.

2).18%:Y>2> 0 han in ABC polds

ZerZ(ijZ%.

X

Marin Chirciu

Solutie.

y+z( a y+z , Tsinssifas ] 2\/§
LHS = > ——-8\J3F=——=RHS
Z ( j abc Z 4RF V3 R _

PIEAEFEEE NiTa

Am folosit mai sus inegalitatea lui Tsintsifas X

Egalitatea are loc daca si numai daca triunghiul este echilateral.

www.mateinfo.ro
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Problema1289.

iF%0 >0 hen

£+§/§s§/2(a+b)(é+%j

Czeh Slovacia Olympiad
Solutie.

Lema.

1§75 V15 215 %25 Y2525 >0 then

3
(xl +xz)(y1 +yz)(21 +Zz) B (%/x1y121 +%/x2y2zz ) _

(1+1)(a+b)(%+éjmy§m£i/l'a%+i/1'b%j3:(i/%+i/§j3

Egalitatea are loc daca si numai daca 4 = b=1,

, cu egal pentru

Remarca.

Ifa’b>0

1). then

‘{/%+4{/§£§/4(a+b)(é+%]

Solutie.

Lema.

”:x]aylazlstl’XZ’yPZZ’tZ >Othen

4
(xl +x2)(y1 +J’2)(Zl +Zz)(t1 ‘Hz) 2 (é/xlylzltl +{‘/x2y22212 ) _

Remarca.

2). Ifa,b>0andneN,nZ2

f{/g+d§£»{/2“(a+b)(i+%j

then

1
1

www.mateinfo.ro
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Dezvoltari, Marin Chirciu

Solutie

Lema.

a,a,,....a,,b.,b,...b, >0

If then

(a,+b)(a, +b,)..(a,+b,)> ((’/alaz...an +£/b1b2...bn )n -

Problema1290.

ab
17 =11" =5929 tpen find 4 + b |

Math 10/2025

Solutie.

g7 2
7 =T e T =11 e (a2)lg7 =218l g1 a2

lg7 b-2

1P =711 e 1172 = 7 o (5-2)Ig11=2187 111~ 2

g7 2 _b-2 2 _b—2_k 2 _ b—2_k
Rezults: 1811 a-2 2 =a-2 2 Sa-2 g 2 =

242k

2+2k 242k 2(1+k
b (2+2k) p (k )
a+b 72+2k+(2+2k) L 1+k
Obtinem k k k

Remarca.

Xy
*— b =(ab) .
1). Let bea>1’b>1fixed.lfa (a ) then find TV

Solutie.

Xy )
xX+y

Deducem ca
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Xy
*—p =(ab) .
2). Let bea>1’b>1fixed.lfa (a ) then find ¥t
Solutie.
XY 4
Deducem ci ¥ TV

xy

X _ _ A -
4 —by—(ab) then find * .

3).Letbe? > LO>1 2> 0fixeq. if
Dezvoltari, Marin Chirciu

Solutie.

WA}
xX+y

Deducem ca
Problema1291.

TRERA >Othen

vz 1
2ociyez sa )

Viorel Vajaitu, Alexandru Zaharia, GM
Solutie.

Lema.

TRAERA >Othen

_oyz oy b
2x+y+z 4\x+y x+z
Demonstratie.

2
1,1 ¢ (1+1) __ 4 vz _yz( 11
xX+y Xx+z (x+y)+(x+z) 2x+y+x:>2x+y+z 4 \(x+y x+z

Sa trecem la rezolvarea problemei principale.

LHSY ———

2x+y+z x+y x+z xX+y x+z

Lemazyz( 1 ]:iz[iJr&j:%(HyH):RHS'
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Egalitatea are loc daca si numai daca X=y=z,
Remarca.

InA4ABC hods:

Solutie.
Lema.

hcx,y,z>0’x+y+z:lthen

ZL<1
2x+y+z_4_

. . - r
Se cunoaste identitatea in triunghi a

. r, n r, . r
Folosind Lema pentru obtinem a

Egalitatea are loc daca si numai daca triunghiul este echilateral.
2).

1 1

Z Zhbh 4y

Tc+hb+hc

a

Dezvoltari, Marin Chirciu
Problema1292.

z;<1

a+b+1

Nguyen Viet Hung, Vietnam, Mathematical Inequalities1/2026

www.mateinfo.ro
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Remarca.

hca,bac>0’ab+bc+ca:3then

Y ——<!

a+b+1 '

Marin Chirciu

Solutie.

> <

a+b+1

Notam

1 - Z(a+b+1)(b+c+l)SH(a+b+l) PN ZaZabZabc+ZZa+2.

pzZa,quab:3,r:abc

Inegalitatea se scrie:

pq2r+2p+2 q=3 =3p2r+2p+2 = p2r+2 (1)

rS3

2 _
Din9 23pr’q—3<:>923pr =32 pr & P )

Pentru demonstrarea (1), stiind (2)este suficient sa aratam ca:

p=—+2

3
p =

p2_2p_32()<:>(p—3)(p+1)20 <:>p23,vezi

p223q:3-3:9:>p23.

Egalitatea are loc daca si numai dacd 4 = b=c=1,

Remarca.

1).In AABC holds

1
Z B _1
\/g(tan+tanj+l
2
Marin Chirciu
Solutie.
Lema.
Ifx,y,z>0'xy+yz+zx=3then
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x+y+1

Z;<1

Ztangtangzl - Z\Btang-x/gtan§=3.

Se cunoaste identitatea in triunghi 2

(x,y,z)=(«/§tan§,«/§tan§,«/§tan%j

Folosind Lema pentru

z 1 Z ! <1

A B
3| tan—+tan— |+1
J_[ 2 2)

A 1 B =
\/?jtan—+\/?_,tan—+l
2 2 =

Egalitatea are loc daca si numai daca triunghiul este echilateral.
2).

In acute AABC holds

1 <1

Z\/?(COtA-FCOtB)-Fl B

Marin Chirciu
Problemal1293.

InAABC holds

4
231+Ztan2§s2(2ﬁj
r

George Apostolopoulos, Greece
Solutie.
Lema.

in AABC

A (4R+r)2 —2p2
tan® = =
Z 2 p2

Remarca.

InA4ABC holds

1).
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2r ,A R
3——<1+ ) tan" —<—
R z 2 r
Solutie.
Lema.
InAABC
2 2
A4R+r) =2
Ztanzé:( )2 P
2 p
2).

2r A R
2= <M tan* =< ——1
R Z 2 r

3).

2
8R » A (2R
—-=7< ) cot"—<| ——1
r Z 2 Lr J

Solutie.
Lema.

in AABC

2

Zcotz A _ p°—2r" —8Rr
2

r

4).
A R A
tan’ = <— cot’ =
T 2

Dezvoltari, Marin Chirciu

Problema1294.

In A4ABC holds

z a__ 32(12

b+c—a Zab

www.mateinfo.ro
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Chris lliadis, Greece, Mathematical Inequalities 1/2026

Solutie.

2 2 5
LHS:Zb+j—a:Zab+ZZ—aZCZSZ( (bza)— o (Zf) 2g3za = RHS
ab+ac—a ) ZZab Za Zab

(3a) 03y a  Fa+2yab 3y Sy X203
Z = a“=x, ) ab=y 2_
undeZZab-Zf Yab o 2)ab=3a’ dab T ST 0Ty o

&3 =50+2)"20 & (x—y)(3x—2y)20, care rezults din ¥ =Y < zaz ZZab.

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

InAABC holds:

1).

a S 9Za2
Zb+c—a B (Za)z |

2).

« L (Ze)(Xa)
Zb+c—a_ (Zab)z

Problema1295.

|fa’b’c S ()’Zab(a +b) = 2Zathen

Zabé3

Nguyen Viet Hung, Vietnam, Mathematical Inequalities 1/2026

Solutie.

Lema.

|fa’b’c > ()’Zab(a +b) = zzathen
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Za >3abc

Demonstratie.

23 a=Y ab(a+b) 2 3[[Jab(a+b) =3t [(a+b) > Rlabc -8abe =
=338a°h’¢? :6abc.

Zab(a+b)=22a <:>Zczl)Z:cz—3czljc=ZZ:cz<:>Z:cz(z:ab—2):3abc
DinZa(Zab—Z):3abc$iza23abc:Za(Zab—2):3abc£2a:>

jZa(Zab—2)£Za - (Zab—2)£1 - zabg;

Egalitatea are loc daca si numai daca¥ = b=c=1,

Remarca.

1), 1f b > O,Zab(a+b) - 2Zathen
Za23abc
2). Ifa’b’c > O, Zab(a+b) - 22“ and” € Nthen

Za" > 3(abc)n
Dezvoltari, Marin Chirciu

Problemal1296.

2
1
(x —+ —] =3
If X then fiind

X0+ X 1

Omar Hamrit, Math 1/2026

Solutie.
+l 2_3 tr . *rw
SRR :xzcos?ﬂsm?jf=cos(i7r)+i(i7r)=cos(i7r)=—1:>x6
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Obtinemx90+x84+x18+x12+1:(x6)15+(x6)14+(x6)3+(x6)2+1:

= (1) +(=1)" +(=1) +(-1) +l=—1+1-1+1+1=1

90 , .84 | 18 , 12 1 _
Deducem ci ¥ +Xx +Xx +Xx +1—1.

Remarca.

1 2
(x+—j =3
If X and nkeN then fiind

12n+6 12k+6

+x" +x +x* +1

Marin Chirciu

Solutie.

2
1 + +
(x+— =3  x=cos——+isin=—
= 6 6 =

2n+l 2n 2k+1 2k
‘ x12n+6+x12n+x12k+6+x12k+1=(x6) +(x6) +(x6) +(x6) +1=
Obtinem

= (1) ()" + ()T () =1 -1 1 1 =1

Deducem Cé xl2n+6 +x12n +x12k+6 +x12k +l :1 .
Problemal297.
@ > Othen

1 1 < @ +1

2 + - 2
a +a+l 2a+1 a +2a

Craciun Gheorghe,Math Atelier 1/2026

Solutie.
S0S )
s=— L L oL, U g arl pyg
a+a+1l 2a+1 3a 2a+1 a +2a )
1 1 O g4+1 S5a+1 < a+l S5a+1 <a+1

unde3a  2a+1 4> +2a <::>3a(2a+1) a +2a <:>3(2a+1) a+2<::>

x° =cos(£r)+i(+r)=cos(tz)=—1

www.mateinfo.ro

:>x6=—1_
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5a+1)(a+2) S3(2a+l)(a+1)

<:>( e -2a+120 < (

a-1)">0

Egalitatea are loc daca si numai daca? = 1
Remarca.
If@ > Othen

1 1 a+l
—+ <
3a 2a+1 da’+2a

Marin Chirciu
Problema1298.

InA4ABC holds

Zl—cos(B—C) _R-2r
h Rr

a

Adil Abdullayev, Azerbaijan, Mathematical Inequalities 1/2026

Solutie.

1—cos(B-C) 1 cos(B—C) 1 2 R-2r
LHS: _ = —_— - S — = =RHS
Z h Zha Z h r R Rr

a a

Zi=l ZCOS(B_C) =£

Am folosit mai sus a si h, R .

Remarca.

InA4ABC holds:
1).

Z:l—cos(B—C)>0
h, B

2).

2 cos(B—-C) 1

Sy 222 <

R Z h, r

Dezvoltari, Marin Chirciu

Problema1299.
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Hoang Le Nhat Thung, Mathematical Inequalities 1/2026

Solutie.

28
- 2(p _b) RaviSubstitution 2y 1)
S z V a z \j y+z
p—b

@( \/2x y+z z+x ) <9H y+z

)2 CBS

(Z\/Zx(y+z)(z+x) < ZZx(y+z Z Z+x 4ny 2Zx—

Lema8/9

=8> x> x < 9H(y+z).

—(p-a,p—b, p—
Am folosit mai sus substitutiile lui Ravi(x’y’z) (p “P=op C) )

H y+z nyZx

Am folosit mai sus Lema8/9:
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

InAABC 1 514s:

1).

Zhs3

T

Solutie.
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LHS = Z/’-CQS 32\/}7“%\/_ 3= RHS

Remarca.

1572 > 0 en

Z2x£3

X+y

Vasile Cirtoaje

Solutie.

2

2 CBS

(Z\/2x(y+z)(z+x))

Lema8/9

=82xy2x < 9H(y+z)'

: . T
Egalitatea are loc daca si numai daca

x,9,z2>0

2).If then

2x
X+y

<3

D s

Solutie.

2x CBS 2x
LH.
QX Rl DN

< Z2x(y+z Z z+x

x+y <:>Z\/2)c y+z)(z+x) 31/H(y+z)
- (Z\/Zx(y+z)(z+x))2 S9H(y+z)

, vezi

4ny ZZx—

=y=z

Lema
< \/3:3=3=RHS

www.mateinfo.ro
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Lema.

1572 >0 en

Z 2x <3

xX+y

3). InA4BC 145

T, 4R
332\/;3 /1+7
b

r x,,z>0

4) then

X+y
> » >3

Dezvoltari, Marin Chirciu
Problema1300.

Solve for positive integers the equation
Jx+fy =+1992

IMO TST 1992

Solutie.

. . e e x<
Ecuatia este simetrica si fie* =7 .

(x,)=(498,498)

Se verificd cd o solutie a ecuatiei este .

Pentru orice altd solutie avem ¥ < 498 Si y>498 .

Vv =1992 oy =1992 —Vx —, y=1992+x—4/498x

Deoarece ™Y €N = 4v498x € N' = 498x o516 pitrat perfect = 498x=2-3-83-X gste pitrat

perfect.

Cel mai mic numér natural ¥ este 2-3-83 ,adica X = 498

(x, ) =(498,498)

Deducem ca este solutia unica a ecuatiei.

Remarca.
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Solve for positive integers the equation

\/;+\/;=\/M'

Marin Chirciu

Solutie.

, . C e e x<
Ecuatia este simetric si fie* =7 .

(x,)=(506,506)

Se verifica ca o solutie a ecuatiei este .

y>506.

Pentru orice alt3 solutie avem ¥ < 506 Si

Vi+fy =2024 o, [y =+2024 =[x _, y=2024+x—4/506x

Deoarece >V € N’ = 4y506x eN" = 5062 este patrat perfect = 00X =2-11-13-x ggte
patrat perfect.

Cel mai mic numir natural X esteX =2-11-13 54jcgx =506

(x,5)=(506,506)

Deducem ca este solutia unica a ecuatiei.
Problema1301.

f%0¢>04pan

Za“ +acha Z%(Zar.

Nguyen Minh Tho, Vietnam, Mathematical Inequalities 12/2025

Solutie.
=>» a,g=» ab,r =abc
Notam p Z 1 Z .

Za4 =p'—4p’q+aq’ —2pr

Avem

Datorita omogenitatii putem lua p= 1.

Inegalitatea se scrie:

2
_ 2 _ >
=49 +44" =2r+r2 2 10842 —108g—27r+25>0

, care rezulta din 27 , vezi
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l=p=a+b+c=>33Jabc :33/;.

Este suficient sa aratam ca:

1 1 2 1
108¢> ~108¢ — 27— +25 >0 , (q——}(q——jzo g<~
27 <9 -99+220 & 3 3 ,vezi 3, adevirat

dinl:p2 :(aerJrc)2 23(ab+bc+ca):3q .

1 2 1 2
1 o oo
Avem 3 3= 3 si 3 = 3 3

Egalitatea are loc daca si numai dacd ¢ = b=c,

Remarca.

1).Ifa’b’c > 0and 2n2k 20 then
+k 4
nZa4 +kabc2a 2”2—7(Za) |

oo AzD
2).Ifa’ € > and 2 then

A+1 4
/121614 +acha 27(261) |

Ifa,b,c>0

3). then

1 1 4
EZ(f +acha ZQ(Za) |

Ifa,b,c>0

4) then

Za“ +2acha Zé(Za)4 |

Dezvoltari, Marin Chirciu
Problema1302.

Ifx’y’z>0,x+y+2=1then
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lSny—27xyz <4

Marcel Chirita, Bucuresti, Mathematical Inequalities 12/2025

Solutie.

Notam = 2N =L = 2w =0z

Inegalitatea se scrie:

3 —
15-27r<4 , care rezult3 din inegalitatea lui Schur ¥ —4pq+9r= 0, r=le 9

Este suficient sa aratam ca:

15q—27-%é4

5 SOS

=3¢l = (x+y+z) 2 3(w+yzan)=3q

1
X = y =Z=—
Egalitatea are loc daca si numai daca 3.

Remarca.
1) 1% >2>0 x+y+z=1,49n>4k>0hen

On—

ny xy—hkxyz <
> xy—kxy >

4
> -
2)'|fx,y,z>0'x+y+Z:land 9 then

A-1
27

ﬂny—xyzS )

3).Ifx’y’Z>O,x+y+Z:1then

4> xy—9xyz <1

Dezvoltari, Marin Chirciu
Problema1303.

Evaluate
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6dx
sin x +sin2x

WIN o[y

Mohammed Ali Aziz, Math 12/2025

Solutie.
3 6d 3 6d 3 6d. o=t 0 6(—dt)
[ =] ——=] : | -
zsinx+sin2x 3 sinx+2sinxcosx Esinx(1+2cosx) —sin xdle= dism ?x(1+2cosx)
3 3 3 2
1 1 1
2 2 2 1 3 8
e A -
2 (1=2)(1+20) 4 (1=e)(1+2)( l+2t) \I—t 1+t 1+2¢
l 1 3 256
=—In[l-{|-3In[l+£+4n[1+2{]2 =-In—-3In=+4In2=8In2-3In3=In="—
0 2 2 27

i 6dx 256

- - =In

* sin x +sin 2x 27
Deducem c& 3
Remarca.
Evaluate
j dx
© sin x +sin3x
3
Marin Chirciu
Solutie.
-2[ 6dx zi dx zi dx _
7 sinx+sin3x ﬁsinx+sinx(3—4sin2x) ﬁsinx(l+3—4sin2x)
3 6 6
z 1 B B
ety et e )
£4sinx(l—sin2x)—sinxdx:dfﬁ4sin2x(l—sinzx) 41t2(1—t2) 44\ 1-1
6 3 2 2
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3

B3 — 31 11
=—| —=+arcsin—+ ——arcsin— |=—| 2—

1 443 2 1 2| 4

2

2 2

1(—1 . j
=—| —+arcsint
4\ ¢

dx 1 2
- @@ - 2__+_
sinx+sin3x 4 NER

NN C— [y

Deducem ca

Problema1304.

VI1.623. a).DeterminatiX € N pentru care

x(x+n2) <x+n

’

Vx=0

b).Rezolvati in R inecuatia:

\/x2 +x +\/x2 +4x <2x+3
lonel Tudor, Calugareni, RMT-4/2025

Solutie.

2 2 2
x(x+n )Sx+n ( + )S +
). xX(x+n (x n)

b). Inecuatia are sens pentru X = 0.

Folosind a) = \/x(x+12)+\/x(x+22) <(r+l)+(x+2) x>0

. x€[0,00) . "
Deducem ca este solutia inecuatiei.

Problema1305.
1.375. 1% 0¢>0 a4b+c=3pen
9 @’ =2y a’ =21

George Apostolopoulos, Greece , RMM-12/2020

Solutie.

www.mateinfo.ro

n(l—x)z—nx N 6{0,1,2}
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Folosim P4" _Method.

Notsm ¥ Da=3,g=) ab<3,r abc_l.

2 2_ —0_ 3: 3_ _ .
Avemza =p -2g=9 2qIZa p —3pg+3r=27 9q+3r-
Inegalitatea se scrie9(9_2q)_2(27_9q+3r)221 < r<l ,vezi3:a+b+‘723\/3 abc :33/;
=r<l,

Egalitatea are loc daca si numai dacd ¢ = b=c=1,

Remarca.

1), 1f%0¢>0 a4b+ce=3,742n>9% >0 hen

nZa2 —kZa3 > 3(n —k)

132
2). Ifa’b’c>0,a+b+0=3and 2 then
lZaz —Zcf > 3(1—1)
Dezvoltari, Marin Chirciu
Problema1306.
x+2k S 4k +2

VIIL621. a)if ¥ €N ik €N then 3k +1  x+6k+1

b).Solve the equation

X x+2 x+4 x+200 1 3 5 201
= + ot = + + +..+
2 8 14 602 x+2 x+7 x+13 x+601

lon Neatd, Slatina, Olt, RMT-4/2025

Solutie.

x+2k> 4k +2
a). 3k+1 " x+6k+1 o (x+20)(x+6k+1)>(3k+1)(4k +2)

P X +(8k+1)x—8k—220 P (x_l)(x+8k+2)20,veziXEN* $ik€N,



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — MARTIE 2026 www.mateinfo.ro

cu egal pentruX =1,

x+2k> 4k +2 x+2k> 3k+1
b).Folosinda)= 3k+1 x+6k+1 < 4k+2 x+6k+1 k=0,1,..100

7

X x+2 x+4 x+200 1 3 5 201
=+ + +ot > + + +ot
care prin Sumarej 2 8 14 602 x+2 x+7 x+13 x+601 ,

cu egal pentruX =1,

Deducem c5 X =l este solutia unica a euatiei.

Problema1307.

X.622. InAABC holds

a’ +(b—c

2

D. M.Batinetu-Giurgiu, Bucuresti, RMT-4/2025

Solutie.

(X (X)) | (X0
H Z (b—c)2 > (e =(b=c)) > (a6 -t 2be)

Za +22bc (1)3 RIS

2Zbc Za2 B
Remarca.

1fA20 then in A4BC holds

Z a+A (b - 0)2
Marin Chirciu
Problema1308.

Calculeaza
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+...+

. 1 1 1
limn >+ > >
no® (2n+1) (2n+2) (2n+n)
Sursa : Carmen Necula Pasoi, Math 12/2025

Solutie

1 1 1 L 1 1S o RS
n + +...+ =n = ==
((2n+1)2 (2n+2)’ (2n+n)2] kz_;(zmk)z nkz_;(zmk)z n;(%k)z

" 1 B} 2+ b -
hm :j jZ+x)2dx:( x) - 1 :_1+l:l
n—)conkl 2 j O 2+x —2+1 0 x+20 3 2 6
n

limn> —+ =1

= (2n+k) 6
Deducem ca .
Remarca.

Let be 4 >0 Evaluate:

limn ! >+ ! >+t ! 5
= (ln+l) (ﬁn+2) (ln+n)

Marin Chirciu

Solutie

n

n1+1++1:ni1:lin2:11
(ﬂyn+l)2 (xln+2)2 (ﬂ,n+n)2 k=1(/1n+k)2 71k=1(ﬂun+k)2 nk=1[2+kj2

—2+1

n 1 1 ~ 1 _ 1 _
hm1 =I J.l+x)2dx=(/1+x) = 1‘: 1 l:
n—)oonkl(i j 0 ﬂ/.}.x 0 241 0 x+A10 A+1 A

n
_ 1
A(A+1)
2 1 _ 1

lim =
newn; (ﬂn+k)2 /1(14‘1)

Deducem ca
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Problema1309.

321. InA4BC hods:

D.M.Batinetu-Giurgiu, Daniel Sitaru, RMM-12/2025
Solutie
Lema

Ifa,b,c,z‘ZO

(a+b+c)2 1

H(a2 +t)2

B w

Hojoo Lee Inequality

. 2 .
sm- — HojooLee 3 sim-—

LHS=]]| —52—=+2| > ~-4/>——2 | =3(2)"=12=RHS
2B, 4 B C
COS ECOS 5 COSECOS*

Remarca.

1). 1f 4> 0then in AABC hods:

., A
sin® =

2 >12)2
I Y I
COS —COS —
22

2).1f 4> O then in AABC hods:

, A
) >
-z >
II C+l >811

sin® =sin* —
2

3).InAABC hods:
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A . A

COSE \/_Z smz
2—26 3 —— =
singsing cosgcosg
2 2 2 2

Dezvoltari, Marin Chirciu

Solutie
. A
sin 5 cos 5 2p
S /— .z _Zr
z B C z . B . C %

COS—COS — sin —sin —
Folosim Si 2 2
Problema1310.

Ifx,y,z>0 xX+y+z=3

Zx3y+9242xy

Turkey JBMO TST 2017

then

Solutie.

3
3 3 adon 3
LHS=2x3y+9=2xy—f+9R§ M=q—+9(§4q=RHS

(X F

3 1)
9 19>4q

Yl
unde

qzxy+yz+zx£§(x+y+z)2 =§-32 =3

. v . . o = =Z =1
Egalitatea are loc daca si numai daca =y .
Remarca.

1).Ifx’y’z >O,x+y+zz3and’123then
Y Xy+3(A-1)=2D xy

2) Ifx,y,z>0 xX+y+z=3

Zx3y+6232xy

then

www.mateinfo.ro

o ¢’ —36q+8120 < (4-3)(¢° +3q_27)20,veziq <3
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Dezvoltari, Marin Chirciu

Solutie.

3
3 3 adon 3
LHS =Y Xy+6=Y 2 16"% M=q—z+6(zl)3q=RHS
y

(Xy) 3

7

m
9 +6>3q

unde <:>q3—27q+5420@(q—3)2(q+6)20.

: v . . v X = =z = 1
Egalitatea are loc daca si numai daca y .

Problemal311.

13092, M2 0.a,b,¢,x,y,2>0,abc =1

1 3
>
Z a2m+1

(bx+cy)m (x+y)m '

then

D. M. Batinetu-Giurgiu,Mihaly Bencze, RMM-47/2025

Solutie.

S )
s=y—L .y a5 4] 5 )
a a

2l (bx+cy)m (bx+cy)m (bx+cy)m (abx+acy)m

1y M ml 1
_ (Zaj _ [ abc J _ (Zab)m _ Zab §313’(abc)2 _
(Z(abx+acy))m ((x+y)2ab)m ((x+y)2ab)m (x+2)"  (x+p)

3
(x+y)

= RHS

m

Egalitatea are loc daca si numai daca4 = b=c=1,

Problemal312.

£33
neN

Sa se arate ca pentru orice numarul

N =(20" —132")(132” +132" +1)

Este divizibil prin2013.
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Benedict G. Niculescu, Bucuresti, GM 1/2013, 26711
Solutie.

2013=3-11-61

(202" —132”) 3

se divide cu .

(132" +132" +1) o

se divide cu™*, inductie matematica.

Problema1313.

Solve for reals

x(3+\/§)lgx +20 :10(5+\/§)ng

Gabriela Boeriu, OL-Brasov-2014

Solutie.

. _ D=(0,)
Domeniul de definitie este .

. _ lgx i A
Folosind X =10 ecuatia se scrie:

109 (3+453) " +20=10(5+5)"" _ (30+10v5)" +20=10(5+5)"

t:(5+\/§)lgx

Cu substitutia ecuatia devine:

Igx
£24+20=10f < > =10t +20=0 < h> =5iJ§ <:>(5+\/§) :5iJ§<:>

PN lgx = logSﬂE (Si\/g) PN x:1010g5+\/5—(5i\/§)

Remarca.

Let be ¢ >0,024,10a =b+25 . Solve for reals

x<a+x/l;)lgx +4b :2b(5+«/l;)lgx

Marin Chirciu

Solutie.

www.mateinfo.ro
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Domeniul de definitie este

. _ Igx . .
Folosind* = 10 ecuatia se scrie:

10/ (a+\/3)lgx +4b= 2b(5+JB)lgx - (10a+10\/3)1gx +4b= 2b(5+JZ)lgx

t:(5+\/3)lgx

Cu substitutia ecuatia devine:

> +4b=2bt < t* —2bt+4b =0 C:}tu:bi«/[f_%
lgx_ 3

o (5+4b) =brp>—ab

ngx210g5+%(bi b2—4b) <:>x=1010g5+%(bim)-

Problemal1314.

Determinati primitivele functiei
f:(0,0) >R f(x)=x""In"x

Cristina Homentcovschi, Constanta

Solutie.

_ .
Cu schimbarea de variabild * = € obtinem:

Ine' -1

I= Ixh”"l -In’ xdx = I(e’) n’e -é'dt = j(e’ )H redt = J-e’z Pdt =

:% (et2 ) .tzd,"i”%(eﬂ e —je’z -2tdt) :%efz e —Iefz tdt =%et2 £ —%J‘(e’z ) dt =

I=|x"""1n® xdx = leh‘zx (ln2 x—1)+ C
Deducem 2
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