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1.IN MEMORY OF TITU ZVONARU

by Neculai Stanciu

(N. 27 noiembrie 1953 — D. 11 aprilie 2025)

Titu Zvonaru was born on November 27, 1953 in the commune of Darmanesti, Bacau
County. This commune received city status in 1989. He attended high school in his native
commune.

Between 1968 and 1972, he was a student at the Theoretical High School in Comanesti,
standing out for his outstanding results in mathematics competitions. He also became a special
solver for the Gazeta Matematica.

Between 1972 and 1976, he was a student at the Faculty of Mathematics and Computer
Science at the University of Bucharest. After college, he worked as a programmer analyst at
the Computing Center of the M.Ap.N. until 2002.

His main areas of interest were the theory of inequalities, elementary geometry and
materials for preparing for mathematics competitions.

He is the co-author of two volumes: “Note matematice. Probleme pentru concursuri”,
Paralela 45 Publishing House, 2002 and “Inegalitati”, GIL Publishing House, which was
published in several editions, the last in 2019, together with a team coordinated by Laurentiu

Panaitopol.
He wrote a large number of articles, published in the magazines *>Gazeta Matematica’’,
>’ Arhimede’’, *’Recreatii Matematice’’, *’Revista de Matematica din Timisoara’’, >’Sclipirea

Mintii”, “Didactica Matematica”, “REMI”, etc. In addition to the mathematics magazines in
Romania, he also published problems in the following foreign magazines “The American
Mathematical Monthly”, “Crux Mathematicorum”, ‘“Mathematical Reflection”, ‘“School
Science and Mathematics”, “The Pentagon”, “Mathematical Excalibur”, “School science and
Mathematics”, “Mathematics Magaziene”, The College Mathematics Journal”, “The Fibonacci
Quarterly”, “La Gaceta de la RSME”, “Revista Escolar de la Olimpiada Iberoamericana de
Matematica — REOIM”, etc.

He was the one of the editors of the magazine “Recreatii Matematice”.

He wrote many articles and mathematical notes, standing out for the clarity of thought and
expression, transmitting the pleasure caused by the beauty of mathematics.

He collaborated with many mathematicians, with favorite topics such as: mathematical

recreations, number theory, synthetic geometry and inequalities.


http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 —- SEPTEMBRIE 2025 www.mateinfo.ro

He was gifted with a brilliant and quick mind. He amazed with the simplicity and clarity of
the solutions he offered.

He impressed with the brilliant ideas found seemingly without effort. He was close to those
who asked for his support, managing to transmit to other generations the passion for
mathematics through elegant and valuable problems.

He passed away on April 11, 2025.

He is buried in the “Sfantul Ilie” Cemetery in Vermesti, Comanesti, Romania.

Some of my Collaborations with TITU ZVONARU

1. Some Articles

>’O identitate legata de o inegalitate cunoscuta’’ — Sclipirea Mintii, Nr. 34, 2024, 12.

”’O rafinare a inegalitatii lui Euler in triunghi’> — Revista de Matematica din Timisoara

(RMT), Nr. 4, 2024, 15.

3. ’Trei solutii pentru problema E:16475*° — Gazeta Matematica Seria B — nr. 10, 2023,
435 —436.

4. >’0 inegalitate si mai multe metode de abordare’’ — Gazeta Matematica - Seria B, Nr. 6-

7-8, 2022, 287-290.

”’O rafinare a inegalitatii lui Weitzenbock’> — RMT, Nr. 2, 2020, 12.

’Trucuri Cauchy-Buniakovski-Schwarz’’ — Gazeta Matematica, nr. 11/2019, 513 - 516.

’Despre siruri’” —Didactica Matematica, Anul VIII, Nr. 2/2018, 36-39.

’Despre siruri’” —Didactica Matematica, Anul VIII, Nr. 2/2018, 36-39.

’Recreatii ... matematice >’ - Recreatii Matematice, Nr. 2, Iulie - Decembrie, 2018, 105-

108.

10. ’O metoda de rafinare a unei inegalitati’’ — Sclipirea Mintii, An XI, Nr. 21, mai, 2018,
7—11.

11. ”’Gerretsen si Schur’> — RMT, Nr. 4, 2017, 12 —13.

12. >’Caleidoscop matematic — Teorema lui Routh’” — Coperta Suplimentului cu exercitii al
G.M-B, nr. 9/2017.

13. *’Solutii problema lunii aprilie 2017°” — Revista Matelnfo.Ro Mai_ 2017, 3-7.

14. >’Problema lunii aprilie 2017°’ — Revista MateInfo.Ro_Aprilie 2017, 2.

N —

LR

15.’Other ~ solutions for two  problems from AMM” — Revista
Matelnfo.Ro Februarie 2017, 2-4.
16. ’Other solutions for certain problems from The Pentagon’> — Revista

Mateilnfo.Ro_August 2016, 9-15.

17. >’Solved problems I’” — R.M.M. - Romanian Mathematical Magazine —nr. 17, septembrie
2016, 31-32.

18. *’Solutia problemei 304 din La Gaceta’’ - Revista MateInfo.Ro — Iulie, 2016, 16.

19. >’ Asupra problemei 26971 din G.M.-B nr. 10/2014"’ - Revista Matelnfo.Ro — Aprilie,
2016, 2-3

20. >’Asupra problemei O.VII.393 din RMTnr. 1/2016°" - Revista Matelnfo.Ro — Aprilie,
2016, 4.

21.7°0 ,,demonstratie’’ a inegalitatii Cauchy-Buniakovski-Schwarz folosind inegalitatea lui
Cebasev!” — Recreatii Matematice, Anul XVII, Nr. 2, Iulie — Decembrie 2015, 123-124.

22. ’Some inequalities of Ionescu — Weitzenbock type in triangle’” — Octogon Mathematical
Magazine, Vol. 22, No.2., October, 2014, 785-804.

23.’Un argument de medie’> — GMB- nr.2/2015, 67-71.

24. >0 modalitate de a demonstra unele inegalitati’’ - R.M.T — Nr. 3/2014, 3-7.
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25. >’ Alte solutii pentru unele probleme ONM 2014°’ — Revista Matelnfo.Ro — Mai, 2014, 1-
4.

26. ’Some applications of H. Bergstrom’ s inequality and J. Radon’s inequality in triangle
(IV) — Octogon Mathematical Magazine, Vol. 22, No. 1., April, 2014, 246-252.

27.’Some refinements of some inequalities and geometric applications’ — Octogon
Mathematical Magazine, Vol. 22, No. 1., April, 2014, 257-266.

28. ’How we use the injectivity of functions for solving equations’” — Octogon Mathematical
Magazine, Vol. 22, No. 1., April, 2014, 272-285.

29. ’Demostrarea unor inegalitati din Octogon Mathematical Magazine’” — Sclipirea Mintii,
Anul VII, Nr. 13, 2014, 3-4.

30. ’Generalizarea problemei VIIL.169 din RecMat, nr. 2/2013”" - Recreatii Matematice,
Anul XVI, Nr. 1, Ianuarie — Iunie 2014, 28-29.

31.’A generalization of one inequality and some geometric applications’> — Octogon
Mathematical Magazine, Vol. 21, No.2., October, 2013, 641-648.

32. ’Bergstrom sau Holder’” — R.M.T — Nr. 4/2013, 10-12.

33. ’Demonstrarea unor inegalitati din Octogon’’ (impreund cu D.M. Batinetu-Giurgiu,
Bucuresti) — Sclipirea Mintii, Nr. 12, 2013, 5-6.

34. >’One problem, other seven solutions’’ - Revista Matelnfo.Ro, Octombrie, 2013, 6-9.

35. ’Other solutions for two problems of REOIM and la Gaceta de la RSME’’ - Revista
Matelnfo.Ro, Martie, 2013, 2-4.

36. ’Cum demonstram o inegalitate ?”> — RMT, Nr. 1/2013, 12-13.

37.’Solutii noi pentru patru probleme din G.M.-B si o intdrire’” - Revista MateInfo.Ro,
lanuarie, 2013, 2-5.

38. >’Solutions for two problems (and a remark) from SSMJ other than those listed in SSMJ
— January 2013’ - Revista MateInfo.Ro, lanuarie, 2013, 5-8.

39. ”’Concursul de matematicd Sclipirea Mintii, 3.11.2012°> - Revista Matelnfo.Ro,
Decembrie, 2012, 10-18.

40. ’Rafinari ale problemei L:256 din Sclipirea Mintii, Nr. X — 2012*° - Revista
Matelnfo.Ro, Decembrie, 2012, 18-20.

41. >’Cateva solutii pentru problema OBJ.15. din RMT, Nr. 3/2012>> — RMT, Nr. 4/2012,
pp.- 12 —-13.

42. >’Solutions of the problems J235, J237, J239, S235, 0235 and 0236 of MR 4 (2012)*" -
Revista Matelnfo.Ro, Noiembrie, 2012, 12-16.

43. 7’0 generalizare a problemei VIII.149 din Recreatii Matematice NR. 1/2012”” - Revista
Matelnfo.Ro, Octombrie, 2012, 2-4.

44. 0 extindere a problemei O.VIL.272 din RMT NR. 1/2011”" - Revista Matelnfo.Ro,
Octombrie, 4-9.

45. >’ Alte solutii pentru problema G:330 din S.M. IX — 2012” - Revista Matelnfo.Ro,
Septembrie, 2012, 2-5.

46. A generalization of the problem J209 from Mathematical Reflections 5 (2011)”" -
Revista Matelnfo.Ro, Septembrie, 2012, 27-28.

47. ’Solutii pentru patru probleme din La Gaceta de la Real Sociedad Matematica Espanola,
Vol. 14, Nr. 3/2011, altele decat cele din La Gaceta de la Real Sociedad Matematica
Espanola, Vol. 15, Nr. 3/2012”’ - Revista Matelnfo.Ro, August, 2012.

48. >’Other solutions for three problems of Mathematical Reflections, Issue 3, 2012’-
Revista Matelnfo.Ro, August, 2012.

49. >’ Abordarea unei inegalitdti aparute in Sclipirea Mintii nr. IX’’- Revista Matelnfo.Ro,
Iunie, 2012.

50. >’Solutions for the problems J217, J218, J219 and J221 from mathematical Reflections —
Issue 1,2012°" - Revista Matelnfo.Ro, May, 2012.
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51. ’Solutions of the problems 5185 and 5186 from The School Science and Mathematics
Journal (posted in December 2011 other than solutions from March 2012)’’ - Revista
Matelnfo.Ro, May, 2012.

52.”” Solutions to the problems 5176, 5179 and 5180 posted in the School Science and
Mathematics Journal — November 2011 other than those presented in the School Science
and Mathematics Journal — February 2012°’ - Revista Matelnfo.Ro, aprilie, 2012.

53.7’0 conditie de existentd a triunghiurilor dreptunghice de arie si perimetru date’’—
Rec.Mat. nr. 1/2012

54. >’Solutions to the problems 5171 and 5173 posted in the School Science and Mathematics
Journal — October 2011 other than those presented in the School Science and Mathematics
Journal — January 2012”° - Revista Matelnfo.Ro, februarie, 2012

55. ’Solutii pentru patru probleme (J208, J209, S207, S209) din Mathematical Reflections
nr. 5/2011 altele decat cele din Mathematical Reflections nr. 6/2011°° - Revista
Matelnfo.Ro, ianuarie, 2012

56. “Alte proprietati caracteristice triunghiului echilateral” — Recreatii Matematice, lasi, nr.
2/2011

57. “In legatura cu unele probleme aparute in RMT nr. 3/2010”- RMT -2/2011

58. “Sase solutii pentru problema L:155 din SM, nr. VII, 2011”-SM-nr. VIII/2011

I1. Some Proposed Problems published in
Gazeta Matematica, Recreatii Matematice, RMT, Sclipirea Mintii, Crux Mathematicorum,
Mathematical Reflections, School Science and Mathematics, The Pentagon, Mathematical
Excalibur, La Gaceta de la RSME, Revista Escolar de La Olimpiada Iberoamericana de
Matematica, Math Problems, etc.

III. Some Solutions published in

The American Mathematical Monthly:

11589, 11596, 11605, 11664, 11670, 11751, 11737, 11777, 11815, 11816, 11823, 11783,
11784, 11790, 11797, 11836, 11839, 11857, 11860, 11890, 11927, 11942, 11945, 11951,
11958, 11971, 11984, 11986, 11994, 12027, 12042, 12076, 12083, 12168, 12214, 12303.

Mathematics Magazine:
1873, 1937, 1942, 1955, 1961, 1968, 1971.

The College Mathematics Journal:

961, 962, 964, 982, 983, 988, 991, 1010, 1012, 1015, 1019, 1022, 1023, 1025, 1026, 1028,
1031, 1032, 1038, 1039, 1040, 1041, 1043, 1045, 1052, 1058, 1059, 1066, 1069, 1080, 1084,
1089, 1105.

School Science and Mathematics:

5166, 5171, 5173, 5176, 5179, 5180, 5185, 5186, 5187, 5188, 5191, 5194, 5197, 5203, 5204,
5210, 5212, 5213, 5214, 5220, 5226, 5257, 5271, 5277, 5278, 5280, 5291, 5293, 5303, 5305,
5307, 5308, 5309, 5311, 5319, 5320, 5325, 5326, 5328, 5329, 5330, 5340, 5345, 5349, 5350,
5356, 5361, 5367, 5368, 5369, 5370, 5371, 5373, 5377, 5379, 5382, 5389, 5391, 5394, 5398,
5399, 5401, 5403, 5404, 5407, 5421, 5423, 5430, 5439, 5440, 5441, 5459, 5460, 5463, 5467,
5481, 5485, 5488, 5490, 5492, 5500, 5506, 5508.

Mathematical Reflections:
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S177, J208, J209, S207, S209, J217, J218, J219, J221, J279, S282, J283, J290, J292, S284,
S285, J295, S292, S299, J302, J303, J305, J306, S301, 0302, J312, S307, 0310, J313, J315,
J316,J317,J318, S313, S314, S315, S317, O313, O315, J319, J320, J323, J324, S319, S320,
0321, J325, J326, 1328, J330, S326, S327, U325, 0326, 0327, 0330, J331, J333, J335, J336,
S332, S334, S335, 0331, J337, J339, J342, S337, S338, S342, 1355, J359, J360, S357, O355,
J361, J362, J363, J364, 1365, S365.

Crux Mathematicorum:

M349, M369, M370, M372, M373, M376, M377, M378, M379, M422, M424, M427, M432,
M433, M435, M438, M439, M440, M442, M444, M445, M446, M447, M448, M450, M470,
M471, M474, M475, M480, M481, 3699, M515, M517, 3725, 3728, 3731, CC38, 3781, 3782,
3783, 0C98, CC51,0C103,0C104, 3801, 3802, 3803, 3807, OC108, 3812, 3816, 3819, CC63,
CCo4, CC65, 3821, 3822, 3823, 3824, 3825, 3829, 3831, 3832, 3833, 3834, 3939, 3840,
OCl116, CC66, CC68, CC69, CCT2, CC73, CC74, CCT5,0C121, OC122, 3841, 3843, 3844,
CC76, CC717, CC78, CC79, OC126, OC128, 3852, 3853, 3855, 3856, 3858, 3867, OC134,
CC82, C(C83, CC84, 3875, CC88, OC136,0C139, 3876, 3878, 0C141, 3895, OC146, OC150,
3914, 3916, 3918, 3941, 3946, 3948, 3949, 3993, 3994, 3998, 4000, 4016. 4031, 4075, 4082,
4116, OC291.

The Pentagon:

681, 682, 699, 706, 714, 711, 712, 714, 718, 719, 722, 723, 724, 725, 726, 727, 730, 731, 732,
733,734,736, 737,738, 739, 741, 742, 743, 746, 748, 749, 750, 751, 752, 755, 756, 757, 758,
759, 765, 767, 781, 782, 796, 799, 830, 832.

Revista Escolar de la Olimpiada Iberoamericana de Matematica:
229, 230, 248, 250, 251, 266, 268, 269, 270, 274, 290.

La Gaceta:

174, 181, 184, 185, 186, 189, 192, 193, 197, 202, 204, 205, 208, 214, 216, 219, 220, 221, 228,
230, 231, 240, 243, 250, 252, 256, 260, 267, 277, 279, 281, 282, 283, 285, 286, 289, 293, 298,
304, 307, 322, 340, 343, 367.

Math Problems:
21, 25, 28, J12, J18, J19, 88, J21, )24, 97, J26, 127, J28, J29, MC70, MC71, MC72, MC73,
MC74, J31, J32, 133, J35, J38, 139, J45, 54, J62.

Mathematical Excalibur:
383, 391, 394, 402, 404, 415, 416, 418, 420, 426, 428, 434, 439, 442, 446, 447, 448, 449, 450,
453, 454, 459, 461, 462, 468, 491, 492, 509, 526, 527.

Octogon Mathematical Magazine:

PP. 16981, PP. 16990, PP. 17423, PP. 17510, PP. 17756, PP. 17985, PP. 18031, PP. 18126,
PP. 18362, PP. 18583, PP. 18692, PP. 18694, PP. 18695, PP. 18700, PP.17382, PP.17399,
PP.17425, PP.17510, PP.17592, PP.17717, PP.17756. PP.17813, PP.17928, PP.17929,
PP.17931, PP.17932, PP.17934, PP.17936, PP.17955, PP.18126, PP.18301, PP.18351,
PP.18362, PP.18454, PP.18552, PP.18583, PP.18654, PP.18736, PP.18870, PP.18898,
PP.19844, PP.19901, PP.19931, PP.20009, PP.20013, PP.20015, PP.20040, PP.20139,
PP.19258, PP.19259, PP.19260, PP.19261, PP.19272, PP.19418, PP.19443, PP.19495,
PP.19431, PP.19614, PP.19617, PP.19619, PP.19620, PP.19621,PP.19622, PP.19623,
PP.19625, PP.19626, PP.19628, PP.19629, PP.19633, PP.19635, PP.19841, PP.19861,
PP.19863, PP.19895, PP.19896, PP.19927, PP.19931, PP.19942, PP.20041, PP.20150,

6
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PP.20153, PP.20160, PP.20167, PP.20179, PP.20197, PP.20200, PP.20209, PP.20212,
PP.20219, PP.20222, PP.20223, PP.20224, PP.20226, PP.20238, PP.20244, PP.20256,
PP.20257, PP.20261, PP.20262, PP.20265, PP.20267, PP.20269, PP.20270, PP.20271,
PP.20274, PP.20275, PP.20277, PP.20278, PP.20279, PP.20280, PP.20281, PP.20287,
PP.20288, PP.20289, PP.20291, PP.20302, PP.20309, PP.20306, PP.20312, PP.20314,
PP.20316, PP.20319, PP.20321, PP.20322, PP.20323, PP.20325, PP.20333, PP.20351,
PP.20353, PP.20356, PP.20381, PP.20387, PP.20392, PP.20394, PP.20395, PP.20399,
PP.20403, PP.20407, PP.20412, PP.20430, PP.20453, PP.20454, PP.20469, PP.20479,
PP.20524, PP.20526, PP.20530, PP.20531, PP.20564, PP.20566, PP.20568, PP.20574,
PP.20590, PP.20601, PP.20608, PP.20618, PP.20620, PP.20621, PP.20623, PP.20633,
PP.20636, PP.20637, PP.20650, PP. 20660, PP.20661, PP. 20668, PP.20669, PP.20670,
PP.20671, PP.20672, PP.20677, PP.20678, PP.20679, PP.20680, PP.20681, PP.20684,
PP.20685, PP.20690, PP.20705, PP.20706, PP.20714, PP.20728, PP.20732, PP.20736,
PP.20736, PP.20743, PP.20744, PP.20755, PP.20762, PP.20765, PP.20768, PP.20771,
PP.20785, PP.20793, PP.20795, PP.20809, PP.20811, PP.20819, PP.20820, PP.20824,
PP.20825, PP.20830, PP.20835, PP.20836, PP.20848, PP. 20855, PP.20861, PP.20865,
PP.20866, PP.20867, PP.20869, PP.20870, PP.20875, PP.20876, PP.20880, PP.20892,
PP.20895, PP.20897, PP.20906, PP.20907, PP.20910, PP.20912, PP.20917, PP.20920,
PP.20928, PP.20931, PP.20936, PP.20938, PP.20944, PP.20945, PP.20946, PP.20949,
PP.20951, PP.20952, PP.20957, PP.20958, PP.20960, PP.20984, PP.20992, PP.20994,
PP.20995, PP.20998, PP.21000, PP.21001, PP.21008, PP.21010, PP.21063, PP.21070,
PP.21121, PP.21129, PP.21133, PP.21142, PP.21145, PP.21146, PP.21147, PP.21148,
PP.21149, PP.21150, PP.21151, PP.21152, PP.21153, PP.21154, PP.21155, PP.21156,
PP.21157, PP.21158, PP.21159, PP.21160, PP.21163, PP.21164, PP.21165, PP.21166,
PP.21173, PP.21174, PP.21178, PP.21180, PP.21194, PP.21199, PP.21203, PP.21204,
PP.21209, PP.21213, PP.21233, PP.21243, PP.21286, PP.21291, PP.21298, PP.21299,
PP.21301, PP.21302, PP.21303, PP.21304, PP.21305, PP.21306, PP.21307, PP.21308,
PP.21309, PP.21311, PP.21312, PP.21313, PP.21318, PP.21319, PP.21321, PP.21331,
PP.21381, PP.21409, PP.21410, PP.21417, PP.21418, PP.21421, PP.21431, PP.21432,
PP.21435, PP.21439, PP.21440, PP.21441, PP.21442, PP.21443, PP.21445, PP.21446,
PP.21447, PP.21460, PP.21488, PP.21489, PP.21490, PP.21491, PP.21494, PP.21508,
PP.21543, PP.21547, PP.21567, PP.21574, PP.21575, PP.21609, PP.21618, PP.21625,
PP.21626, PP.21627, PP.21641, PP.21652, PP.21659, PP.21660, PP.21662, PP.21696,
PP.21701, PP.21702, PP.21704, PP.21719, PP.21729, PP.21730, PP.21760, PP.21776,
PP.21777, PP.21780, PP.21784, PP. 21861, PP. 21863, PP. 21874, PP. 21884, PP. 21886, PP.
21896, PP. 21899, PP. 21913, PP. 21937, PP. 21942, PP. 21949, PP. 21954, PP. 21958, PP.
21959, PP. 21960, PP. 21993, PP. 22007, PP. 22059, PP. 22072, PP. 22082, PP. 22133, PP.
22137, PP. 22159, PP. 22180, PP. 22188, PP. 22193, PP. 22197, PP. 22203, PP. 22237, PP.
22261, PP. 22266, PP. 22273, PP. 22300, PP. 22301, PP. 22339, PP. 22343, PP. 22344, PP.
22345, PP. 22346, PP. 22347, PP. 22348, PP. 22349, PP. 22350, PP. 22351, PP. 22353, PP.
22359, PP. 22375, PP. 22376, PP. 22404, PP. 22414, PP. 22416, PP. 22419=PP. 22422, PP.
22420, PP. 22421, PP. 22425, PP. 22432, PP. 22529, PP. 22550, PP. 22551, PP. 22554, PP.
22556, PP. 22579, PP. 22599, PP. 22614, PP. 22645, PP. 22702, PP.22726, PP.22738,
PP.22739, PP.22740, PP.22742, PP.22755, PP.22759, PP.22765, PP.22770, PP.22772,
PP.22778, PP.22781, PP.22788, PP.22791, PP.22799, PP.22800, PP.22816, PP.22826,
PP.22832, P.22834, PP.22836,

PP.22852, PP.22885, PP.22890, PP.22904, PP.22951, PP.22994, PP.22995, PP.23001,
PP.23011, PP.23034, PP.23043, PP.23047, PP.23085, PP. 23101, PP.23104, PP.23114,
PP.23119, PP.23134, PP.23153, PP.23194, PP.23197.
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2. PROBLEME DE ALGEBRA CU SOLUTII VECTORIALE

Prof. Caramida Elena Daniela ,
Colegiul ”Vasile Lovinescu” Falticeni
I Inegalitati

1. Daci a,be[-L1]:
J1-a +1-p> <2 /1—[“?’)2
Solutie: Consideram vectorii x = (I;1)si y = (J_ Ji-p? )
Relatia H} : }H < H}H : H;H implica:
(1:4i-a’ +1~\/l—b2)S(12+12){(\/1—a2 )2+(\/l—b2 )2}

Ji—a? +i-p2 < 2 2(2-a’-b?)

Deoarece ,} 2 a’—b’ <2,1 a+b )

4-2a*-2b*<4-a’—b*—2ab
si se ajunge la (a —b)2 > 0 (adevarat).

Din relatiile (1) s (2) se obtine relatia din enunt.

2. E:17780*/G.M. 6/1979
\/Z+\/§+\/_ o+ +"12
\/_+\/8_+\/_ +\/Z+*\/§+*\1/E

unde n>2,neN.

Solutie: Consideram vectorii a= (4/5 ; 4/5 ; ¥/4_ ) si b= (Q/g ; Q/Z; Q/E ) si

Sa se arate ca:

x= (11/5 "3, ”?1/4_); y= ("xl/?;"xﬁ; *xﬁ) :

Deducem succesiv: a-b=%2-4B3+3-/4a+44-32=t/6 +:12+%8

= (2) (5] () [B) + () +({B) =46+ 4.
Membrul stang al inegalitatii propuse este:

- I+J§+J_>1(1)
‘a b‘ 46 +4/9 +</16

Pe de altd parte: x-y="2-"Y3+"3."Y4+"4."2 ="Yo6 +"Y12 +"8
B () () (58 [(45) (4] +(E] =345 485

Membrul drept al inegalitatii propuse este:

S_
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‘x y‘ n+ 6+nV§+n%

D=

EIE R T A

Din (1)si (2)rezulta inegalitatea din enunt.

3. Si se demonstreze inegalitatea: \/c(a —c)+ \/c (b—c) < Jab

unde a,b,c>0si a>c, b>c.

Solutie:
Alegem vectorii 171 = («/Z;x/b—c)gi vj = («/a —c;«/?) .
wl<pl

Vea—e +\be Ve < |(Ve) +(Vb—e) [[Va—e) +(Ve) <
\/c(a—c) +\/c(b—c) S\/E

IT Probleme de extrem (minime si maxime)

1. Sa se demonstreze cd, daca x;;x,;...;x, sunt numere reale, astfel incat:

X +x+..+x, =1

atunci
n(xl2 +x; +X; +...+x,2,)21
(Olimpiada judeteana, Arges, martie 1993)
Solutie:
Considerim vectorii: a = (LLL..51), b= (x,3%,3%55..3x,, ), deci:
I’ < ‘El l;‘ H H HbH (P+1+1. +12)(x1 +X +x; +...+xj)

Prin urmare: lﬁn(x1 +X5 +x; +...+xj)

ceea ce este echivalent cu: min[n (xf +X0 X+t X )} =1
2. E:22755/G.M. 2-3/1993
Fie x,y,z,a e R, astfel incat x+2y+3z=a. Sa se afle a, astfel incat minimul sumei
x°+)° +2°sé fie 14.
Solutie:
Sa ludm vectorii \71 =(x,,2), \7 =(1,2,3)
HV‘H HVZH (vl vz) x+2y+3z) (12+22+32)(x2+y2+22) (1)
2

Deducem: x*+y*+z° >4 12 (2) cu egalitate pentru \71 =A- E si exprimand

rapoartele corespunzatoare coordonatelor, se obtine:
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2
: (3)
E_X_E_x+2y+3z>£
1 2 3 14 14
Deducem: x=i;y=g;z=3—a.
14 7 14

2
i’—4 14, renultd a e[~14;14].

Din min(x2 +y° +22)

Bibliografie
Victor Tudor, Probleme de algebra cu rezolvari ingenioase, Editura Carminis,Pitesti ,

1999
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Art 9100

3. Math Journal
_7-

Marin Chirciu’

Mathematical Journal prezinta o selectie de probleme recente din diverse publicatii de

specialitate .
Problema651.
InAABC
2
3 a
fa 5 7 el
23]
Eldeniz Hesenov, Georgia, RMM 6/2020
Solutie
2 2 m22p(p-a) 2 4(R—V)
L I a
o) T Ty
a’ 4( ) .~r, 2R-r
s1 ) + =
Zzv(zv—a) ’ Zha
Remarca
InAABC
2
1 _a>_ -
RS
Solutie
g 2 m;zp(p-a) 2 4(R—r)
B B a .
2]z Lyt
a’ 4(R r) p +7’ —8Rr
= si _
Zp(p—a) Z 2Rr

2

ro 3 a
2). Y L >— — .
)zha R2 [haj

& r (p2 —67° —8Rr)+r2 (4R+r)2 Ger;tsen AR _3Rr— 212

h_a2 B 2p°r* B 2r°
z 2R — r a> pz(pz—61’2—8Rr)+r2(4R+r)2
" 2p°r '
Egahtatea are loc daca si numai daca triunghiul este echilateral.

Problema652.
Ifx,y,z>0,xy+ yz+ zx =3then

Dezvoltari, Marin Chirciu

! Profesor, Colegiul National ,, Zinca Golescu " Pitesti
11
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Kunihiko Chikaya, Japan, Mathematical Inequalities8/2025

Solutie
Folosim pgr -Method.

Notémp=2x,q=2xy=3,r=xyz.

AVE:mZx3 =p’ —3pg+3r sz =p°-2q.
Inegalitatea se scrie:

p3—3pq+3r+l>zp g P —9p+3r

p'-2q 3 p* =6
care rezultd din inegalitatea lui Schur p° —4pg+9r>0,9=3 < 9r>12p—p’.

+12§p < p+3p°—15p+9r—18>0,

Este suficient sa aratam ca:
p’ +3p2—15p+(12p—p3)—1820 < p-p-620=(p-3)(p-2)20,vezip>3,
adevirati din p’ =(x+y+z)3 23(xy+yz+zx)=3~3=9 =p23.

Egalitatea are loc dacd si numai dacd x=y=z=1.
Remarca.

1). Ifx,y,z>0,xy+ yz+zx =3and 4 <1then
Zx3 A+1
+A2> X.
sz 3 Z

Solutie

Folosim pgr -Method.
- 1 3 p— 1

p 23P6]+3r+/12/1+ Py 29p+3r+121+ N
p —2q 3 p -6 3

(2-2)p’ +34p* +(64-21) p+9r—184>0,
care rezultd din inegalitatea lui Schur p° —4pg+9r>0,9=3 < 9r>12p—p’.
Egalitatea are loc dacd si numai dacd x=y=z=1.

2). InAABC
Ztan3 é
2 N L > 2(4R + I")
Ztan2 A 3 3p
2
Solutie
Lema

Ifx,y,z>0,xy+ yz+ zx =3then

x 2
%xz +IZ§ZX

A B A B
Se cunoaste identitatea in triunghi Z tan By tan By =l Z J3 tan ey J3 tan By =3.

Folosind Lema pentru(x, y,z) = (\/5 tang,\/g tang,\/g tan %) obtinem:

12
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23] LI

s(Fwi] T S

3). In acute AABC

Dezvoltari, Marin Chirciu
Solutie

Se cunoaste identitatea in triunghi Zcot AcotB=1< Z\jg cotA- \/?_> cotB=3.
Folosind Lema pentru(x, y,z)= (\/g cot 4,+/3 cot B,\3 cotC ) obtinem:

Z(\/gcotA) ZCotA 1.2
Z(\/gcotA) Z\/g t ZCOtA z -

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema653.

Ifa,b,c>0,a> +b* +c* =3then

z a < 3

a+bc 1+abc’
Konstantmos Geronikolas, Greece, Mathematical Inequalities, Problem(220) 6/25

a 3 reverse bc 3abc
z < = >
a+bc 1+abc a+bc 1+abc

Z bc :Z 2abc g3abc ’

a - +abc 1+abc

abc O 3abc 1 3
unde > = > , vezi
za2+abc 1+ abc za2+abc 1+ abc
Z 1 C>S 9 3 9 9 3
a’ +abc Z(a2 +abc) Zaz +3abc  3+3abc 1+abc

Egalitatea are loc dacd si numai dacd a=b=c=1.
Remarca.
Ifa,b,c>0,a>+b> +c* =3then

, care rezulta din:

Z a < 3
a+Abc 1+ Aabc
Marin Chirciu
Solutie
Z a_ . 3 reverse bc S 3abc

a+/1bc_1+ﬂ,abc @ a+Abc 1+ Aabc
Z Z abc (;) 3abc

a+/1bc a’+ Aabc 1+ Aabc
Egalitatea are loc daca si numai dacd a=b=c=1.
Problema654.
Ifa,b,c >1then

, care rezulta din:

13
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3
Z(ab—a;bj >3Inalnblnc.

Kunihiko Chikaya, Japan, MathAtelier 8/25
Solutie

Facem substitutia (a,b,c)=(x+1,y+1,z+1),x,y,z > 0si folosim : x > In(x+1),x>0.

a+b 3 x+y+2 3 xX+y 3x,y,220 xX+Yy 3 46
LHS=z(ab— R (s e P Ere S )
Cesaro x2In(x+1)

> Hx+y > 28)@/2 3xyz 2 3H1n x+1 3H1na=RHS.

Egahtatea are loc daca sinumaidaca x=y=z=0<a=b=c=1.

Remarca.
Ifa,b,c,d >1then

4
Z(abc—abw%j >4Inalnbincind .

Marin Chirciu
Solutie
Facem substitutia (a,b,c,d)=(x+1,y+1Lz+Lt+1),x,,z,t 2 0si vezi:x > In(x+1),x>0.

LHszz(abc_ab+bc+caj ( x+1)_2(x+1)(y+1)J4=

3

AG

2 x,y,z,t20 AG4
:Z(xyz+52xy+x+§+zj > Z(%j 81H(x+y+z)2

AG len(x-H)

2 o8zt =4zt 2 4] [In(x+1)=4] [Ina =RHS .

Egalitatea are loc dacd si numaidacd x=y=z=t=0<a=b=c=d =1.

Problema655.
Ifa,b,c >0,a> +b> +c*> =1then find min of
2
a
P= .
Z:1+2bc
THCS8/2025
Solutie
X Jense‘n3
= > -
Z‘1+2bc Z1+b2 z2 a’ Z
Jeﬁené xy,ze( ,1),x+y+z=1rezultédin:
f(x)= ,xe(0,1), f'(x)= 2 . f"(x) 4 - >0 = f este functie convexa
2 (2-v) (2-%)
X Jensen X+y+z 1 3
>3 =3f-|==.
S5 s () ) ) E [T ey )
1 1
Egalitatea are loc daca si numai daca x z=—<a=b=c=—.
g u Y 3 a \/g

14
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Deducem camin P = 3 pentrua=b=c= 1 .

5 N3
Remarca.
Let be A >0 fixed. Ifa,b,c >0,a*> +b> + ¢* =1 then find min of

2
a
P= .
Z A+2bc
Marin Chirciu

Solutie
Obtinem camin P = pentrua=b=c= L .

A+2 NE)

Problema656.
Ifa,b,c,d,e>0,a+b+c+d+e=5then

4a’ +9b° +144¢° +256d° +2304e’ >125 .
Craciun Gheorghe, Mathematical Inequalities8/25

Solutie
3 3 3 3 3 Radon
LHS = 4a* +95° +144¢ +2564° + 2304 == 0, <, &, ¢ ™
1Y (1 1 1 1
) ) () G )

radon  (a+b+c+d+e) 3
2 ( ) 2_52
(1 1 1 1 1) 1
Attt —+—
2 3 12 16 48
555 5 5)

Egalitatea are loc dacd si numai daca (a,b,c,d ,e) = (— -, —,—

Remarca.
1).Ifa,b,c,d,e>0,a+b+c+d+e=>5then

4a’ +16b° +36¢° +324d° +1296¢” >125.

Solutie
3 3 3 3 3 Radon
LHS = 4a* +166° +36¢ +324d* +12966 =9y 0, ¢ &, ¢ %
1 1 1 1 1
& @G G
radon (a+b+c+d+e) 5
5 =2 —125=RHS..
(1 11 1 1 1
4 —
2 4 6 18 36
Egalitatea are loc daca si numai daci (a,b,c,d,e)= é,é,é,i,i .
246 18 36

).Ifa,b,c,d,e>0,a+b+c+d+e=>5then
4a’ +16b° + 64 +144d° +576€° >125.

Solutie
3 3 3 3 3 Radon
LHS = 4a° +16b° +64¢° +144d° 15768 =4+ 0, ¢ & e "

) GG GG

15
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Radon (a+b+c+d+e)3 5
> =2 —125=RHS.
(1 11 1 1j 1
b —+—
2 4 8 12 24
Egalitatea are loc daca si numai daci (a,b,c,d,e)= é,é,é,i,i )
2 4812 24

3).Ifa,b,c,d,e>0,a+b+c+d+e=>5then
4a° +16b° +49¢° +196d° +784¢° >125.

Solutie
3 3 3 3 3 Radon
LHS = 4a* +165° +49¢ +1964° + 7846 =94 0 ¢ 4 ¢ %
1 1 1 1 1
& @6 G G
radon  (a+b+ctd+e) 5°
5 =2 —125=RHS.
(1 11 1 1] 1
et —+—
2 4 7 14 28
Egalitatea are loc daca si numai daci (a,b,c,d,e)= E,E,E,i,i .
247 14 28

4). Ifa,b,c,d >0,a+b+c+d =4then
@’ +4b* +9¢° +36d° >16.

Solutie
3 3 3 3 Radon
LHS =a’ +4b* +9¢° +36d° = a2+ b —+ ¢ ~+ d - >
1 1 1 1
1 2 3 6
Radon +b+ +d3 3
don (a+b+c+d) _A % e rHS

111 1Y 28 4
et —+—
1 2 3 6

Egalitatea are loc daca si numai daca (a, b,c,d ) = (

5

(ORIN
|

) = (a,b,c,d)=(2,1,2,lj
33

SRS

4
,Z’
5). Ifa,b,c,d >0,a+b+c+d =4then

4a° +9b° +81c’ +324d° > 64.

Solutie
— a3 b3 c3 d3 Radon
LHS =4d® +9b> +81¢* +324d° = —— Tt gt 2
2 G 6 )
2 3 9 18
Radon +b+ +d ’ 3
an (atb+ctd) _ 4 _64=rHS.

T 11 1) P
St
2739 18

Egalitatea are loc daca si numai daca (a,b, c,d ) = (

N |
OSSN
Nl IEN

b b

,%j = (a,b,c,d):(2,

SSHIEN
NN N
O | N
N

6). Ifa,b,c>0,a+b+c=3then

4a® +9b° +36¢° =27 .
Dezvoltari,Marin Chirciu
16
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Solutie

3 3 Radon +b+ 3
LHS = 4> +95° + 366" =4 b (a+bc) _3 o7 RS

T ey

Egalitatea are loc daca si numai daci (a,b,c¢)= (E,E,Ej < (a,b,c)= (é,l,lj.
236 22
Problema657.
In AABC
2
Z(b+c) cos A =5+z.
bc R
Nguyen Viet Hung , Vietnam, CruxMath, Problem B129
Solutie
Lema

LHS = z(bb cos A= Z( +— +2]cosA Z( bjcosA+2ZcosA=
=3+2(1+rj s+2L ZRHS .
R R

Am folosit mai susZ(é+%)cosA :3§i2cosA :1+% .
c

Remareca.
InAABC
2 2
Zw cosd—dr
bc R
Marin Chirciu
Problema658.
Ifx,y,z>0,xy+ yz+zx > 3then
x* 3
>

\/8x2+14xy+3y 5
Nguyen Hung Cuong, Vietnam, Mathematical Inequalities, Problem(196) 6/25
Solutie

Lema.
Ifx, y > 0then

\/8x2 +14xy+3y° <3x+2y.
Demonstratie.

J8X% +1dxy+3y? <3x+2y < 8x° +14xy +3)° < (3x+2y) < (x—y) 20.

e ey oo (3x) 0 (a) _z “)3—RHS,

Z:\/8x2+14xy+3y2 3x+2y > (3x+2y) 5D .x

unde(1) < > x23, vezi(Yx) 23 p233=9= 3 x23.
Egalitatea are loc dacd si numai dacd x=y=z=1.

Remarca.
Ifx,y,z>0,xy+yz+zx>3and A >1,n >1then

17
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Z x’ 23
|

(2,2 —l)x2 +2(/1n+1)xy+(n2— )y2 A+n’

Marin Chirciu

Ifx,y.>0 and A >1,n>1then
\/(/12 —l)x2 +2(ﬂufz+l)xy+(n2 —l)y2 <Ax+ny.

Demonstratie.
\/(/12 —l)x2 +2(ﬂ,n+1)xy+(n2 —l)y2 <Ax+ny &

(/12 —l)x2 +2(}m+1)xy+(n2 —l)y2 <(Ax+ny) < (x—y) 20.
Problema659.
Ifa,b,c >0 ,abc =1then

a3
@’ +2a+bc 2
Konstantinos Geronikolas, Greece, Mathematical Inequalities, Problem(196) 6/25

4 4 C>S (Zaz )2 CBS (Za )

LHS =Y —— =

Nat +2a+be Z:a\/az +2a+bc - Za\faz +2a+bc - 22”
=%ZaZAZG%=RHS.
Am folosit mai sus(CBS): Y ava®+2a+bc <2) a*, vezi:
Za\/az +2a+bc Cés\/ZfZ(az +2a+bc) 2\/Za2 (Z:a2 +2Z:a2 +Za2) =
=, /Zaz ~4Z a’ = 22 a’ , unde (1) rezulti din:

1). Za<Za VemZa >(Z ) Za Za>2a abc—Za I—Za
2). Zab<2a <:>z a—b ’>0.
(CBS): Za >3 VemZa >3,/ abc abCI

Egalitatea are loc dacd si numai dacd a=b=c=1.
Remarca.
Ifa,b,c >0,abc=1and A >0 then

Solutie

a S 3
N +22a+be 2(A+1)

Marin Chirciu

4 CS (Za ) CBS (Zaz)z

> —

a3
LHS = = =
z\/a2+2/1a+bc Za\/a +2Aa+bc Za\ia +2Aa+bc \/2(A+I)Za2

Solutie

18
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=RHS .

R ey

Am folosit mai sus(CBS): z:a«/a2 +2Aa+bc < \/2(/1 +1)> d*

Problema 660.
InA4ABC
Za rr. <3R, /3(3R2 —r2) .
Kostas Geronikolas, Greece, Mathematical Inequalities, Problem(397) 6/20
Solutie

LHS =Y afr < (S @ S < \ORp =3Rp<3RB(3R*—*) = RHS
Am folosit mai sus inegalitatea lui Leibniz Y .a® <OR*si ) rr. = p’

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
InAABC

2
6F < Za nr, < 9R2\/§ .
Marin Chirciu
Solutie
Inegalitatea din dreapta.

Wl cBS N Leﬁmz SR =3Rp Leﬁmz3R3R\/§=9R2\/§.
2aynr; < e 2

2

Inegalitatea din stinga.

AZG3$/Ha\/IZ =33aberr,r. =33J4Rrp -1p* =3pl4Rr’ Eger3p\3/4-2rr2 =

=3p-2r=6F.
Problema 661.
InAABC
bc _ 8r
1). —>—.
Py
Solutie
bC Panaitopol bc 1 ) 1 87"
LHS = > = abc=——-abc) a=—=RHS.
Z ma Z(R})jz Rzpzz p2R2 Z R
a
alb+c) 16r
2., ( 5 )16,
s R
Marin Chirciu, IneMath,8/25
Solutie

(b + C) Panaitopol be

b+C a
LHS = Z 22— 2 ) PR ZZa (b+c)=
Bk
: 2 2 erretsen
'2[p2(p2—4Rr)—r2(4R+r)2}:2{19 —4Rr 1’ (4R+r) }G wen 1 6

> —=RHS.
R? p°R’ R
Egalitatea are loc daca si numai daca triunghiul este echilateral.

1
=p2R2

19
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Problema662.
InAABC

bc _ 8r

1). 2—2 > =
Solutie
bC Panaitopol bC 1 1 8’,.
LHS = Z " > Z(Rpjz = R2p2 za%c = p2R2 .abCZa = E = RHS .
a
’) Z a (b er c) S @
; R
Marin Chirciu, IneMath,8/25
Solutie
b +c al b + ¢ Panaitopol bc 1

LHS = Z )>Z ( 2 ) 2 Z 2:R2pzza3(b+c):

N
a

1 p2—4R7" ]/'2 4R+r 2 Gerretsen16’,-

=p2R2-2|:p2(p2—4RI”)—I"2(4R+F)2}=2|: R - (szz ) 2 —

R
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema663.
InAABC
be _ 8r
). —>—.
DI
Solutie
bC Panmtopol bc 1 ) 1 8,,.
LHS = = abc=——-abc) a=—=RHS.
Z a 2(1@)2 Rzpzz p2R2 Z R
a
alb+c) 16r
2. ( . )> —.
m, R
Marin Chirciu, IneMath,8/25
Solutie
b + C Panaztopol bc B 1

LHS = Z

1
(Rp)z = Ry Za3(b+c):ﬁ.2[p2 (p2 —4Rr)—r2 (4R+r)2}:
a

p2—4Rl"_r2 (4R+}")2 Ger;tsenz 16R},._5r2_4Rr_ rZ (4R+]/')2 >£
DR B U TS
R+7r

=2

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema664.
In AABC
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bc
zr—224

a

Nguyen Hung Cuong, Vietnam, Mathematical Inequalities8/25
Solutie

LHS=Z%:Z

1

bc
p—a

P +r’—12Rr Gerrenen L6Rr — 52 +r* —12Rr 4Rr—4r* 4(R—r)puer

(p—a)zbc=p21r2 -pz(p2+r2—12Rr):

> = = > 4=RHS.
r r r r
Remarca.
InA4ABC
z a (b :— c) 58
T,

Marin Chirciu
Solutie
LHS = z b+c) = Z a(b+c)2 = %Za(bjtc)(p—a)z :%2r[p2 (4R—r)—r(4R+r)2} =

, S S pr
=
_2p*(4R-7)-2r(4R+r)" 2(4R-r) 2(4R+7r) Greasn2(4R-r) 2(4R+7)
pr r p’ - r r (4R + r)2
R+r
_2(4R-r) 2(R+r) _ OR—4r s 6-2r—4r o oo
r r r r
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Problema665.
InA4ABC
bc
Z? >4
Nguyen Hung Cuong, Vietnam, Mathematical Inequalities8/25
Solutie
bc bc 2 R Euler
LHSZ:h—[fZ:[ZSjz SZZ acha — > 4=RHS .
a
Remareca.
InA4ABC
a(b+c

Marin Chirciu

Problema666.

If a,b,c > 0then

a 1(1 1 1
Z 2 2 PSS ot
a"+5b"+3¢c" 16\a b c
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Titu Zvonaru, Comanesti, Bacau, Concurs,,Vranceanu-Procopiu,,Bacau-2012

Solutie
a A6 a a 1 @1 1
LHS = < = = <— ) —=RHS,
zgaz +5b% +3c2 21616 a'p'°c° 2168 b’ 2168 pc 16 za
1 V1
unde < » —rezultd din:
Y=y

1
8,b5C3
X+ 428>y +°2 +2°x7, vezi inegalitatea lui Muirhead(& 0,0) - (5, 3,0),
8+0>5+0,8+0>5+3,8+0+0=5+3+0.

Egalitatea are loc dacd si numai dacd a=b=c.
Remarca.

If a,b,c >0andn,k e N",n>kthen

Cu substitutia (l , % , lj = (xg, e, zg) inegalitatea Z
C

1 .
< Z— se scrie:
a a

a 1 I 1 1
< 4
Z(n+k)a2+nb2+kcz B 2(n+k)[a +b+cj.

Marin Chirciu

Problema667.
InA4ABC
h
" 0>
Z 3 o 3\/§r .
COS— +COoS—
2 2
Nguyen Hung Cuong, Vietnam, Mathematical Inequalities8/25
Solutie
h Chebyshev 1 1 cs 1 9
= - @« > - - > . =
o Z cos§+cosg -3 Zhaz cos§+cosg I Z cos§+cosg
2 2 2 2 2
3 0y 33 = RHS
=3r - — > - = = .
A 3\/3_,
2> cos— NP
2 cos” 2=
Remareca.
In AABC
1
3
> Byt > 6\/§r(zj :
C R
COS— +COS—
Marin Chirciu
Solutie

LHS:Z%?:;:,H hb+hc =3 H(hb+h0) —

c B C
COS—+COS— COS—+COS— — —
) 7 2 3 H(COSz-FCOSz)
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2 2

3"3'H(hb + hb ) A>G 3 3 8H ha 9 23 Mltrmovtc&Euler
B B C
i/H(COS}; +cos (2:j Z(cos o Heos 2) ZZ cos—

3

2r%. 27r2 |

Mitrinovic& Euler 9 ) 2 \ \/_ ’/-4 \/— 2]/' \/— 2}/‘ 3
> 23 =~3:2-3r3|—=6J3r| — | =RHS.

3J’ VR ( R ]

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema668.
In AABC
s h
cosB+cosC
Nguyen Hung Cuong, Vietnam, Mathematical Inequalities8/25
Solutie
h Chebyvhev 1 CS 1 9
LHS=Y ———2 — -Or- =
Z“cosB+cosC Z Z:cosB+cosC 3 Z(cosBJrcosC)
9
>3r-——=9r=RHS'.
22 cos A 5.3
2
Remareca.
InAABC
1
Zﬂ >18r 2 } .
cos B+cosC R
Marin Chirciu
Problema669.
If a,b>0,a+b=2a’bh"then
1 1
Nguyen Hung Cuong, Vietnam,RMMS&/25
Solutie
Lema.
If a,b>0,a+b=2abh"then
a+b=>2

Demonstratie

ab< 2 2 4 4
a+b=2a0 < 2((“])) ] =(a;b) :>a+b§@:>(a+b)328 —a+b22.

4
2 20+:022 2 2 2 2 2 ema
LHS =y L ST A A ) S (art) e s
a b ab a+b a+b a+b
2
Egalitatea are loc dacd si numai daca a=b=1.
Remarca.
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If a,b>0,a+b=2a"b" ,neNthen

L+L22.
a" b

Marin Chirciu
Solutie
Dacé n = 0 se obtine egalitatea 2=2.

1 1
Pentrun=1lavema+b=2ab = —+ 5 > 2, evident cu egal.
a

in continuare fieneN,n>?2.
Lema.
If a,b>0,a+b=2a"b" ,n>1then

Demonstratie

abS( 2\" 2n 2n
at+b=2a"" < 2[(a+b) J =(a+li) :>a+b£ﬂ:>(a+b)2"_1222”’1:>

at+b>2.
) (a+b)”

n n a+b=2a"p" N n 2a” +b" ) Holder «*~ ~uTt +b " Lema
LHS = L L @btz a bt ( ) > T _(a 2) >
a' b a"b" a+b a+b a+b 2"

2

Lema 2"71

=2=RHS.

- 2n—2 -

Egalitatea are loc dacd si numai dacd a=b=1.
Problema670.
In AABChods:

H(wac + 2a2) >1443F°.

D.M.Batinetu-Giurgiu, Mihaly Bencze, RMM, Problemal95

(a+b+c)2t2.

AW

H (a2 + t) >
Hojoo Lee Inequality
Demonstratie

Demonstram mai intai inegalitatea:
Ifa,b,t >0

(a2 +t)(b2 +t) > %t(H(a +b)2) ,(%).
Intr-adevar:
Avem(a2 +t)(b2 +t) > %t(r+(a+b)2) o 4(a2 +t)(b2 +t)2 3t(t+a2 +b° +2ab) =
& t(a’ +b —2ab)+1* —2abt +4a°h* 2 0 < t(a—b) +(t—2ab) 20,
cu egalitate pentrua = b sit =2ab .
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In continuare obtinem:

(a2 +t)(b2 +t)(c2 +t)§%t(t+(a+b)2)(c +t)(l)i(a +b+c)2t2, unde (1) <

= %t(t+(a+b)2)(cz +t)2%(a+b+c)2 < (t+(a+b)2)(c2 +t)2(a+b+c)2t =
< (t—a(bJrc))2 >0, cu egalitate pentrus =a(b+c).

) . . . < t
Egalitatea are loc dacd si numai dacda=b=c=—.

7
LS = [ (wpw, +247) =[] H( +2ng@6 R {ZW]

2 Carlit:
arlitz ) 4F

) 2
AZG(abc)2-3-(6F(abc)3j =108F* (abc)s = 108F7- N =1443F* = RHS .

Am folosit mai sus:

,2F 2F
ZW Z\/ﬁ =2F)" J_ SoF. 33,( bl )2 =6F(abc)%2.

Egalitatea are loc daca si numai daca \/W" \/WC \/W M _ 2 4= b=c.
b c \/_
Remarca.
In AABChods:
D.TT(ww. +4a*) 236 °\3F.
Solutie
HojooLee ’
LHS :H(wac +a’ ) Ha H(Wb - /Ij jZ abc . /12 {Z i did J
2 2\2 2 Carlitz
> (abe- 3;1 -(6F(abc)3j 272 F (abe) = 2TA°F? i‘g =364°\3F" = RHS .
2). [T(h +2a>)2364°\3F.
Solutie

2
s =100 +20) LT[ )5y 3£ €
¢ a

2 2\? 2 Carlitz
g(abc)2-3j -[6F(abc)32j —272°F* (abe) 2 272°F?- %_36/12J§F3:RHS.
3)H(mbmc + /Iaz) >364°\3F°.
Solutie

LHS =] (m,m, +1a*)=]]a* H( M)*’"@”Lee abe)’ - ,12(2\/?]

4G 2 347

-2 2 5y 2 Carlitz 22 4F 3
> (abe) = | 6F (abe)s | =274°F* (abe) = 272°F \/§—36/1 J3F* =RHS .
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4).TT(s5. + Aa*) 236 4°3F.

Dezvoltari,Marin Chirciu
Solutie

LHS:H(sbSC+/1a2)=Ha2H(Sb—i"+ﬂ,jHongee abc . ﬂz[z NZ%e J
a

AG 2 Carlitz 2F2 4F

) 2
Z(abc)2 3:11 (6F(abc) j :2712F2(abc)§ > 274 -$:3612J§F3:RHS.

Problema671.
If x,y,z>0,x+ y+z=3then

z . X < 3

¥’ +4x+2  6+xyz
Konstantinos Geronikolas, Greece, Mathematical Inequalities, Problem(235) 8/25

Solutie
RAG

AG Jensen 3 xyz<l 3

2= <2 =2

x> +4x+2 X +1)+4x+1 2x+4x+1 6x+1 ~ 7 6+xz
Jemen3
< = <
Am folosit mai susz rrl - 7s1xyz 1, vezi:
1 -12
D. f(x)= , x>0, f'(x)=————=>0, f"(x)=————— <0 = [ este concava.
)=y 0 ) (6x+1)’ /') (6x+1)’ / '
Jensen + v+
S ) 7)) E (T )=

AG
2).3=x+y+z233xyz = xpz<1.
Egalitatea are loc dacd si numai dacd x=y=z=1.

Remareca.
D.If x,y,z>0,x+y+z=3and A >1then

Z . X < 3

X 4Ax+ A A+d+xz

Solutie
LHS Z Z X AG Z X Z X Jensen
< = <
x° +4x+/1 (x2+1)+4x+l—1 2x+4x+A-1 6x+A-1
Jensen xyz<1
3 < 3 = RHS .

T A+5 0 A+d+yz
2). If x,y,z>0,x+ y+z=3then

Y e

X +4x+1 S+xz '

Dezvoltari, Marin Chirciu

Solutie
Cazul 4 =1 in inegalitatea de mai sus.
Problema672.

If x,y,z>20,x+y+z=1then
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Mathematical Inequalities8/25

Solutie
Folosim pgr -Method.

Notémp:szl,q:ny,r=xyz.

D(1+y)(1+2)  3+2p+q 7 5+¢q ©s

LHS = = = RHS , unde
z1+x H(l+x) 1+p+q+r 24+q+r 2
M
>*tg SéC>2(5+q)£5(2+q+r)c>3q+5r20,eVident.
2+qg+r 2
Remarca.
). If x,y,z>0,xy+ yz+zx =3then
g 13
I+x 2
Solutie
Folosim pgr -Method.
Notémpsz,quxyz?a,r:xyz.
I+y)(1+ a=3 <1>
LHS =Y _2Wn)(vz)  3v2prg 0 642p U3 gy e
I+x H(1+x) I+p+g+r 4+p+r 2
(
O*2p >3<:>2(6+2p)>3(4+p+r)c>p>3r care rezultd din : » <1,vezi
4+p+r 2

3=¢q= nyzg%,(xyz)z = 33/1’_2 =r<l.

Este suficient sd aratam ca:

p >3, care rezulti din p’ =(Z:x)2 >3) xy=3-3=9= p=3.
Egalitatea are loc dacd si numai dacd x=y=z=1.

2).If x,y,z>0,xy+yz+zx =3and0 < A <2then

Z ! zi.
A+x A+1

3). If x,y,z>0,xy+ yz+zx =3then

2+x
Solutie
Cazul 4 =21n inegalitatea de mai sus.
4). InAABC
S>3
1+ \/§ tan 5 2
Lema.
If x,y,z>0,xy+ yz+zx =3then
1.3
I+x 2

Se cunoaste identitatea in triunghi z tan g tang =l z \/?_) tang . \/?_> tang =3.
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Folosind Lema pentru(x, v, z) = (\/5 tan g , \/5 tan g , \/5 tan %j obtinem:

Z;>§
1+\/§tan;1 2

5). In acute AABC

Z; > g
1+ «/g cotd 2
Dezvoltari, Marin Chirciu
Lema.
If x,y,z>0,xy+ yz+ zx =3then

.3

l+x 2~
Se cunoaste identitatea in triunghi Zcot AcotB=1< Z\/?j cotA- \/g cotB=3.

Folosind Lema pentru(x, y,z) = (\/g cot 4,+/3 cot B,/3 cot C) obtinem:

Z;ZE

1+ \/§ cotA 2
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Problema673.

If a,b,c>0,a° +b* +c* +abc = 4then
a).[[(2+4a)=227] [(2-a):
2—a
b). >4/3.
)Z 2+a \/_

Nguyen Viet Hung, Vietnam, Mathematical Inequalities 8/2025

Solutie
Cu substitutia(a,b,c) =(2cos 4,2 cos B,2cos C), AABC acute obtinem:
, A
1+cos 4 cos® =
a). [ [(2+2cos 4)=27] [(2—2cos 4) @Hl 227 =31 >27@
—cos sin? 4
2

2
= H cot’ > 2T < — p > 27, care ezulta din inegalitatea lui Mitrinovic p > 33
I”

b)-Z 2— 2cosA>\/— @Z

2+2cos A

4 R +7r Doucet
>

<:>Z tan —>\/_<:>Ztan—>\/?_> carerezultadantanA
p

Remarca.
). If a,b,c >0,a’ +b* +c* +abc = 4then

Z 2+a
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2). If a,b,c >0,a’ +b* +c* +abc = 4then

22+a>9.

2—a
Solutie
Cu substitutia(a,b,c) =(2cos 4,2 cos B,2cos C), AABC acute obtinem:

2+a 2+2cos 4 1+cos 4 2 , A p?—2r* —8Ry Gerretsen
LHS = = = = =Ycot ' —=F-—"-— >
Z“2—a ZZ—ZCOSA Z:l—cosA s , A Z 2 P
sin” —
Gerretsen _ 2 _ 2 _ _ 2 _ Euler
S 16Rr —5r 22r 8Rr:8Rr 27r :8R Tr 9 RHS .
r 7 7

3). If a,b,c>0,a”> +b*+c* +abc = 4then

22_a>1.

24a

Dezvoltari, Marin Chirciu
Egalitatea are loc dacd si numai daca triunghiul este echilateral.

Problema674.
In AABC
Z( b N c )bJrc 59
c+a a+b
Dorin Marghidanu, Corabia, Olt, Mathematical Inequalities8/25
Solutie

In AABC avem a R b , ¢
b+c c+a a+b

Lema.( Dorin Marghidanu).

€ (0, 1) si folosim

Ifu>0,ve(0,l)thenu”> u .
u+v
a Z( b .. ¢ ) 2y a
LHS=Z( P JMCLZM cta_arb)_ _Thic_y- pps.
c+a a+b Z a Z a
b+c b+c
Remarca.
In AABC
Z( Ay j””_z,ﬂzo
c+a a+b
Marin Chirciu
Problema675s.
In AABC
a a 13
+ >—.
Z“b+c 1_[b+c 8
Adil Abdullayev, Azerbaijan,RMM 8/25
Solutie
LHS =Y —“—+]] A reR) ok 20r) 213 _ rus
b+c b+c p’+r*+2Rr p’+r +2Rr p’+r +2Rr 8 ’

29


http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 —- SEPTEMBRIE 2025 www.mateinfo.ro

2(p2—r2) 013
p+r’+2Rr 8

unde — < 16(p* —r7)213(p” +7° +2Rr) < 3p” 2 26Rr+297,

care rezultd din inegalitatea lui Gerretsen: p° >16Rr—5r".
Ramane sa aratam ca:

3(16Rr—5r*) > 26Rr +29r* <> R>2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
1). In AABC

l+12
+A ,A<4.
Hb+c

X

b+c
Solutie

*—r’—Rr
( )+l : 257’ _
b+c p>+r’+2Rr p +r +2Rr

~ 2(p —r —Rr+/1Rr)(1),1+12

= RHS,
p>+r +2Rr 8

2). In AABC

a
z b+c " 4H b+ c
Solutie

Cazul 4 =4 in inegalitatea de mai sus.

Remarca.

3). In AABC

DDt I e

b+c b+c
Dezvoltari, Marin Chirciu
Solutie
Cazul A =—4 1n inegalitatea de mai sus.
Problema676.

In AABC

ra zaz
ZZZ \ Zab

Adil Abdullayev, Azerbaijan, RMM 8/25
Solutie

2
zig(zra) _(4R+r) oo (4R+r)’  2(2R=r) , 2r

r.2r

LHS =) 44+ —= > > .

Zr R T, Zrarb p2 R(4R+r)2 R R
2(2R—r)

2
RHS =33 %ab 34—%,unde
a

2 2 3 2(p*—r*—4Rr 2 3
3 %a 34_g©272_ag(4_2_rj =27 (’Z . )364—&+482 8
ab R > ab pl+r’+4Rr R R R
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2(p>—r*—4R 2 g
(p?=r"—4Rr) _ . 96r 487 8~

< 27- < -
p>+r’+4Rr R R R

S (p*+77 +4Rr)(32R° —48R’r +24Rr” —4° ) 2 27R* (p* —* —4Rr) <

& P’ (SR —48R°r +24Rr” =47 )+ r(236R" —133R** + 48R’ +8Rr* —4r°) 20 .

Distingem cazurile:
Cazull). Dacé(5R3 —48R’r +24Rr* —4r° ) > () inegalitatea este evidenta.

Cazul2). Dacé(5R3 —48R’r +24Rr* — 47’ ) < 0inegalitatea se rescrie:

r(236R* —133Rr? + 48R’ +8Rr* —47° ) 2 p* (-5R’ + 48R*r — 24Rr” + 417 ),

care rezultd din inegalitatea lui Gerretsen: p> <4R* +4Rr +3r”.

Ramane sa aratam ca:

r(236R* —133R’r +48R°r” +8Rr* —4r*) > (4R” +4Rr +3r )(—5R’ +48R°r —24Rr” + 41 )

< 10R> +32R* —107R** —=88R** +32Rr* -81° >0 &
< (R-2r)(10R" +52R’r —3R** —14Rr* +4r*) 2 0, vezi R 2 2r (Euler).

Egalitatea are loc dacd si numai daca triunghiul este echilateral.

Remarca.
In AABC
2 3
2 si(4—£j.
Zab 27 R
Marin Chirciu
Solutie
2 3 2(p*—r*—4Rr 2 3
&8 (4] o AL o vy v s
> ab R P+t +4Rr R R R
2(p*—r*—4Rr 2 3
<27 (]Z . )364—&+482 —8L3
p +r +4Rr R R R

< (p*+7° +4Rr)(32R’ —48R*r + 24Rr* — 417 )2 21R (p* - 17 —4Rr) &

< P’ (SR —48R°r +24Rr” 47 )+ r(236R" —133R** + 48R’ +8Rr* —4r°) 20 .
Problema677.

If x,y,z>0,x er2 +z* =3then

x* 3
>—E 23

14+3x+x7
Nguyen Van Hoa, Vietnam, Mathematical Inequalities 8/25

Solutie
Lema.
Ifx > O then
4 2
b 23x —1'
1+3x+x? 10
Demonstrtie
x4 3x2_1 4 3 2 2 2
> < TIx"—-9x” —2x +3x+120<:>(x—1) (7x +5x+1)20.

1+3x+x> 10
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ta 33’ 1 _3) ¥ -3 3.3-3 3

LHS ="

— > > == =RHS.
1+3x+x° 10 10 10 5
Egalitatea are loc dacd si numai dacix=y=z=1.

Remarca.

D). If x,y,z>0,x*+)* +z" =3 and 1>0then

Z x4 > 3
A+3x+x> A+4

Marin Chirciu

Ifx>0 and A >0 then
4 2

A+3x+x> 2(,1+4)2
Demonstrtie
x* 2(4;ML11)x2—2/1—3
A+3x+x7 2(,14-4)2

& (227 +124+21)x* =3(4A+11)x" + (44 =94 +3)x" +3(24+3)x+ 247 +3420 <

(x-1)"[ (22’ +12/1+21)x2 +(427 +12249)x+22° +31]> 0.

LS -Y 5 Le_maz(4ﬁ,+ll)x2—22£—3:(42+11)2x2—3(2/1+3):
2(1+4) 2(A+4)

(44+11)-3-3(22+3) 3

- 2(A+4) CA+4

Egalitatea are loc dacd si numai dacix=y=z=1.

A+3x+x*

= RHS

2).If x,,2>0,x" +y* +z> =3 and then

X
> >

3+x

Solutie
Cazul A =0 in inegalitatea de mai sus.

3).1f x,y,z>0,x + > +z° =3then

5
3

1+3x+x
Solutie
Lema.
If x > O then
5 2
X Z19)c —9.
1+3x+x° 50
Lema 2_ 19 —27
LS =Y 25196 29 22X =27 _19:3-27 30 _3 _
1+3x+x° 50 50 50 50 5

Egalitatea are loc daca si numai dacix=y=z=1.
4. If x,y,z>0,x° +y2 +z* =3and 4 >0 then
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z xs > 3
A+3x+x  A+4

Lema.
Ifx >0 and A > 0 then

5 2 _
x Z(5}u+14)x 32(/1+2).
A+3x+x° 2(A+4)
Egalitatea are loc dacd si numai dacax=y=z=1.
5).If x,y,z>0,x+y+z=3 then

Solutie
Cazul A =01n inegalitatea de mai sus.

6).If x,y,z>0,x° +yz+z2 =3then

Lema.
Ifx > Othen

X >17x2—11
xX*+x+1 18
7).If x,y,z>0,)c2+y2+z2 =3and A >1then

Z x8 > 3

XHx+A A+2

Solutie
Lema.
Ifx >0 and A > 1then

X (84+9)x°-62-5
X Hx+A 2(,1+2)2 '

Egalitatea are loc dacd si numai dacix=y=z=1.

8).If x,y,z>0,x* +)" +z> =3 then

X +x+1
Solutie
Lema.
If x > 0 then
7 2
X st —3_
X +x+1 6
Lema 2_ 5 2—9 e
LHs =y X Sy 23 2579 5329 6y pyg.
x +x+1 6 6 6 6

Egalitatea are loc daca si numai dacix=y=z=1.
9).If x,y,z>0,x +y2 +2z* =3 and 1 >0 then
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St

XCHx+A A+2

Ifx>0then
7 2 _gg
x _(74+8)x Si=4.
X +x+A4 2(2+2)
10). If x,y,z>0,x’ + 3’ + 2z’ =3then

x +x+1
Solutie
Lema.
Ifx > Othen
x° 14x* -5
> .
X +x+1 27

Lema 3_ 14 3—15 R g

s =y Xy lar oS 215 _14:3-5 27 Lo
X +x+1 27 27 27 27

Egalitatea are loc dacd si numai dacix=y=z=1.
11). If x,y,z>0,x’+)" +2z° =3and A >0 then

6

STt

x4+l A+2

Solutie
Lema.
Ifx >0 and A >0 then

x° (6l+8)x -31- 2
x’ +x+ﬂ, 3(1+2)
12). If x,y,z>0,x’ + )’ + 2z’ =3then

5

3
> 2.

x +1

Solutie
Cazul A =01n inegalitatea de mai sus.

13). If x,y,z>0,x’ + )’ +z° =3and 1 > 0 then

5
> = > 3
X+ A+1

Dezvoltari, Marin Chirciu

Ifx>0 and A >0 then
X 2(5/1+3)x3—2/1'
X+ 3(a+1)
ta 4 =1 _4Y -3 4.3-3 3
3

=—=RHS.
x+1 6 6 6 2

Egalitatea are loc dacd si numai dacix=y=z=1.

LHS =Y —
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Problema678.
If x,y,z>0,x+ y+z=3then

2
X 53
Jz(x+y) 2
Craciun Gheorghe, Mathematical Inequalities 8/25

¢ o (X e (X (X v (X

Z,‘/z(xqty) 2Z:\/z(x+y) y \/322(x+y) - 32> xy - 2(Zx)2 )

X3
= \/5 _\/E_RHS.

Egalitatea are loc dacd si numai dacix=y=z=1.

Solutie

LHS =

Remarca.
If x,y,z>0,x+y+z=3 and A >0then
x* 3
= .
\/Z(x+ly) JA+1
Marin Chirciu
Problema679.
In AABC
-
_a0>
25 ¢
sin — +sin —
2 2
Nguyen Hung Cuong, Vietnam, RMM 8/25
Solutie

Cebyshev 1

r 1 o 9
LHS:ZB—C > EZVQZB—CZ—‘gl’ =

. ) ) . 3 . B . C
smz + smE sz + smz Z(smz + smzj
Jensen
=37"~L > 3I"L=9I’=RHS.
ZZ sin é 2- é
2 2
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Remareca.
In AABC
n+r, S
2—p ¢l
sin — +sin —
2 2
Marin Chirciu
Solutie
Problema680.

If M e ]nt(AABC ) ,d ,d,,d_-distances of the point M to the sides BC,CA, AB
andx,y e (O,oo) then

Z ab® 24

>
xh,+yd, 3x+y
D.M.Batinetu-Giurgiu, Claudia Nanuti, Problema 203, RMM 8/2025
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Solutie

a*b? cs (Zab)2 Gordon (4F\/_)

> 2
xah, +yad Zx-2F+y-2F1 S (x-2F+y-2F)  6xF+2)F

LHS = ————=>"

xh, +yd

2
_ 48F _ 24 F— RHS.
2F(3x+y) 3x+y

Remarca.
1). If M € Int(AABC),d,,d,.d, -distances of the point M to the sides BC,CA4, AB

andx, y € (0,00) then

F",neN.

3-n
nyn+l 2n+lq 2
xh,+yd, 3x+y

2). If M e Int(A4BC),d,.d,,d, -distances of the point M to the sides BC,CA4, AB
and x, y €(0,0) then

5 b 63
xh,+yd, 3x+y’
Dezvoltari, Marin Chirciu

Problema681.
In AABC
> B R
<—.
> hh,  2r
Adil Abdullayev, Azerbaijan, RMM 8/2025
Solutie

. . . 21p’
Folosind /7 <w? <77, obtinem » i} <> nr.=p’si> hh, = /B

K 2
L= 2l P _R_pps.
Zhahb 2rp~ 2r

R
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Remareca.
In AABC
h4
2 R (op_y
> by, 2r
Marin Chirciu

Solutie

4 2 : 2rp2
Folosind 4> <w btmemZh < Zrb r= ( -2r —8Rr) s Zhahb =—
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Zh4 P’ (p2 —-2r* - 8Rr) R(p2 . 8Rr) Gerretsen

LHS = < > = <
z h,h, 2rp 2r
R
Gerresen R(4R* +4Rr +3r" =2" =8Rr)  R(4R’—4Rr+r’) R(2R-r)
< = = = RHS .
2r 2r 2r
Problema682.
In AABC

o

Adil Abdullayev, Azerbaijan, RMM 8/2025

Solutie
2
2 2 2
4
Folosmdz +2= (Z ) 4p #
Za Zab p>+r* +4Rr h, p*+r’+4Rr’
b’ +c
Zﬂ”’ih’“ T_zb2+c pr+r —2Rr(1’ 4p2
h, bc 2bc 4Rr pl+r  +4Rr’
2R
417 =2Rr  4p?
unde 2 T "> > f <:>(p2+r2—2Rr)(p2+r2+4Rr)216Rrp2<:>
4Rr p +r +4Rr

< p*(p*+2r° —14Rr) 217 (8R* —~2Rr—r*) , vezi p* 2 16Rr—5r" (Gerretsen).

Egalitatea are loc dacd si numai daca triunghiul este echilateral.

Remareca.
In AABC
P I.r
h, 2 R
Marin Chirciu
Solutie
b* +c?
Z&Terghm T _ Z b2 +C p + 7" _ZR},- Geritsenz_i
h, be 2bc 4Rr 2 R
2R
Problema683.
In AABC
S5z
sin — +sin —
2 2
Nguyen Hung Cuong, Vietnam, RMM 8/2025
Solutie
Cebyshev 1 1 CcS 1 9
LH. > - — ] —
S=2—F ¢ 2 3292 F ¢33¥ 75 ¢
sin — +sm— Sin — +Sin — Z sin— +sin —
2 2 2 2 2 2
Mitrinovic & Jensen .
=2_p.—9 > 2 3r\/§-i=6\/§r:RHS.
ZZ sin é 3 2. é
2 2
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Egalitatea are loc dacd si numai daca triunghiul este echilateral.

Remarca.
In AABC
1
z b +cC > 12 (i}z
sin — +Sin — \/§
Marin Chirciu
Solutie
AG b +c 3 3 H(b + C) AG&Cesaro

LHS =) —F———¢= =3 I[] S >

3 . B . C B C
sm5+smz sm5+sm3 3H(sin2+sin2j

4F

AG&sesara 3%/% _ 18 (abc)% CarlitziJensen M -6 [EJZ .

B . B . C . A - 3 \/3_,
—+sin— 2» sin— =
Z(smz smzj z ) 5
3
Problema684.
In AABC
m.m
Z b2 c > 3
r[l
Nguyen Hung Cuong, Vietnam, RMM 8/2025
Solutie
2
m.m AG m.m m m,.m m mym.2r,1yr,
LHS = b_e >3, —be =33 @b < > 3=RHS.
2z r \/H r \l( rI j
Remarca.
In AABC
Z mb2m ¢ >3,meN.
rﬂ
Marin Chirciu
Solutie

Pentrun = 0 se obtine egalitatea3=3.
In continuare fien e N".

2n
n_,n AG n_,n m, mym.>r, vy,
m, m m,m m m m @b e =lalbTe
_ b"""c > b __ 3 a'""b"" "¢ _
LHS =Y “e > 35 e =3 T e > 3=RHS.
r r rr.r.
a a a'b'c

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema685.
In AABC
Zra secgz 6«/§r.
Nguyen Hung Cuong, Vietnam, RMM 8/2025
Solutie
A Chebyshev 1 Jensen Jenven
LHS =3 r,se0 > 3 Y sec > %(4R+r) 243 > § 9r-2/3 = 6437 = RHS .
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Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Remarca.
In AABC

D> (n+r )secé <2Rp.
2 3r
Marin Chirciu
Solutie
A Chebyshev 1

LHS:Z(rbH;)secE < (r,+7.) 2sec—:— 2> ZSGC— 4R+ )23_p <
r

Eulerg.%.zp 2Rp RHS

3 2 3r 3r
Egalitatea are loc daca si numai daca triunghiul este echilateral
Problema686.
If a,b,c > 0then

X

>za

b+c
Ermal Feleqi, Mathematical Inequalities 8/2025
Solutie
a* 2)?
LHS = Z Z (Za ) (Za ) (;)l azZRHS,

b+c

a(b+c) Z (b+c) 2D ab 2
unde(%a?) mlza o Ya=2)ab s ) (a- b

Egalitatea are loc dacd si numai dacda=b=c.
Remarca.
If a,b,c >0and A >0then

3

a 1 )
) AP, o
b+Ac A+l

Marin Chirciu

Problema687.
In AABC
2
v s6r.
r+h,
D.M.Bitinetu-Giurgiu, Claudia Nénuti, RMM 8/2025
Solutie

(Zab) oo (47B) _ agp

r+h Zar+ah ZCZF+2FZZ(GV+2F) B rZa+6F_r-2 6 B
p+6F

LHs =Y =2

2 2
_ A ABF _6F — RES .
2F+6F  8F
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
1). In AABC

nbn+l 3-n

P e R TS\

r+h,
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Marin Chirciu

Remarca.
2). In AABC
z a > 3\/§
r+h, 2
Dezvoltari, Marin Chirciu
Solutie

5 4F
b o (ZN@B) o (Nabe]  oane) e ° 5

a
LHS = = > -
§=2. 2F Zbr+2F > (br+2F) er+6F r2p+6F — 2F+6F
b

v+

4F

8F 2
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Problema688.
If x,y,z>0,x+y+z=1then

ZZ/fyzz <.
Nguyen Hung Cuong, Vietnam, RMM 8/2025
Solutie

ZZ/fyzz < 1/5 = z ]

1
3x+2y+z+
4G 6 +1
LHS=Z7x3yzz%Sz : 27)5 6 1+1

=1=RHS.

Egalitatea are loc dacd si numai dacax=y=z= 3

Remareca.
If x,y,z>0,x+y+z=1andn € Nthen

Z3n+4¢xn+2yn+lzn < 3n+\4/§ )

Marin Chirciu
Problema689.
If a,b,c >0,ab+bc+ca=3then

S e
4
Nguyen Hung Cuong, Vietnam, RMM 8/2025

Solutie
Lema.
If a,b,c >0,ab+bc+ca=3then

bc
Z\/a +7 \/ a+b)(a+c) '
Demonstratie.

AG
a4+7=(a4 +1)+6 > 2a2+6:2(a2 +3):2(a2+ab+bc+ca)=2(a+b)(a+b) =
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:>\/a4bj-7 S\/2(a+§)c(a+c)'

bc ‘Lema bc 1 b c 1( b c
a*+7 Z“\/2(a+b)(a!+c) \/EZ a+b a+c ﬁz2[a+b+a+cj
1 3 32

=—-—=——=RHS.

22 4
Egalitatea are loc dacd si numai dacda=b=c=1.
Remarca.

4G ]

If a,b,c >0,ab+bc+ca=3 and A Z%then

<

Z bc 3
a*+2(A-1)a* +10A-3 ~ 2\3A-1"

Marin Chirciu

If a,b,c >0,ab+bc+ca=3and22%then

Z bc < bc
a*+2(A-1)a’+102-3 “\|(3A-1)(a+b)(a+c)
Demonstratie.

a* +2(A-1)d +104-3 > (32-1)d’ +3(34-1)=(34-1)(a’ +3)=(34-1)(a’ +ab+bc+ca) =

bc bc
—(34-1)(a+b)(a+b < .
(32=1)(a+b)(a+ ):Z\/a4+2(l—l)a3+102—3 \/(3/1—1)(a+b)(a+c)
Am folosit mai susa” +2(A-1)d’ +10/1—3S§S(3)L—1)a2 +3(31-1) <
& (a-1)(a’+24a+1)20.

LHS:Z bc L‘Z’“Z bc _ 1 z, b c A<G
a4+2(ﬁ.—l)a3+101—3 B (3/1—1)(a+b)(a+c) J31-1 a+b a+c

AG 1

1( b c 1 3 3
< 5 + = == = RHS .
N3i-1 Z2(a+b a+cj Ba-1 2 234-1
Egalitatea are loc dacd si numai dacda=b=c=1.
Problema690.

Ifx,y,z >O,Z:xy3 =3 then

5

Y>3,

y
Craciun Gheorghe, Mathematical Inequalities 5/2025
Remarca.

Ifx,y,z >O,Z)cy3 =3andn € Nthen
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Marin Chirciu

Solutie.

Pentrun = 0 obtinem Zz >3, vezi AM-GM.
y

Pentrun € N folosim inegalitatea lui Holder.

x2n+l x2n+2 Holder (Z x2 )n+1 SOS (Z x2 )n+l 1 nVase ] n
s 25 B B S e ) S ()
: (V33) =%-3" ~3=RHS.

= 3n—1
Egalitatea are loc dacd si numai dacd x=y=z=1.
Problema691.

If x,y,z>0,x+ y+2z=xyzthen

—

<

N | W

z J1+x?
Sampas Theodoros, Greece, MathAtelier, 8/2025
Solutie

A A p
Avem » cot—=] |cot—==—.
2 cot— =] Jeot > ==
Cu substitu‘,[ia(x, y,z) = cotg,cotg,cot %j inegalitatea se scrie:
1 . A3
Z— < 3 = Zsm— < —.,(Jensen).
’ ,A4 2 2 2
1+cot™—
2
Remarca.

If x,y,z2>0,x+ y+z=xyzthen

Y2
1+x* 4

Marin Chirciu
Problema692.

If a,b>0,a+b=2then

2 2 73 3 = 4 =5
a +b°+1 a+b’+1 a +b"+1 3
Nguyen Hung Cuong, Vietnam, RMM 8/2025

ub+ 1 1 1 <4

Solutie
2=a+b>2Jab = ab<1;
s(a+tb) 2

R R Sl A A
2 2
s(a+b) 2°
a4+b42(a 3) =2_3: ;
2 2

a+b =(a+b)3 —3ab(a+b)=23 —3ab-2=8-6ab.

1 1 1 < 1 1 1

LHS =ab+ —— 55 <t <ab — + =
a+b"+1 a+b+1 a +b"+1 241 8—6ab+1 2+1
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2 1 04

=ab+—— <—=RHS,
3 9-6ab 3
M) 4 ab=r<1 o 2
uﬂdeab+g— : Sﬂ <£> t+2_ ! £ﬂ<:>—9t o lgz@—% ot 132<:>
3 9-6ab 3 3 9-6t 3 9—6t 3 3-2t

< 61" =13t+720 < (1-1)(6:-7) 20, Vezit£1<%.

Egalitatea are loc dacd si numai dacia=b=1.
Remarca.

If a,b>0,a+b=2and22%then

1 1 1 </1+3

ab + — + < .
aA+b*+ 1 aA+b+A1 at+b+A1 A+2

Marin Chirciu
Problema693.

1
Solve x¢e” =log, x,x €(0,0).
Panagiotis Danousis, Greece, MathAtelier 8/2025

Solutie
1 1 1

xee" =log, x < x°¢"+Inx=0, f(x)=x‘e" +Inx,x €(0,00)este functie strict crescitoare si
e

1 1 L .
f| — |=0 = x =—este solutia unica a ecuatiel.
e e

Deducem ca S = {l} .
e

Remarca.

1). Let be A > 0 fixed. Solve (lx)é et = log, (Ax),x€(0,00).

e

1 1
(Ax)e & =log, (Ax) < (Ax)e €™ +In(Ax)=0, f(x)=(Ax)c €™ +In(Ax),x €(0,00),1>0
. . < . 1 1 . . .
este functie strict crescatoare si f (—j =0=>x= ﬂ,_ este solutia unica a ecuatiei.

de e

Deducem ca § = {L} .
Ae

Q| =
=

2). Let be A > 0 fixed. Solve Gj e

=log, (%),xe(o,oo).

e

Dezvoltari, Marin Chirciu
Solutie

—_

1

1
- A - X - x
e Z X x ) = X x ) = X
—|e*=log |—|<=|=]| e¢+In==0,f(x)=|=| e*+In—,x€(0,0),4>0este
(ﬂj gl(ﬂ) (ﬂj 70 ) [ﬂj 7 e0)

e

functie strict crescatoare si f° (

QN

A L -
j =(0 = x = — este solutia unica a ecuatiei.
e
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Deducem ca S = {i} .
e

Problema694.
If a,b,c >0,abc=1then

(Z%)z >33 a? .

Nguyen Ngoc Phuc, Vietnam, Mathematical Inequalities 8/2025

Solutie
2 4G 2 e
Avema—+a+a>3\/ 2-£~——3\/ — =3a’si analoagele.
b ¢ ¢ b” ¢ c bc
2 2
Z[Fz* +_j>z3a DY) Y9 YR DY IS g
c

Egalitatea are loc dacd si numai dacia=b=c=1.
Remarca.
1). If a,b,c > 0,abc =1then

2
(zﬁj 235 ab.
b
2). If a,b,c > 0,abc =1then

a
-2 ) a.
ES)
Dezvoltari, Marin Chirciu

Problema695.
If a,b,c >0,abc =1then

H(a+b)24(a+b+c—1).

Kunihiko Chikaya, Japan, Mathematical Inequalities 8/2025
Solutie
Folosim pgr -Method.

Notam p = Za,q = Zab,r =abc =1.
AvemH(a+b)=pq—r,r:1 :>H(a+b)=pq—1.
Inegalitatea se scrie:

pq—1= 4(p - 1) < pg+324p < g+ 3 >4, care rezulta din inegalitatea mediilor:
P

G 3
g4>-2,9,9,33,04.9.93 4|9 Ty
p 3 3 3 p 333 0p 9p
3
unde(1) < 9q—21 < ¢’ 29p, care rezultd ding” >3psiq > 3, vezi
p

q :(Z:ab)2 > 3acha :3rpr;l3p sig = ZabAZG33 (abc)2 =3.
Egalitatea are loc dacd si numai dacda=b=c=1.
Remarca.
If a,b,c >0,abc =1then
H(a+b)+zlz4(a+b+c)—1.
a
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Marin Chirciu

Problema696.
In AABC
Zma < Zra .
Nguyen Hung Cuong, Vietnam, RMM 8/2025
Solutie
Leuenberger
LHS=)m, < 4R+r=) r =RHS.
Remarca.
1).In AABC
Z(ma +mb) < 22’2 .
2).In AABC
Z(ma +Am, ) < (1+/1)Zra .
Dezvotari, Marin Chirciu
Problema697.
In AABC
at+b* +c¢* +abc(a +b+c) >32F°.
D.M.Bitinetu-Giurgiu, Claudia Nanuti, RMM 8/2025
Solutie

Goldner Euler

LHS=a4+b4+c4+abc(a+b+c) > 16F*+4Rrp-2p > 16F> +4-2r-rp-2p=
=16F*+16F* =32F" = RHS.

Remarca.
In AABC
a4+b4+c4+labc(a+b+c)216(/1+l)F2,ﬂ,ZO.
Marin Chirciu
Problema698.
If x,y>0,x+l:3(y+l]thenﬁnd
y x
X+ xy+y’
X —xy+y’
Sanong Huayrerai, Math 8/2025
Solutie
1 3(xy+1
x+l=3[y+l] < v (xy ) <:>(xy+1)(3y—x)=0 xy>0< x=3y.
y x y X
2 2 123y Q4,2 2 2
Obﬁnemxz+xy+y2 N 9y2+3y2+y2 :E.
X =xy+y 9y"=3y"+y~ 7
Remarca.
If x,y,/1>0,x+l=l[y+ljthenﬁnd
y x
x> +xy+y°
X —xy+yt
Marin Chirciu
Solutie
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XHxp+yt A+ A+1

Deducem ca—; == .
X —=xy+y. A —-A+1

Problema699.
In AABC

2 R

< )
Z w,W,
Adil Abdullayev, Azerbaijan, RMM 8/2025

Solutie

) . . 2rp°
Folosindw’ <77, ob‘glnemej < Zrbrc =p’ §IZWaWb > Zhahb = %

2 2
w
Lis = 2" P _ R _ s,
Zwawb 2rp° 2r
R

Remarca.
In AABC
4
w
2. <R ar-r).
Zwawb 2r
Marin Chirciu
Solutie
Folosind w? <7,7 obtinem > w! <> 177 = p*(p* = 2" —8Rr)si Y w,w, 2 > h,h, =
2—2r*—8Rr) R(p’>—2r*—8Rr) Gerresen
s S Pl s R(p Joos
Z w,wW, 2rp 2r
R
Gerresen R(4R* +4Rr+3r* =2r* =8Rr)  R(4R*—4Rr+7r’) R(2R-rY
< = = = RHS .
2r 2r 2r
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema700.
In AABC
Zr—” !
n R
Adil Abdullayev, Azerbaijan, RMM 8/2025
Solutie

2I’CS(Zra)2 2}" (4R+7") +20€r;tsen (4R+7")2 +2

2
LHS=Z:—“+%=Z o 2
b

rr, erb P’ R R(4R+r)2 R
2 (2R - r)

2(2R-

_202R=r) 20y s,
R R

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Remareca.
1). In AABC
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2). In AABC
h, 27(3R + r) 27
h, 2(4R+r) 2
3). In AABC
2
S|y s
h, R+r
Dezvoltari, Marin Chirciu
Problema701.
If f(x+lj =x +i3then find 1'(4).
X X
Sanong Huayrerai, Math 8/2025
Solutie

f(x+lj:x3+i3 = f(x+lj:[x+lj —3(x+lj
x x x X x

f(4):43—3-4:64—12:52'

Remarca.
). If f[x+lj:x3 +i3then find f(1),12>2.
X X

Solutie
Deducem cd f/(A)=4"-34.

2). If f(x+lj = x* +—then find f (1),4>2.
X X

Solutie
Deducem ci /(1) =A"—44% +2.

Problema702.
If a,b,c >0,a+b+c+2=abcthen

Z 1

a+7

,x+l:4:>
X

Dezvoltari, Marin Chirciu

<l1.

Nguyen Hung Cuong, Vietnam, RMM 8/2025

Solutie

o +z z+x x+
Cu substitutia(a,b,c) = (y £l
x y

z

LHSZJa1+7Z\/

r+z
1
/3-§=1=RHS,

X
M

X
unde Z

<

reverse 1

= 2

>

1 1
<— -
6x+p 3 6x+p p

1 X D=r x CBS
Z Tx+y+z - Z“\'/6x+p S\/?’Z:

j obtinem:

M
X
<

6x+p

, care rezulta din:
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I <« 9 9 9
Z —

1
2 = = = —
6x+p Z(6x+p) 6Zx+3p 6p+3p p
Egalitatea are loc dacd si numai dacda=b=c=2,
Remarca.
If a,b,c>0,a+b+c+2=abc and A >1then

3

1
Z\/a+ﬂ, S\//1+2 .

Marin Chirciu
Problema703.
If a,b,c >0, abc =1then

I
a+3
Konstantinos Geronikolas, Greece, Mathematical inequalities 8/2025
Solutie

Halder (Za)3 cgs (Za)3 (Za)3 P’ (1)3
HHS = Z«/aT 32 Na+3 3. 3Y (a+3) 3\/3 > a+9) 3J3p+27 2

= RHS,

3 (1)
unde33p—27>; < 2p 23B3p+27 < 4p° 29(3p+27) <> 4p° —243p—218720 =
p+

S (p—3)(4p5 +12p* +36p° +108p° +324p+729)20 & p=3, vezi

AG
p=a+b+c> 33fabe =3.
Egalitatea are loc dacd si numai dacda=b=c=1,
Remarca.
If a,b,c >0,abc=1and A > 0then

z a3 > 3
Ja+a Ja+1
Marin Chirciu
Problema704.
If a,b,c,d >0,abcd =1then

ZaSZZa.

Craciun Gheorghe, Mathematical inequalities 8/2025

Solutie
Chebyshev

LHS:Za > —ZaZa >Za Ja'bictd = Za RHS .

Egalitatea are loc dacd si numai dacda=b=c=d =1,
Remareca.
If a,a,,...,a,>0,aa,..a,=1andn e N,n>2 then

n+l

a'+a! +.+ad" >a +a,+..+a,.

Marin Chirciu

Solutie
Chebyihev

LHS=Za1"+1 —ZaIZal >Za1 «[Hal" =Za1:RHS.

Egalitatea are loc dacd si numai dacda=b=c=d =1,
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Problema705.

Rezolvati in R ecuatia:

e Brrl 2 Brrl =t
2++/3x+1
Konstantinos Geronikolas, Greece, Math, Problem(234) 8/25
Solutie

Conditii de existenta: x e [—%,1} =D.

r . . 4
Cu substitutia+/3x+1=¢ > Oecuatia se scrie2+¢ ++2—1 = S2+t+V4- =4 =

J2+t

SNA-1 =2-t <41 :(Z—t)2<:> 20 =4t =0 < 1€{0,2} < 3x+1€{0,2} <

s
S xes—, 1.
3

. .. .. -1
Deducem ca multimea solutiilor ecuatiei este S = {? , 1} .

Remarca.
Fie A >0 fixat.
Rezolvati in R ecuatia:

S Je s+ Ja- e =——22

\//1+\/(/1+1)x+1
Marin Chirciu
Solutie
Deducem cd multimea solutiilor ecuatiei este S = {_ﬂ A= 1} .
+
Problema?706.
InAABC
¢ A (4R+r)3 -3p° (2R+r)
Zcos —= 3 .
2 32R
Adil Abdullayev, Baku, Azerbaijan, RMM 8/2025
Remarca.
InAABC
81r P 2cos6é B 81R .
32R 2 128r
Marin Chirciu
Solutie

3 2
o . . A (4R+r) =3p (2R+7r
Folosim inegalitatea lui Gerretsen in E cos’ 2" ( ) 32; ( )

Problema707.
In AABC

>, lA <—-2.

sin> "
2
Adil Abdullayev, Baku, Azerbaijan, RMM 8/2025
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Solutie

2cosé ZCOSé
2R

Steinig Euler
g |2 Jyg B 3RITAR S rus
4r 4 4r r r
Remareca.

InA4BC

A Stelntg

<4R\/Z Seort 4

LHS =Y 1A=z

sin 2 smA

Marin Chirciu
Problema708.

If £:(0,00) x(0,00) —(0,00) then :

[ X +2J{ V +2J[M+2J2£,Vx,y,ze(0,oo).
(erf(ery))2 (erf(ery))2 (x+y)2 4

D.M.Bitinetu-Giurgiu, Neculai Stanciu, RMM 8/2025

Solutie
Lema
Ifa,b,c,t >0

(a+b+c)2t2.

AW

l_I(a2 +t)2

Hojoo Lee Inequality

LHS:[ X _ +2J£ v : +2J[f2 (x+)2})+2]HojUZOLee
(y+f(x+y)) (x+/(x+y)) (x+y)

)
al + J +f(x+y)J 2%7,

HO]UOL663
> —-4

4 y+f(x+y) x+f(x+y) xX+y
x N y +f(x+y) (1)27@
y+f(x+y) x+f(x+y) X+y 4

X + 4 + f(x+ y) > 3 , care rezulta din:
v+ f x+y) x+f(x+y) x+y

X y JOry)_ x oy oa

+ = + + =
y+f(x+y) x+f(x+y) X+y yv+a x+a x+y
2 2 2 cs 2 2)
_x oy a $ (x+y+a) ZE,
xy+xa xy+ya xa+ya 2xy+2xa+2ya 2

unde§'4(
4

(x+y+z) RE ) ]
> = > _ t
2xy+2xa+2ya 2 & (x+y+a) 23(xy+xa+ya), a=f(xy).adevirat,

cuegal pentrux =y = f(x+y).

unde
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Egalitatea are loc dacd si numai daca:

X vy _flxy) .
= six=y= f(x+y), contradictie.
() w ) ary T )
Remarca.

If £:(0,00)x(0,00) —(0,00) then :

2

{ al +/1J[ Y J(fz(x+y)+/1J22%2,‘v’x,y,ze(0,oo).
(erf(ery))2 (x+f(x+y))2 (x+y) 16

Marin Chirciu

Problema709.
If0<x,y,z<1 then

>

sin y
Craciun Gheorghe, Mathematical Inequalities 8/2025

>sin(x+y+z).

Solutie

o (Bef oo (T (2 g o
LHS = Zsmy ZSIHy > Zy ZX Zx > stx RHS .
Remareca.

If0<x,y,z<landn € Nthen

X sin Z x)
3 .
Z sin y g ( 3 j

Marin Chirciu
Problema710.
Solve in R the equation:

Ifa,b,c>0,l+%+l=a+b+cthen find max of
a c

1
(Za +b+ c)2 .
Kunihiko Chikaya, Japan, Mathematical Inequalities 8/2025

Solutie

AG 1 1
2a+b = b >2 b < .
a+b+c=(a+b)+(a+c) (a+ )(a+c):>(2a+b+c)2 Harb)(are)

1 1
2a+b+c) Z4(a+b)(a+c)=z

_ Z a Lem<aS/9 Z a Zicz?a L _ i
2[ [(B+¢) 5. Zazbc 16Zbc 16-3 16
Am folosit mai sus Zbc >3, care rezulta din:

1,1 bec:zmzbc=abcza
aoc

a b c

Din(z:bc)2 > 3abc2a §i2bc = acha = (Z:bc)2 > 3Zbc =S Zbc >3.

—Z
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Egalitatea are loc dacd si numai dacia=b=c=1.

) 3 3
DmPSE,cuegalpentrua=b=c=1,deducemcémaxPzEpentruazbzc:l.
Remarca.

I 1 1
Ifa,b,c>0,—+—+—=a+b+cthen find max of

a b ¢
P=) ———

a+b a+c)

Marin Chirciu
Solutie

3
Deducem ca max P = Epentma =b=c=1.

Problema711.
Ifa,b,c >0,a+b+c+2=abcthen

Z«/_ < abc

Nguyen Hung Cuong, Vietnam, RMM 8/2025
Solutie

3 2
Z\/ZSE\/E@ZEQ.

o +z z+Xx x+ )
Cu substltu‘gla(a,b,c) = [y R , Y j obtinem:
X y z

AG
_2=2y2:2\/zysz+y.
N, Z+xx+y Z+xx+y z+x x+y

RezultaZT<Z(Z+x x+yj:3'

Egalitatea are loc dacd si numaidacdx=y=z < a=b=c=2.

Remarca.
1). Ifa,b,c>0,a+b+c+2=abcthen

>

2

Q|-
le

Solutie

. . +z z+X X+ .
Cu substitutia(a,b,c) = [y , Ty obtinem:

X y z
LHS = Z zyﬂ

Nesbitt
Sl 5 — RHS.
Egalitatea are loc dacd si numai dacix=y=z < a=b=c=2.
2). Ifa,b,c>0,a+b+c+2=abcand n € Nthen

1 3

>
an 2}1

Marin Chirciu
Solutie
Pentrun = 0 se obtine egalitatea3=3.
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1.3 L.
Pentrun =1 avernZ— > > vezi mai jos.
a

In continuare fien >2.

Cu substitutia (a,b,c) = [y *z z X 2z * yj obtinem:
X y z
1 n X n 3 n
1 Holder (z a) (z y + Zj Nesbitt (2) 3
LHS =Y — > L= — > 24 = — =RHS .
a" 3" 3" 3" 2"

Egalitatea are loc dacd si numai dacix=y=z <> a=b=c=2.
3).Ifa,b,c>0,a+b+c+2=abcthen
Za26.

Solutie
L. + + + .
Cu substltu‘gla(a,b,c) = [y z s £ , i yj obtinem:
X y z

LHS =Y a=Y 2 25 6= rES.
X

Egalitatea are loc dacd si numaidacix=y=z < a=b=c=2.
4). Ifa,b,c>0,a+b+c+2=abc andn € Nthen
D>a 232",

Dezvoltari, Marin Chirciu
Solutie
Pentrun = 0 se obtine egalitatea 3=3.

Pentrun =1avem Za > 6, vezi mai jos.

In continuare fien >2.

Cu substitutia (a,b,c) = [y tz , Zry , Al yj obtinem:
X v z
) ( y+ zj"

" Holder a AG ([

LHS=Ya" > 2 1) = > ) SO 30— pas.
3" 3" 3"

Egalitatea are loc dacd si numaidacix=y=z < a=b=c=2.
Problema712.

Ifx,y,z>0,xy+ yz+zx+2xyz =1 then

PN
Z I-x S5

Nguyen Hung Cuong, Vietnam, RMM 8/2025
Solutie
Lema.
Ifx,y,z>0,xy+ yz+zx+2xyz =1 then

1
1).xyz<—;
)- Xz <9

2). xy+yz+zx2%;

53


http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 —- SEPTEMBRIE 2025 www.mateinfo.ro

3). x2+y2+222%.

Demonstratie

1

1. 1= xy+yz+zx+2xyz>4ny yz-zx- 2xyz—442( ) :>xyz<§
<1

XyZ,§ 1

2). xy+yz+zx+2xyz=1< xy+yz+zx=1-2xyz > 1—2-§

3). X’ +y +z° 2xy+yz+zx2%.

CBS Lema 3 3,\/5
LS =Y 1= < \BY(1-x) = B(3-2x) < 3[3—2]:7:1{}1&

. . C 1
Egalitatea are loc dacd si numai dacix=y=z= 5
Remarca.

1
Ifx,y,z>0,xy+yz+zx+2xyz =1 and/IZZthen

S < WA
LR

Marin Chirciu
Problema713.
Rezolvati in R ecuatia

2(x2 —3x+2):3\/x3 +8.

Matematika v skole, Concursul GM-1994
Solutie

Conditii de existentd: x> —3x+220,x’ +8>0 < x €[-2,1]U[2,0)=D.
Cu substitutia(a,b) = (x2 —2x+4,x+2) ecuatia se scrie2(a—b) = 3Jab ,a>0,b>0.
Ridicand la patrat 2(a—b)=3+ab obtinem: 4(a—b)’ =9ab <> 4(a’ —2ab+b*)=9ab <

< 4a’ ~17ab+4b*> =0 @%e{iA}.

1 _
Dacé£=—,atun01ﬂ 1 < 4x°-9x+14=0 < x¢R.
b 4 x+2 4
a x*=2x+4
Dacégz4,atunci—2=4<:>x2—6x—4=0<:>x=34_r\/13eD.
X+

Deducem cd multimea solutiilor ecuatiei este {3 ~J13,3+413 } .

Remarca.
1). Fiel < A <8 fixat. Rezolvati in R ecuatia:

2(x2—(/1+1)x+/12 —Z):3\/x3+/13 .

Marin Chirciu
Solutie
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/1+4J_r\/—32,2+24/1+16}
. .

Deducem c@ multimea solutiilor ecuatiei este{

Rezolvati in R ecuatia:
2(x* -2x)=34x" +1.

Marin Chirciu

Solutie
Cazul A =11n problema de mai sus.
Problema714.
Sa se calculeze suma
2
n+2+£+l+...+n 2,neN,nZ2.
n! 2! 3! n!
GM-10/1977 ,Matematica v scole nr.3/1977, Concursul GM-1994
Solutie
2 2
Sn=n+2+£+l+... n 2:n+2+ no 3:n+2 Z n_ 3:
n! 2! 3! n! n! n! n! n! (n—l)! n!
n+2 n—1+1 2 n+2 n—1 1 2
= + - ) —=——+3+ + -) —=
n! Z“(n—l)! Z“n! n! Z“(n—l)! Z(n—l)! n!
=n+2+3+z ! +> L 2 _m#2,, 1 2 5 n#27n=2 5
n! (n—2)! (n—l)! n! n! (n—l)! n! n!
Problema715.
+1)(2n+1
Ifal,az,...,aneR,a1+2a2+...+nan2n(n )6( ? )then

n(n+1)(2n+l).

6
Marin Chirciu, Concursul GM-1994

v zw;m(n<n+l><zn+l>j;

,,)(12+22+...+n2) > (a,+2a,+..+na,) = c

2 2 2
a, +a,+..+a, 2

2
(a12+a22+m+a3)(12+22+m+n2)2£n(n+l)6(2n+l)J -

n(n+1)(zn+1)J>(n(n+1)(zn+1)]2 o

2 2 2
= (a1 +a; +...+an)(

6 6
+1)(2n+1
Sal+a+.+a > n(n )6( n+1) :
Egalitatea are loc daca si numai daci (a,,4,,...,a,)=(1,2,...,n).
Problema716.
InAABC
3 L >4-2"
m R

a

Konstantinos Geronikolas, Greece, RMM 8/2025
Solutie
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S
Panaltopol p_a S a }/‘p 2(2R—]")_2(2R—r) —4—£—RHS
Rp Rp p—a Rp r R ’
a
Remareca.
InAABC
r+r r
1), L—<>4{1+—|.
TE ( RJ
2
) Z“mb +m, R
Solutie
S 1
Panaitopol S _ 7
p—a a _1mp
LHS = > —_— = =
Z“mb+m ZRP Rp szl 1 Z“b+c )(p- a)
b c b c
r P+ (32R +4Rr +27 )+ r (4R + 1) Or 6r_6r oo
"R 2p* (p* +1* +2Rr) "RR R
7, +r 6r
3 . b c >
) Z:mb +m, R
h 6r
4). > —,
) Zma R
h,+h 2rY
5 b_<¢>6.| —
2T
h 6r*
6). 4 >—.
) Zmb +m, R
h +h 6r
7 b (4 >
) Z:mb +m, R
Dezvoltari, Marin Chirciu
.Problema717.
In AABC
2
Zln—a > ln(abc) .
In(b+c—a)
Craciun Gheorghe, Mathematical Inequalities 8/2025
Remarca.
InAABC
k+1 1 k b .
y e .0 (:lc),keN .
In(b+c—a) 3
Marin Chirciu
Solutie
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I 4 c>5 (Zln a)k+1 ~ (ln(abc))k+1 ~ (ln(abc))k+1

In(b+c—a) 3k*121n(b+c—a) 3k lnH(b+c—a) 3k lnH(b+c—a) B
(ln(abc)) - <1>) In* (abc) (ln(abc))k+1 (;) In® (abc)

LHS=Y"

= RHS , unde

T3 lnH(b-l-C—a)_ 3! ’ 3! lnH(b+c—a)_ 3!
< In(abc) > ln(8r2p) < abe>8r’ p <> 4Rrp > 8’ p <> R>2r (Euler).
Problema718.
InAABC
2
a-w
)y
p’(p-a)
Francz Adalbert, Arad, GM-8/1988
Solutie.
Lema.
InAABC
——+—=16Rr
>~ pz ( ey R %
2p
LHS = —16Rr 16Rr —:4Rr- =2.
Z Z Z 4bc 4Rrp
Remarca.
InA4ABC
2
a-w
5477 <Y —2<2p*.
LTS
Marin Chirciu
Solutie.
Folosim inegalitatea lui Gerretsen si Z = 16er
(P a b + c
Problema719.
InA4ABC
m’ R
> e <l+—,
pre r
Adil Abdullayev, Azerbaijan, RMM 8/2025
Solutie
(R+4r)—r(4R+7) R+4 AR + 1)’ Gerresen R 4 4 4R+7)
P (Redr)-r(4Rer) | Redr (4Rer) G Redr (4R4r)
le pr r 'z r R(4R+7)
2(2R - r)
2(2R — 2 2 Euler
_R+4r 202R-r) R'+2 2r RPr R .o
r R Rr R r r
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Remarca.
InAABC
m; _2r R
3< 4 < 4
Z nr., R 1’
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In AABC
or m’
1).—< 4. <3
) R Z hyh,
m’ m’
2), 2<3< “
) Z hbhc Z l%rc
Dezvoltari, Marin Chirciu
Problema720.

Solve in real numbers the equation:
X’ = 2\/x2 -1 +\/x2 -4,

Amir Sofi, Kosovo,RMM 8/2025
Solutie

X =2\/x2—1+\/x2—4C2S\/(22+12)(x2 ~1+x* —4) =\/5(2x2—5) -
—=x’ < 5(2x2—5) = 35(2x2—5) < x'—10x* +25<0 <::>(x2—5)2 <0y =5<

S X = i\/g .
Multimea solutiilor ecuatiei este {—\/g 5 } .

Remarca.
Solve in real numbers the equation:

X =/1\/x2 -1 -1-\/x2 A%,

Multimea solutiilor ecuatiei este {—\//12 +1,4 A% + 1} .

Problema721.
Ifx, y,z > O0then

Marin Chirciu

Z%Z,/?;sz .

Mathematical Inequalities 8/2025
Solutie

z

Z%Z\/Z’ZT @(Z%T >3% x* @M232x2 =

Xyz
= (Z:yzz2 )2 >3x%y’z ) X7
Egalitatea are loc dacd si numai dacax=y=z.

Problema722.
ab+bc +ca Si/(a-l-b)(b-i—c)(c-i—a) '
\l 3 8

Ifa,b,c > 0 then
Kunihiko Chikaya, Japan, Mathematical Inequalities 8/2025

Solutie

RHSZS\/(a+b)(b+c)(c+a) Lemza8/9i/(a+b+c)(ab+bc+ca)g ’ab+bc+ca _LHS.
8 9 3
undei/(a+b+c)(ab+bc+ca)g fab+bc+ca -
9 3
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(a+b+c)2(ab+bc+ca)2 (ab+bc+ca)3 ) .
ol > > < (a+b+c) 23(ab+bc+ca), adevarat.
Egalitatea are loc dacd si numai dacia=b=c.
Problema723.
1 5
Ifx* +— =5 then find x° +—.
X X
Chew-Seong Cheong, Math 8/2025
Solutie
|
6,9 6 x+; 6 1 5, 1 ’ 2
Avemx”+—=x"+ T=x +l+—=x+— | -2+1=5-1=24.
X X X X
Remarca.
1 A
1).Ifx3+—3=ﬁand222thenﬁnd x6+—3.
X X
Solutie
1
e Ao e o 1 (L 1Y : )
Avemx’+ =5 =x"+—X =x"+1+—=| X+ | —2+1=2"-2+1=4"—1.
X X X X

1 A
2). Ifx"+—=4 and A >2,n € Nthen find x” +—.
X X

Dezvoltari, Marin Chirciu

Solutie
|
/1 X +T 1 1 2
Avemx” + = =x" + —X =x" +1+7=(x” +_"j —2+1=27-241=A%—1.
X X X X
Problema724.
x+y+z=4

If{x’ +y* +z* =6,then find x’ +)° +2°.
xt+yt+zt =8
Chew-Seong Cheong,Math 8/2025
Solutie
2 2
x) =) x 2_
Avemnyz(z )2 z =4 2 6:5.

D =YD= x> x+3xz2=4-6-5-44 30z =4+3xz < Y X’ =4+3x0z ().

4 3 2 _ 3_ g, 3 :Q
Zx —Zxe Zx)/zx +xysz<:>8—4Zx 5 6+4xyz<:>2x +xyz 5 ,(2).

Din(1)si 2)= ) x° =%5.

Remarca.
xX+y+z=41
1). Let be A >0 fixed. If{ x* + > +z° = A+ 2 ,then find X’ + )’ +2°.
xr+ytrzt=1+4
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Solutie

A +61°+94% —64+12
81 '
X+y+z=41
2). Let be A.> 0 fixed. If{ x* + y* + 2> =24 then find x* +)° +2°.
X +ytrzt=42

Obtinem: » x’ =

Dezvoltari, Marin Chirciu

Solutie

3 2
Obtinem: sz _ A +10)u8 81+24 .
Problema?725.

In cubul ABCDA'B'C'D' fie M mijlocul lui( BC)si N mijlocul lui(C'D').

Ardtatica AM 1 B'N .
Sorin Peligrad, Pitesti, Concurs- GM-1994
Solutie

Fie P mijlocul lui(CD) si{E} = AM N BP.
Rezultd AABM = ABCP = <AMB = <BPC = MCPE este patrulater inscriptibil =
= <PEM =90" = AM 1 BP ,BP||B'N = AM 1 B'N .

Problema726.
Ifx,y,z>0,x+y+z=3andk >0

X 3
< .
Ntk Nk+1
Konstantinos Geronikolas, Greece, Mathematical Inequalities 8/2025

Solutie

Aplicand inegalitatea lui Jensen pentru functia concava f ,x > 0obtinem:

5= Y= S ()£ )+ £(2) "% f[x+y+zj:3f(1):\/m=RHS.

Egalitatea are loc daca si numai dacax=y=z=1.

Remarca.
InAABC
1 1
1). —_— < —
Z 3 +9r 2r
Solutie
Lema

Ifx,y,z>0,x+y+z=3

. . ~ . . r
Se cunoaste identitatea in triunghi Z— =1l Z— =3.
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3r 3r 3r 1 1
Folosind Lema pentru(x, y,z)=| —,—,— |obtinem: ) ————<—
b ( g ) [”a h ”c] Z:\/3rf+9r2 2r

1 1
2) Y ————ax<—.
) z,/?)hf +9r2  2r

Dezvoltari, Marin Chirciu

Ifx,y,z>0,x+y+z=3

x +3
. 3r 3r 3 .
Folosind Lema pentru(x,y, z) = —r,—r,—r obtinem: Z; < €
ha hb ¢ 3h5 + 97'2 2r
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema727.
Solve in real numbers the equation:

i/)_c+i/)_;+2:3[16(x+y+2).

Panagiotis Danousis, Greece, MathAtelier 8/2025

Solutie
Lema
Ifx,y
3/;+3/Z; < «3,4(0 +b) )
Solutie

Cu substitutia (%,%)=(u,v) avem3fa +3/b <3 4(a+b) S u+v<y 4(u3 +v3) =
= (quv)3 S4(u3 +v3) = (u +V)3 S4(u+v)(u2 —uv+v2) = (u+v)2 S4(u2 —uv+v2) =
<:>(u—v)2ZO,cuegalpentmu=v<:>a:b.

Folosind Lema pentru(a,b) = (x,l) §i(a,b) = (y,l) obtinem:

3/;+1£3/4(x+1) , cu egal pentrux =1 si{/;+1£3/4(y+1) ,cuegal pentruy =1=

— Yx+3 y+2£§/4(x+1)+{/4(y+1)Leﬁma{/4(4(x+l)+4(y+l)) =fi6(x+y+2).

Deducem ca‘l(x, y) = (1, 1) este solutia unica a ecuatiei.

Remareca.
Solve in real numbers the equation:

3/;+3y+3/;+€/;+4=4%/x+y+z+t+4.

Marin Chirciu
Deducem ca (x, vz, t) = (1, L1, 1) este solutia unica a ecuatiei.
Problema728.

a’+2a*+3a+4=0
Ifa,b,c>1,]b +2b° +3b+4=0 then ﬁndH(HiJ,
S 42 +3c+4=0 a=
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Sanong Huayrerai, Math 8/2025

Solutie
a,b,c sunt radacinile ecuatiei x’ +2x* +3x+4=0.
Relatiile lui Viete Za =-2, Zab =3,abc=—4.

1 - _ _
CalculémH(H 2 J:HGH_H(‘H ) r+q+p+l —4+43-2+41 2

1
a-1 a-1 [[(a-1) r—g+p-1 —4-3-2-1 —10 5

Remarca.
a+a’ +(A+1)a+A+2=0

Let be 2> 0 fixed. Ifa,b,c > 1,{b* + Ab> +(A+1)b+ A +2=0 then ﬁnd]‘[(uij.
E+At +(A+1)c+A+2=0 a-l

Marin Chirciu
Solutie
a,b,c sunt radacinile ecuatiei X+ A+ (l + 1) x+A+2=0.

Relatiile lui Viete Za =-1, Zab =A+Labc=-1-2.

Deducem ci H(l+ilj = 3):1 7
a— +

Problema729.
Solve in real numbers the equation:

Sanong Huayrerai,Math 8/2025
Solutie

oo |x+1 1 . .
Cu substitutia |, ’— =1>0 < —=t"—1 ecuatia se scrie:
X X

P —1+1=5 <:>t2+t—6:0<:>(t—2)(t+3)=0<:>t=2<:>,/X—H=2<:>x:%.
X

. . L 1
Deducem ca ecuatia admite solutia unica x = 3

Remarca.

1). Let be A > 0 fixed. Solve in real numbers the equation: £ + /x 4 =5.
X X

Solutie

Deducem ca ecuatia admite solutia unicax = 3

2).Let be A >0,n > 1fixed. Solve in real numbers the equation: £ + 5 4 =n"+n-1.

X X
Dezvoltari, Marin Chirciu

Solutie
. . L A
Deducem cd ecuatia admite solutia unica x = — I
n —
Problema?730.
InA4ABC
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> Ja b +e.

Z«/bfc—a

Craciun Gheorghe, Mathematical Inequalities 8/2025

Solutie
Folsind dualitatea(a,b,¢)=(y+z,z+x,x+y),x,y,z >0, inegalitatea se scrie:

y+zcs(zm) (”Z
T N

Zy—ﬂz\/y+z+«/z+x+\/x+y,carerezultédin: Z y+z,

’ +
unde (Zz 3—2) (;) Z Jytz & z Ny+z2 Z \/ﬂ vezi inegalitatea lui Minkowski:

S S HEA) = () =T

Egalitatea are loc dacd si numai daca triunghiul este echilateral.

Remarca.
InAABC
z b+c 2]/'\/_
Nb+c— a
Marin Chirciu
Problema731.

Sove in real numbers the equation:

x —4x’ +6x7 —dx+x" —2x+17 =3.

Le Khanski, Mathematical Inequalities 8/2025

Solutie
Avem \x’ -2x+17 >4 < (x—l)2 >0, cuegal pentrux=1.
Obtinem3 = x* —4x’ + 6x% —4x+/x* —2x+17 > x* —4x’ + 6x —4x+4 = (x—1)4 +3 =
=32>(x-1)'+3 & (x-1)' <0 = x=1.
Deducem ca ecuatia admite solutia unicd x=1.

Remarca.
1) Letbe A >0 fixed. Sove in real numbers the equation:

x'—4x® +6x° —4x+\/x2 “2x+ A +1=2-1.

Solutie

Avem Vx> —2x+ A2 +1> 1 < (x—l)2 >0, cuegal pentrux=1.
Deducem ca ecuatia admite solutia unicd x=1.
2) Sove in real numbers the equation:
x*—4x’ +6x7 —4x+x* —2x+37 =5.
Solutie
Cazul A = 61in Problema de mai sus.
Deducem ca ecuatia admite solutia unicd x =1.
3). Sove in real numbers the equation:
xt—4x’ +6x° —4x+x" —2x+5=1.
Dezvoltari, Marin Chirciu
Solutie
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Cazul 4 = 21n Problema de mai sus.

Deducem ca ecuatia admite solutia unicd x=1.
Problema732.

Ifa,b,c >0, abc =1then

5+Z%2H(a+l).

Nguyen Hung Cuong, Vietnam, RMM 8/2025
Solutie

abc=1

5+Z%2H(a+l) <:>5+Z%21+abc+2a+2ab = 3+Z%22a+2ab.

Cu substitu‘gia(a,b,c) = [z,X,EJ inegalitatea se scrie 3+ Zy—f > Zf + ZX =
y z x x y X

< D X’y +3x7y’ 2 2 xz) xp(x+), care rezultd din inegalitatea lui Schur

Zcf +3abc > Zab(a +b) pentru(a,b,c) = (yz, Zx,xy).

Egalitatea are loc dacd si numai dacia=b=c=1.
Remarca.
Ifa,b,c>0,abc=1and1< A <5then

l+2%2—ﬂg3 (a+1).

Marin Chirciu
Problema733
Ifa,b,c > 0then
a b c 1
+ + +
b+c c+1 a+l a+b
Craciun Gheorghe, Mathematical Inequalities 8/2025

>2.

Solutie
2 2 2 2 s
LHS:a+b c l:a b+c+12
b+c c+1 a+1 a+b ab+ac bc+b ca+c a+b
cs (a+b+c+1)2 sos
> > 2=RHS ,
ab+bc+2ca+a+2b+c
(a+b+c+1) sos )
unde > 2<:>(a+b+c+l) 22(ab+bc+2ca+a+2b+c)<:>
ab+bc+2ca+a+2b+c

S at+br++1-2ac-2b>0 & (a—c)2+(b—l)2 >0.

Egalitatea are loc dacd si numai dacia=b=c=1.
Remarca.
1). Ifa,b,c >0and x, y,z > 0 then

xa vb zc xb  yc za xc ya zb
+ + + + + + + + +
b+c c+a a+b c+l a+l b+1 a+l b+1 c+1

T (R >2(x+y+z).
a+b b+c c+b

Solutie
Lema.
Ifa,b,c > 0then
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a b e s,

+ +
b+c c+1 a+1 a+b
Analog:
b+c+a+l22,(2)sic+a+b+1
c+a a+l b+1 b+c “a+b b+1 c+1 a+b
Inmultind inegalitatea (1) cu x, inegalitatea (2) cu y, inegalitatea (3) cu z si le adunam.

>2,(3).

Egalitatea are loc dacd si numai dacda=b=c=1.

2).Ifa,b,c > 0then
Z a N 2a N 1 56
b+c b+1 a+b

Dezvoltaari, Marin Chirciu
Problema734.
Ifa,b,c >0and p > 0then

Z( a , b jp23.

b+c c+a
Dorin Marghidanu, Corabia, Olt, Mathematical Inequalities 8/2025

a b a+b
>

+ > .
b+c c+a (b+c)(c+a)

14 p ema !
LHS = ( a b j A§33H( a b j s, T ath =31 =
b+c c+a b+c c+a /(b+c)(c+a)

=3=RHS.
Egalitatea are loc dacd si numai dacia=b=csaup=0.
Problema?735.
InA4ABC
1 R’
rr <—
Z az > A 2r
oS
Konstantinos Geronikolas, Greece, Mathematical Inequalities 8/2025
Solutie
2
) ) 1 P+ (4R + r)
Folomerra =r(4R+r) §1Z A = .
cos” —
Remarca.
1). InA4ABC

36r° <y 1A£9R2.
coszz

2). 36r> <> rh, Y 1 — SOR”.
2

cos” —
2
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Marin Chirciu

Solutie
4
30087 <Y Y < 2
sin? 2 4r
2
Marin Chirciu
Solutie

| _p2+r2—8Rr

2
r

Folosierra =r(4R+r)si Z

sin® =
2

27R4

4). 108> < rh, o
r

Il

Dezvoltari, Marin Chirciu
Problema?736.
5046. Ifx, y,z > O then

3 3 2 2 + 2 + 2
ey 2eere)
x*+xy+y’ X+y+z
Nguyen Viet Hung, Vietnam, Crux Math, May 2025

Solutie

3

x° +y X
Folosind = rezulta —=2 _
z)c +xy+y° zx +xy+y’ Zx +xy+y Zx2+xy+y2

X 2(X*+y +z 242452
Obtinem 22 > ( )<:> Z >X TV T2 , vezi:

x? +xy+y X+y+z x* +xy+y X+y+z

s (X <2x2>2 X3
Z:x +xy+y° _Zx +xXy+xpt DX+ xp(x+y) (sz)zx dx

Egalitatea are loc dacd si numai dacax=y=z.

Remarca.
1). Ifx, y,z>0,x+ y+2z =3then

3 3 n n
S a3 (2]
x2+xy+y2 3
Solutie

Pentrun = 0 se obtine egalitatea 3=3.

Pentrun = 1se obtine Lema, vezi mai jos.
Pentrun > 2 se foloseste inegalitatea lui Holder.
Lema.

Ifx,y,z>0,x+ y+z=3andn € Nthen

Y,
X +xy+y
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Holder 2 2 Lema )" "
LHS = Z[ x4y j L X +xy+y z 2 :3.£2J _ RHS

x> +xy+y° 3! -3 3
Egalitatea are loc dacd si numai dacix=y=z.
2). InAABC
v+ 2
> g >

v, (ra2 +rn + rbz) 3r
Solutie
Lema

Ifx,y,z>0,x+y+z=3then

Zﬂzz_

X +xy+y°
. . N o~ 7 3r
Se cunoaste identitatea in triunghi Z— =1 ) —=3.
r[l ra

- 3r 3r 3 S pd 2
Aplicand Lema pentru(x, y,z) = (_r 2 —rj obtinem: Z Ty T 1 > 2

r,on T, T, (ra2 +rn + rbz) 3r
3). InA4BC
3 h+h 2
hohy (B, +hh,+ k) 3
Marin Chirciu
Solutie
Lema

Ifx,y,z>0,x+ y+z=3then

3,3
Zizz_

X +xy+y’
Se cunoaste identitatea in triunghi ) hL -ls % =3.
3r 3r 3 W +h 2
Aplicand Lema pentru(x,y,z) = —r,—r,—r obtinem: Z > * ~Z
hy By h, hhy (B2 +hhy +h)  3r

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
4). Ifx, y,z > Othen

4 4

Zx2+y2 2x2+y2+22.
X +y
Solutie
y' 4yt
Folosind = > rezultd =2
Z Z:x +y Z:x +y Z:x +y
5). Ifx, y,z > O then
2 2
Zx Ty ZxX+y+z.
x+y

Solutie
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2 2
Folosind = Ty Zx+y (x— y) >0rezultaz Y >Zx+y Zx.

x+y 2 x+y
Egalitatea are loc dacd si numai dacix=y=z.
6). Ifx,y,z>0,x+y+z=3,neNthen

Z(xzwzjn >3,

X+y

Dezvoltari, Marin Chirciu

Solutie
Pentrun = 0 se obtine egalitatea 3=3.
2 2
+ ...
Pentrun = 1se obtine Z Y >3 , vezi mai jos.
X+y

Pentrun > 2 se foloseste inegalitatea lui Holder.

Holder + 1 37
LHS =Y ey Yty ) S 3 3 gas.
xX+y 3" 3"
Egalitatea are loc daca si numai dacix=y=z=1.

Problema737.
781.1fa,b,c > 0then

4 4
Za b ;—c ZZaz(b+c)—3abc.

Daniel Sitaru, Pentagon, 8/2025

Ifx, y >0 then

x+y—\/52

Demonstratie

Notandu =

2

S U’ =x"+y’
Y siv=\lxy = Y =S8 +2V =X+ ) +2xy <
Vv =Xy

< 2ut+20° =(x+y)2.

2 2
. X+ .
Inegahtateax+y—~/xy21/ 2y sesCriex+y—vau x+y2u+v <<

& (x+y) 2(utv) @ 2 +20 20+ +2uv & (u—v) 2 0.

Folosind Lema pentru(x, y) = [%,é] obtinem:
a

Ry
2a*b* ab ab 2

4
<:>c a’+b* >abc+c4, erb

< at+b*>ab+
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4 4

rezulta concluzia.

Sumz?mdc(a2 +b2)2abc+c @ +b

Egalitatea are loc dacd si numai dacia=b=c.
Remarca.
Ifa,b,c>0,a” +b* +c* =3then

4 4
> Sabss.

Marin Chirciu

Ifx, y >0 then
x+y—,/xy =

Folosind Lema pentru(x, y) = [%,é) obtinem:
a

b S at+b' a’ +b? S 1 [a*+b*
2 & ="
a 2a°b ab ab 2

b T2
b T2 %
4 4
<:>a2+b22ab+,/a ;b .
4
Sumand a’ +b2>ab+1/a tb rezultaZ(a +b2) Zab+z 4 ;Lb =

Za =3
WD T M| AP IETS y A i Laa
@Zab+z a erb

Egalitatea are loc dacd si numai dacda=b=c=1.

Problema738.
Sove in real numbers the equation:
1 1 1
5 +— +— =4.
x+x+1 y +y+1 zi+z+1
Panagiotis Danousis, Greece, MathAtelier 8/2025
Solutie
Lema.
Ifx € R then
1 4
—_—<—,
x+x+1l 3
Demonstratoie
1 4 -1
<-4’ +4x+120 (2x+1)2 >0, cu egal pentrux = —
x +x+1 3 2
LHS = Z—LZM ﬂ—3-ﬂ—4—RHS cu egal e:ntrux—y—z—_—1
Paxil =373 CHesnp 2
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. . . -1 -1 -1
Deducem ca ecuatia admite solutia(x, y,z) = (—,—,—) )

Remarca.
1 : .
1). Letbe A > 2 fixed. Sove in real numbers the equation:

1 1 1 12
+ + = :
XAx+A YV Hy+d Z4z+Ad 41-1

Marin Chirciu

IfxeRand A >ithen

1 < 4
XH+x+A 41-1
Demonstratoie
21 < 4 <:>4x2+4x+120<:>(2x+1)220,cuegalpentrux:_—1.
X +x+A4 4/1 1 2
LHS = Z LZMZ . 4 = 12 =RHS,cuegalpentrux=y=Z=_—l.
X +x+/1 47 - 1 4/1—1 42-1 2

Deducem ca ecuatia admite solutia(x, y,z) = (;,;,;j :
2). Sove in real numbers the equation:
1 1 1 12
: +— +— =—.
X +x+3 y +y+3 z+z+3 11

Marin Chirciu
Solutie
Cazul 4 =3 in Problema de mai sus.

Deducem ca ecuatia admite solutia(x, y)= (_?1,%1) :

1
3). Letbe A > 2 fixed. Sove in real numbers the equation:

1 1 8
+ = )
X Hx+A Y +y+d 44-1

IfxeRand A >%then

1 < 4
X +x+A 4A-1"
LHS = Z—LZMZ 4 8 = RHS , cu egal pentrux = !
CAx+A  “ai-1 C 4a-1 4a-1 chesp Y
Deducem ca ecuatia admite solutia(x, y)= _?l,gj :

4). Sove in real numbers the equation:
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1 1
+

8
X Hx+2 Y Hy+2 7

Dezvoltari, Marin Chirciu
Solutie

Cazul 4 = 21in Problema de mai sus.
Deducem ca ecuatia admite solutia(x, y)= (_?1,_—1] :

Problema739.
Ifx, y,z > Othen

1 2 1
Zx2+2yz - Z:)cy—er:x2 '
Nguyen Hung Cuong, Vietnam, RMM 8/2025
_ Z(y2 +2zx)(22 +2xy) ny(22x +ny)
x’ +2yZ H(x2 +2yz) H(x +2yz)
ny(ZZx +ny) 1 ny(22x +ny) 2Zx +ny
H(x +2yz) ny Zx H(x2+2yz) Zx ny
1
- H(%iyzyZ) 2 gasy < 20 (o) =TI +2) e [0y 20
Egalitatea are loc dacd si numai dacix=y=z.

Remarca.
1). Ifx, y,z > O then

Solutie

LHS =Y —

zzl > 9

X" +2yz (x+y+z)2.

Solutie
1 CS
s=y S o

+2yz Z(x +2yz) (x+y+z)2 '
Egalitatea are loc dacd si numai dacax=y=z.
2). Ifx,y,z>0and A > 0then

221 S 9

X +Ayz (/1+1)Zx2

Solutie
cs cs
LHS =Y — > & = ’ > & - = RHS

x+/1yz Z(x2+/1yz) YA vz DX+ X (A+1)DX°

Egalitatea are loc dacd si numai dacix=y=z.
3). Ifx, y,z > O then

2=

_z_

X’ +2yz
Marin Chirciu
Solutie
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LS - z N R DY e PR LIE

x’ +2yz X yz X X
1
Egalitatea are loc dacd si numai dacix=y=z.
4). InAABC
1 2 1
Z 2 2_2—'_ 2 2"
r,+2nr. po (4R+r) —2p
Lema.

Ifx, y,z > Othen

X +2yz (x+y+z)2.
Folosind Lema pentru(x, y,z)=(r,,7,,7.) obtinem:
1 9 1 9
2 = >
2 rA2nr (ranar) 2 ri+2nr (4R+r)

Egalitatea are loc dacd si numai daca triunghiul este echilateral.

5). nAABC
1

4R+r) —2p*

Dezvoltari, Marin Chirciu

1 2

Ty 24T,

Lema.
Ifx, y,z > O0then

1 2 1
>
sz +2yz Z)@/+2x2 '
Folosind Lema pentru(x, y,z) = (ra,rb, rc) obtinem:
1 2 1 1 2 1
> D
zrf+2rbrc DAY zrf 2 P T @RerY 297

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Problema740.
Ifx,y,z>0,x+y+z=3then

Zy +Z

x +1
Nguyen Hung Cuong, Vietnam, RMM 8/2025

Solutie
y+z Y +z X +y +z+1 1
272 x° +1 Z( X +1 +IJZ6QZTZ6©(1+2xz)zx2+126’

(&) 9

1 9
CA S () 3
(1+Zx) +Zx2_6<:>zx >3 VeZIZX > 3 :?:

care rezulta din Z
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Egalitatea are loc dacd si numai dacix=y=z=1.

Remareca.
1). Ifx,y,z>0,x+y+z=3and 1 > 0then

Zy +Z
X+ A l+1'
2). Ifx,y,z>0,x+y+z=3and 1 >0,n e Nthen

Zy +z" 6
X"+ A l+1'

3). nAABC
2
r 1 1 1
U R
zra2+9r2 (’/})2 I’fj 3”'2
Solutie
Lema.
Ifx,y,z>0,x+y+z=3then
2
IRt
x +1
Se cunoaste identitatea in triunghi ZL e Y3
ra ra
: 3r 3r 3 .
Aplicand Lema pentru(x, y,z) = (—r,—r,—rj obtinem:
ra rb rc
97 N 97 1 N 1 r N r
2 T2 2t 22 2
no 1 non. 3 oo 1 % 11 1
23 ) —S2>—— 2— o) | S5t 2.
Z 9r° 7P +9r7 9 z rP4+9r 37 z ¥ +9r7 (rbz )3
—a ] "
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
4). InA4ABC
n 1 1 S 1
) e s e
hy +9r=\h, h. ) 3r
Dezvoltari, Marin Chirciu
Problema741.

Ifx,y,z>0,x+ y+z=3then

x? 12

y_r 2
vz ( yv+ z) +1 13

Craciun Gheorghe, Mathematical Inequalities 8/2025

Solutie
2 = xz<l zx>31
LHS = = > - == - 3_
Zyz y+z) +1 zxyz(erz)er Z(y+z z Z
_1>E_RHS
13
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Am folosit mai sus: xyz <1, vezi3=x+y+z233/xyz = xpz <1 §i2x3 >3, vezi

Zx3H0§erM:£:3.

9 9

Remarca.
Ifx,y,z>0,x+y+z=3andn € Nthen

Marin Chirciu
Problema742.

Ifx>0,x+l=7then find
X

X+—=
xf
Sanong Huayrerai, Math 8/2025
Solutie

2
1 1 1
\/x+—j =Xx+—4+2=T742=9 = Jx+—==3.
( \/x X Nx

1
Dinx+—=Tsiyx +-==3 =
X

N
7-3=(x+ij(\/;+%j=(x x+ij+(«/§+%] ( «/¥+Fj+3:>

=X x+——2l 3=18.
xNx
Remarca.

1
Letbe A >2 fixed. Ifx >0, x+—= 1> —2 then find
x

—.
wx

Marin Chirciu
Solutie

Deducem ca x\/; -34.

xJ_
Problema?743.
Ifx,y,z>0,x+ y+z=3then

Yy
H(l . _j 58,
X
George Apostolopoulos, Greece, Mathematical Inequalities /2024
Solutie

Lema.
Ifx > O then

2

(1+lj >2",
X

Demonstratie
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1 x? 1 ) Bernoulli 1 * N
l+—| =||1+— > 1+x~—j =(1+1) =2".
X X X

2

LHS =H(1+1j 22 =2E =2 =8 = rHS.

X
Egalitatea are loc daca si numai dacax=y=z=1.

Remarca.
). Ifx,y,z,t >0,x+ y+z+t =4then

Solutie
Lema.
Ifx > Othen

(1+1] >2",
X

xZ Lema
LHS =H(1+1j > []2 =2%" =2*=16=RHS.

X
Egalitatea are loc dacd si numai dacix=y=z=t=1.
2). If x,,x,,...,x, >0,x, +x, +...+x, =nthen

H(l + i] >2".
X
Marin Chirciu
Solutie
Lema.
If x > O then

(1+lj >2",
X

1 Xt Lema .

LHS =H(1+—] > []2" =2%" =2 =RHS .
X

Egalitatea are loc daca si numai dacdx, =x, =...=x, =1.

3). InA4BC

972

Marin Chirciu

Solutie
Lema.
Ifx,y,z2>0,x+ y+z=3then
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3r 3r 3 2
Folosind Lema pentru(x, y,z) = (_r,_r’_r] btinem: H(l + r—"] >8.

T,ohy T 3r
4). InAABC
&2
H(l + h—“jh >8.
3r
Dezvoltari, Marin Chirciu
Problema?744.
Solve for x > 0 the equation:
xt—x*-2x+2=In 22x .
x +1
Sanong Huayrerai, Math 8/2025
Solutie
x'—x*-2x+2=In > <:>(x—1)2((x+1)2+1)=ln 22x .
x +1 x +1
. 2 2
Din(x-1)"((x+1) +1)20 = In | "= 20 & =21 (x-1) <0 x=1.
x +1 x +1
Deducem cd x =1este solutia unica a ecuatiei.
Remarca.
1). If 1 > 0 fixed. Solve for x > 0 the equation:
x4 (A-2) —2Ax+ A+1=In, | 25
x"+1
Solutie
Deducem c@ x =1este solutia unica a ecuatiei.
2). If A>0and a > 0 fixed. Solve for x > 0 the equation:
4 (A-2)0 —2Axt A+l=In | 25
x”+1
Marin Chirciu
Solutie
Deducem c@ x = aeste solutia unica a ecuatiei.
Problema745
Ifa,b,c,d > 0then
2019 673

a =+ > (a+b+c+d)2£2a2 .
(b+c+d) 243 81
Kunihiko Chikaya, Japan, Mathematical Inequalities 8/2025
Solutie
Lema.
Ifa,b,c,d > 0then

2019 673
a o

+i6(b+c+d)23£5a

(b+c+d)5

Demonstratie
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2019

2019 3 673
a—s+3%(b+c+d)§6§/a—'(3i6(b+c+d)j =3£5a s

(b+c+d) (b+c+d)

2019
a

+
(b+c+d) 243(

a2019 5
a+b+c+d)=2{m+¥(b+0+d)J > z

LHS =

6 3 9 673
:;Za 2 Zaza 2 :RHS.
Egalitatea are loc dacd si numai dacda=b=c=d =1.
Remarca.
Ifa,b,c,d > 0then

a" k k+1 =
Zm+3—k(a+b+c+d)2 3k Zak“ .

Marin Chirciu

Problema746.
3 3 3
Ifa,b,c >0 ,a—+b—+c— =3 then
c a
a 2
> =(b+c) +1228> ab.
c
THCS 8/2025

Solutie

Folosim pgr -Method.
Notdm p = Za,q :zbc =3,r=abc.

Avem ][ [(b+c)=pg—r.

oy (e (Tef _p Ly

Obtinemp<3,¢g<3,r<1,vezi3=—+—+— 2> = =—>=3>2"— <
Hnemp g c a b 3> a 3 3 3
1 1 3 3 3 3 3 3
<:>p£3;q£—p2£—32=3:>q£3;3=a—+b—+c—233a—-b—-c—=33(abc)2=33r2:>
3 3 c a b c a b
r<l

a 2 AG a 2 2
LHS=>"2(b 1223/ (b 12=33TT(» 12=
ZC( +c) + 3HC( +e) + [[(e+c) +
:3«3,(pq—r)2+12(§8q:RHS,
unde33/( pg—r)’ +12(§8q S 3«3/( pg—1) +12>8q < 33/(1-pg)’ +12>8¢ &

,q<3
S 3(1-33) +1228¢ < 38 +1228¢ < 12412287 < ¢ <3.

Egalitatea are loc dacd si numai dacia=b=c=1.
Remarca.
3 3 3
Ifa,b,c>0 ,a—+b—+c— =3 and A > 0then
b ¢ a

Z%(a+b)2+ﬂ,2 ﬂ_;lzzab.

Marin Chirciu
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Problema747.
Ifm > 0 then in AABC hods:
2
z% COthA > .
ham+ 3MFm
D.M.Bitinetu-Giurgiu, Mihaly Bencze, RMM 8/2025
Solutie
Lema
If 1 > 0 then in AABC hods
" R™" (acosA) .
;erl c t A = 2m Fm+l Fm
Demonstratie
a_ i _ A cot”'4  a cotd)"" _a"" ( cosA " 1 acosd )" B
hj’”” h h;"” (QFJ”’ h, (QF)’" h,sin 4 (QF)'" h,sin 4
a
m+1 m+1
1 acos A 1 acos A4 1 (RacosAij_
R\ Ena| —CFY| 22| AU F
c
_ R™ (acos A)m+1
- 2m Fm+1 Fm
m+1 m+1
5 =3 T sl (Tocoa)”
hjerl 2m Fm+1 2m Fm+1 (ZF)

(2F]m+l
m+1 T
RT_\R) __2 _pps.

= 2m Fm+1 (SF)m 3mFm
Remarca.
1). If m > 0 then in AABChods:

5 (acoZ;nA)m J2F (sz_j’"

Solutie

(acos 4 *Radan(ZacosA) Zhv«f(zgj _2F( 2 Y
LHS = Z N ST S ) [R\/_J _

Egalitatea are loc dacd si numai daca triunghiul este echilateral.

Remareca.
Ifm > 0then in AdBChods:
(acos A)m+1 2F (4F "
yolacosd) [ 2FfAF
r" R \9R
Dezvoltari, Marin Chirciu
Solutie
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» Z o (2F )m+l
m+l Radon A e m
L=y LacosA)” (acos m) > \RJ :2_F(4_Fj — RHS
T D
2
Problema748.
In AABC
3 ——23.
b+c—a
Konstantinos Geronikolas, Greece, Mathematical Inequalities 8/2025
Solutie
Lema.
InA4ABC
a > 2a .
\/ b+c—a b+c
Demonstratie
b+c—a.1Sl(lﬂrc—a+l):b+c:> , a S 2a .
a 2 a 2a b+c—a b+c
Lema Nesbitt
LHS =Y 2y 24 M3 3o R
b+c—a b+c 2
Remareca.
InA4BC
Z b+c—a < 3_R .
a 2r
Marin Chirciu
Solutie
Lema.
In AABC
/b +c—a < b+c .
a 2a
Demonstratie
b+c—a 1 Sl(b+c—a +1j= b+c.
a 2 a 2a
b+c— aL””“ b+c 1wb+ec 1 p2+r2—2RrG€”€’W”
LHS = = — - @ === S
z z Z 2 2Rr
Gerretsen 4R* + 4Rr +3r* +7° —=2Rr _ 4R*+2Rr+4r* _ 2R’ +Rr+2r” #r 3R* 3R
< = = < = RHS.
4Rr 4Rr 2Rr 2Rr 2r
Egalitatea are loc dacd si numai dacda=b=c.
Problema?749.
Ifx,y,z>0,xy+ yz+zx =3then
2Zx3 +3xyz2>9.

Solutie
Folosim pgr -Method.

THCS 8/2025
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Notam p :Zx,q :ny =3, r=xz.
AvemZx3 =p’-3pg+3r,q=3= Zx3 =p’ —9p+3r.

Inegalitatea se scrie: 2(p3 —9p+3r)+3r29 < 2p —18p+9r>9.

Folosind inegalitatea lui Schur p* +9r>4pg,q=3 = p’ +9r>12p < 9r>12p— p’este
suficient sd ardtdm ca:

2p°—18p+12p-p* 29 < p' —6p-9>0< (p-3)(p*-3)20, care rezulta din p >3,
vezi p’ =(Zx)2 >3Y xy=3-3=9=p>3.

Egalitatea are loc daca si numai dacix=y=z=1.

Remarca.
1). Ifx, y,z>0,xy+ yz+2zx =3and 64 > n > 0 then

lZ)f +nxyz >231+n.
Solutie

1
2). Ifx,y,z>0,xy+yz+zx=3and/12€then

/12)3 +xyz>234+1.
3). InA4ABC
2Ztan3é+3—rZ\/§.
2 p
Solutie
Lema

Ifx,y,z>0,xy+ yz+zx =3then
22)63 +3xz29.

B B
Se cunoaste identitatea in triunghi Z tan By tan% =l< Z J3 tan 7 B tan% =3.

Folosind Lema pentru(x, v, z) = (\/5 tan g , \/§ tan g , \/g tan %j obtinem:

3
22(\/§tan§] +3-\/§tan§-\/§tan§-\/§tan%29<:>
A A B C A r
2) 33 tan’ =+9-/3tan —tan —tan — >9 <> 2 33 tan’ = +9.4/3-—>9
@Z\/_anz \/_anzanzan2 @Z\/_an2+ x/_p Rt

= 2\/§Ztan3§+3\/§-123 = 2Ztan3§+22\/§.
p p

Remarca.
4). In acute AABC

2 2R+r)2
oY ot ar3. L ZCRET) L B
D cot’ A+ 2 NE)

Dezvoltari, Marin Chirciu

Ifx,y,z>0,xy+ yz+zx =3then
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ZZ)C3 +3xz29.
Se cunoaste identitatea in triunghi ZCOt BeotC=1 < Z\/§ cotB- \/g cotC=3.
Folosind Lema pentru(x, y,z) = (\/g cot 4,+/3 cot B,\/3 cot C ) obtinem:

22(«/500‘[14)3+3-\/§cotA-\/§cotB-\/§cotC29 =

2_(2R+7)
Rt 223\/§c0t3 A+9-\/§cotAcothotC29 Rt 223\500‘[3 A+9~\/§~p(2—+r) >9
pr
2_(2R+7rY 2_(2R+7r)
= 22\/?700‘[3 A+3-\/§-w23 = 2Zc0t3A+3-w2\/§.
2pr 2pr
Problema750.
Ifm > 0then in AABChods:
[T(a"+2)22" (1‘/5)127'" F?.
D.M.Bitinetu-Giurgiu, Claudia Nanuti, RMM 8/2025
Solutie
Lema
Ifa,b,c,t >0
3 2
2+t)>=(a+b+c) 1.
[1(e* +0)2 2 (a+bec)

Hojoo Lee Inequality

j 2 " 3m
LHSZH("MJ“z)HJZL %4( JQT)2§3.[33J \/(abc)mj :3-9(ab0)?czl 27(47132 -

=27 (%f =2"(43 )lz_m F?

Egalitatea are loc dacd si numai dacda=b=c =

S

Remarca.
Ifm >0and¢ > 0then in AABC hods:

[T(a" +1)2 5 e

Marin Chirciu

Ifa,b,c,t >0

Hojoo Lee Inequality

3m
3

ojooLee 2 2 2 m Carlitz 2
LHS=H(am+t)H12L %-tz(Z\/a_my/g%.[T (abc)mJ :%.9(abc)3czlt 27t (ﬁ]z =

4 (3
27 = 1 m m
— r (4Fj2 — 2’"—533_1 t2 F? )

4 (3
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Egalitatea are loc dacd si numai dacda=b=c =

S~

Problema?751.
In AABChods:
> (a+7 )3 >27J3¢'F .
D.M.Bitinetu-Giurgiu, Claudia Nanuti, RMM 8/2025
Solutie
Lema
Ifa,b,c,t >0
H(a2 +t)2%(a +b+c)2 2.
HojooLee Hadwigwer
LS =Y (a2 +2) Z3[[ (@ +2) = 3. i *(Xa) :%.14 Ap? 2 9 3FB =
=273t'F = RHS .

t2

Egalitatea are loc dacd si numai dacda=b=c=

S

Remarca.
In AABChods:
Z(az" +1 )3 > 34—§ 4B F neN.
Marin Chirciu
Soluti
olutie (Z )n i
i 3 AG " HojooLee 3 " o Holder 9 a Hadwigwer
LHS =Y (" +¢) 23[](a" +7) = 3 ! (Xa) =z el >
9 () ey (2FB) en
_Z.t 32(n_1) > Z.t W

Egalitatea are loc daca si numai dacia=b=c= E .
Problema752.
Ifa,b,c >0, abc =1then

1

2

Nguyen Minh Tho, Vietnam, Mathematical Inequalities 8/2025
Solutie

f 1 (‘)3

LHS = —=RHS,

, <1>3 1 9 1 3
3Za3+3SZ ‘Dza3+331 <

4y (a’ +3)(b3 +3)£3H(a3 +3) = 4(Dd’b’ +6) a’ +27)<3(28+3Y a’h’ +9) a’)
< 5) a’h’ +3) a’ 224, carerezultd din ) a’b’ >3si ) a’ >3, veziAM-GM siabc=1.
82
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Egalitatea are loc dacd si numai dacia=b=c=1.
Remarca.
1). Ifa,b,c >0,abc =1and A > 2 then

2). Ifa,b,c >0,abc =1and A > 2 then

Dezvoltari, Marin Chirciu
Problema?753.
Ifx,y,z>0,xy+ yz+ zx =3then

1 _2
—2=— -1.
xyz 32\/;

Kunihiko Chikaya, Japan, Mathematical Inequalities 8/2025
Solutie

Folosind Zaz > Zbc pentm(x,y,z) = (\/y_z, \/;, \/5) obtinem:

ZyzZnysz,ZyZ:3:>32«/xyZZx<:>Zx£ 3 .
xXyz
2
1 .2 3 1 2 1 2 1
—_—2>— -leo—2—-1—-— 1>0 ——-1| 20.
023 Jom = 7 T o o7 Jo + <:>( or ]

Egalitatea are loc daca si numai dacax=y=z=1.

Remarca.
1). InA4ABC
LZZZ \/gtané—l.
JBr 2
Solutie
Lema

Ifx,y,z>0,xy+ yz+zx =3then
1.2 > Jx-1.
xyz 3
B B
Se cunoaste identitatea in triunghi Z tan By tan% =l Z 3 tan ey B tan% =3.
. A B C .
Folosind Lema pentru(x, v, z) = \/§ tan 5 , \/§ tan 5 , \/§ tan 5 obtinem:

1
«/?_atanlj-\/?_atang-\/gtan

2). In acute AABC

2 A p A
EZEZ ﬁtan;—l@\/gr22z \/gtanz 1'
2

Pr > »\/ cot4A—-1.
\/g(pz—(2R+r)2)_Z V3ootd-1

Dezvoltari, Marin Chirciu
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Ifx,y,z>0,xy+ yz+zx =3then

1 .2
—_—>= —-1.
xyz 3 Z\/;
Se cunoaste identitatea in triunghi Zcot BeotC=1<= Zxﬁ cotB- \/§ cotC=3.
Folosind Lema pentru(x, y,z) = (\/g cot 4,+/3 cot B,/3 cot C) obtinem:

! \/ 3cotd-1<=

\/gcotA \/§CO'[B \/gcotC 3

1 JVBeotd -1 - 1 zzgzx/ﬁcotA—la

3\/§cotAcothotC 3 3\/§p —(22R+r)
pl"

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Problema754.
Ifx,y,z>0,x+ y+z=3then

D Xy .

2x+y

Kunihiko Chikaya, Japan, Mathematical Inequalities8/2025
Solutie

Saox’y(2 1) 1 N > 1,0
LHS = 22x+y<z 5 [;+;]—§Z(2xy+x )—§(x+y+z) _5(3) =1=RHS .
Egalitatea are loc daca si numai dacax=y=z=1.
Remarca.
1).Ifx,y,z>0,x2+y2+22=3then

D Xy 3

3x+y 4
2). If)c,y,z>0,)c2+)/2+z2 =3and A > 0then

D xy <3

Ax+y A+1
Solutie
3), InA4ABC
Yo
v, +2rn 9r
Solutie
Lema

Ifx,y,z>0,x+ y+z=3then

> 2 <

2x+y

. . . o~ 7 3r
Se cunoaste identitatea in triunghi Z— =l Z— =3.
r

a a

3r 3r 3r 1
Folosind Lema pentru(x, y,z —,—,— |obtinem: E —<—
P ( Y ) (’2 , ’QJ r+2rrb 9r°

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
4). InAABC
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Zz—g_z'
W +2hh,  Or

Dezvoltari, Marin Chirciu
Problema755.
Ifx,y,z>0,x" +y”> +z° =3 then

23’“—521.

X +x+1
Nguyen Van Hoa, Vietnam, Mathematical Inequalities8/2025

Solutie
Lema.
If x > 0 then
x° llx —5
X +x+1 18
Demonstratie
x° 11x* -5 s 3 2 204 3 >
. > & 7T —6x" — 115" +5x+52 0 < (x—1) (7x" +14x° +15x+5) 2 0.
x +x+1 18
Lema — 11 2—15 cy—
LHS =% —* z”x - leg _u fs 1S _1_gas.

X +x+1
Egalitatea are loc dacd si numai dacix=y=z=1.

Remarca.
Ifx,y,z >O,x2+y2+z2 =3and A > 0then

5

ZSX 23

XCAx+A A+2

Marin Chirciu

If x>0 and A >0 then
X’ >(5/1+6)x2—3,1—2_

X Hx+4 2(,1+2)2
Demonstratie
x° Z(5/1+6)x2—3/1—2
X +x+A 2(,14_2)2

(247 +34+2)x° —2(A+2)x’ = A(54+6)x* +(34+2)x+317 +2120 <
e (x=1) [ (227 +34+2)x" +2(247 +32+2) %" +(647 +7A+2)x+34” +24]20.
X e (5A+6)x°=34-2  (52+6)D x*-3(34+2)

LHS = Zx +x+4 > 2 2(2+2) - 2(2+2)
B (54+6)-3-3(34+2) B 3(24+4) 3

 2(a+2) C2(A+2) A+2

Egalitatea are loc daca si numai dacax=y=z=1.

Problema756.

In AABChods:
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H(fu}zmﬁ.

b

D.M.Batinetu-Giurgiu, Claudia Nanuti, RMM 8/2025

Solutie
HojooL 3 2AG b ’ b ?
ojooLee
LHS=[]|—-+2| = =43 || 23|33 == | =3|3¢-—— | =
h, 4 h, hhh, hhh,
2 2
7\’ 2
Mitrinovic Eu/er .
3|3 [ AR | g 2R | Y 3 | 2R | gl [ AR 5 2 |
5| 2r°p rp . r 3\/_ r33
R
2
2
8 2’
=3 3¢ =3(3 |—— | =3|3 =183 = RHS
)
. .. C 2
Egalitatea are loc daca si numai daca =—.
2
Remarca.
In AABChods:
2
I1 hiszN? A>0
1). b
Marin Chirciu
2
I1 ﬁmjzw‘;’l A>0
7). \% 2
Marin Chirciu
Problema?757.
Ifa,b,c > 0then
Ya+) ~>a+b+c.

b+c

D.M.Bitinetu-Giurgiu,Neculai Stanciu
Solutie

D v o P

(b+c)

b+c_2(b+c) 2Za

. : .. : 1 .
In inegalitatea mediilor egalitatea are loc pentrul = ﬁ si analoagele.
a (b+c

Ze 2 i —22"252(2”’)2=2(z“)2=2a=ms.

Egalitatea are loc dacd si numai dacda=b=c=

-

Remarca.
Ifa,b,c > 0andn e N then
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Taiey 2 ; 23[%01}:1‘

(b +c
Marin Chirciu

Problema?758.
Ifx,y,z>0,x+y+z=3then

xysz2 <3.
Kunihiko Chikaya, Japan, Mathematical Inequalities 8/2025

Solutie
Folosim pgr -Method.

Notimp=x+y+z=3,g=xy+yz+zx,r =x)z.
Avem g’ >3pr, veziq’ =(ny)2 Z3xysz=3pr.

Obtinem p* =(Zx)2 :sz +2Z:xy=Z:x2 +2q=Z:x2 +q+quG33'Zx2 g-q=
_33{236 q q >317r 3’2){2-3]?}" .
Rezulta p* 23,3/2962 3pr,p=3=9 23#2)62 9r <3 Z%,sz Or <272 sz Or &

C>3ZVZx2 <:>3nysz2.

Egalitatea are loc dacd si numai dacix=y=z=1.

Remarca.
InAABC
9,2 pz
1). ) —<—
) 2 pakw
Marin Chirciu
Solutie
Lema.
Ifx,y,z>0,x+ y+z=3then
xysz2 <3.
Se cunoaste identitatea in triunghi ZL =l 3 =3.
ra ra
. 3r 3r 3r r p2
Folosind Lema pentru(x, y,z)=| —,—,— | obtinem: Z— <
r, L T 9r

Egalitatea are loc daca si numai daca triunghiul este echllateral.

972 2p2
2). Y —<
-2 . 9R

B
Marin Chirciu

Problema759.
Ifx,y,z>0,x+ y+z=3then

3
Zy 189 27Zy

Kunihiko Chikaya, Japan, Mathematical Inequalities8/2025
Solutie
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Am folosit mai sus Y x < — (Zx) vezi Y x=38i ) x’ >3;) xy <3, vezi

nyﬁ%(Zx)z =%(3) =3.

Egalitatea are loc dacd si numai dacix=y=z=1.

Remarca.
1). Ifx,y,z>0,x+y+z=3and A >0 then

3

Zyx+/1 /1+1( ny]

2). InAABC
1 1
z 2773 = 817
rj { T+ 8}
7
Marin Chirciu

Solutie

Lema.

Ifx,y,z>0,x+ y+z=3then

3
Zy 189 27Zy

. . . ~ 7 3r
Se cunoaste identitatea in triunghi Z— =1< Z— =3.

Ta Ta
3r 3r 3r 1 1
Folosind Lema pentru(x, vy, z —,—,— |obtinem: > .
pentru(,2,%) = (ra I rj 2z (27# ) 811
ol —5—+8
T
Egalitatea are loc daca si numai daca triunghiul este echilateral.
3). nAABC
z 1 1
3 81
" (275 + 8) g
hb
Marin Chirciu
Problema?760.
Ifa,b > 0then
4(a4 +b4) 1 11
——————(a+b) +5+—52=24.
aZ + b2 2 ( ) a2 2

Nguyen Hung Cuong, Vietnam,RMMS8/2025
Solutie
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11 e2(a+p)

LHSZW—E(CI‘FI))Z+a—2+b—22W—E(a+b)2+a—2+b—2=
=2(a’+b%) —~(a+b) +5+—>(a+b) —=(a+b) +—2+—2=—(a+b)2+—2+b1—2m2d0n
a
3
SRR Co) I VAR B [T TP SR
(a+b) 2 (a+b) 2 a+b
Egalitatea are loc dacd si numai dacia=b=1.
Remarca.

Ifa,b>0,a+b>2and0< A <1then

4(a* +b* 1 1 1
) e e g 220
Marin Chirciu

Solutie
Problema761.
Ifx, y,z > 0then in AABChods

H(x2a4 +2) > 482)@/F2 .

D.M.Bitinetu-Giurgiu, Claudia Nanuti, RMM 8/2025

Ifa,b,c,t >0

(a+b+c)2t2.

l_I(a2 +t)2

AW

Hojoo Lee Inequality

) 4 HojooLee 3 ) o Oppenheim 2 )
as=[(¥a*+2) = ~4(Xxa’) = (4P L) =483 wF? = RHS .
Am folosit mai sus inegalitatea lui Oppenheim xa” + yb* +zc* > 4F \|xy+ yz+zx ,x,y,2>0.

Egalitatea are loc dacd si numai daca triunghiul este echilateral six=y=z.

Remarca.
Ifx, y,z,A > 0then in AABChods

H(x2a4 +ﬂ,) > 12),2Z:xy-F2 .
Marin Chirciu

Solutie
HojooLee 3 > Oppenheim 3

LHS:H(x2a4+/1) > Z-AZ(Zxaz) > 2-12(4F zxy)zz

2
:%-16F22xy:12/12 -F?> " xy=RHS .
Problema762.
If x € D then
tan3x—2tan2x+tanx . ,
=sin” x.
4(tan3x —tan 2x)
Math 8/2025
Solutie
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. 3t—t 2t .
Folosind tan3x = —— ,tan2x = I tan x = obtinem:

1-3¢ —t
3t—t3_2 2 .
tan3x—2tan2x+tanx:1_3t2 -2 _ t —gin’ .
4(tan3x —tan 2x) 4[3t—t3_ 2t j *+1
1-32 1-¢

Remarca.
Solve in[0,27|the equation:

tan3x—2tan2x +tan x _0

tan3x —tan 2x
Marin Chirciu

Solutie
Folosindtan3x = 31— tz ,tan2x = iz ,tan x =¢ obtinem:
1-3¢ 1-t¢
3t—+ 2t
tan3x—2tan2x+tanx _ 137 1_t2+t: 4t — 4sin® x
tan 3x — tan 2x -2 2 2 +1 '
-3 1-7°

Ecuatia se scrie4sin’ x =0, tan3x —tan 2x # 0.
Deducem ca ecuatia nu are solutii.
Problema762.

Ifa,b > 0then

- b
eV +hinb>b+—~.
a

Panagiotis Danousis, Greece, MathAtelier8/2025

If x e R then
e >x+1.
Demonstratie
Consideram functia f (x) =" —x—1,xeR, f'(x)=¢"—1, f'(x)=0 < x=0.

f(x)=f(0)=0, cuegal pentrux=0.

. 1 :
Folosind Lema pentru x = —=—Inb obtinem:
a

L—lnb

1 1
eV >——Inb+l < et +blnb2b+i,cu egal pentruxzi—lnb:0<:>

la la Ja

1
@i=1nb@b=eﬁ

\/; 1

Egalitatea are loc daca si numai daca b = et
Remarca.
1). Ifa,b > 0 then

1

e5+b1nb2b+9.
a
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Solutie

1
Folosind Lema pentrux = ——In b obtinem:
a

1 1
LI 1 1
e’ " Zl—lnb+1 & et +blnb2b+é,cu egal pentrux =——-Inb =0 <
a a a
1 I
< —=hhbsb=e.
a
1

Egalitatea are loc daci si numai dacd b =e“
2).Ifa,b>0andn € N" then

= b
e +hinb>b+ — .

a
Dezvoltari, Marin Chirciu

Solutie

! —Inb obtinem:
ta
E L bl e o 4binba b L 1 L b0
A —-Inb+1 < e¥ +bInb=2b+—,cuegal pentrux =—-— =0
1
L b b=c®.

ta
1

Egalitatea are loc daca si numai dacd b = el

Folosind Lema pentrux =

R

Problema?763.
InAABC
2
A (R
4< Y sec’ =<|—| .
Ze ()
George Apostolopoulos, Greece, RMM5/2017
Solutie
Lema.
InAABC
A 4R +r)
D sec? = =1+ # .
2 P
Folosim inegalitatea lui Gerretsen.
Remareca.
1). InA4ABC
2
4£5—££Zseczéﬁ2+ﬁﬁ(£j .
R 2 r r

2). InAABC

2r , A R

S5S——< ) secm—<2+—.
R Z 2 r
Marin Chirciu

3). InA4ABC
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Problema764.
Ifx, v,z € Rthen

Marin Chirciu, IneMath8/2025
Solutie
Lema.
Ifx € R then
+e 5
JI+e*
Demonstratie

1+e"2 V2o (1+e) <2(1+6%) o 1426 +6 <2426 < (e =1) 20
J1+e™

1+€x Lema
LHS =) ——= < > \N2=3J2=RHS .

l+e

Egalitatea are loc daca si numai daca x=y=z=0
Problema765.
In AABC

sin® B+sin’ C 2r

Konstantinos Geronikolas, Greece, Mathematical Inequalities8/2025

. 2
%“LZ- sin” A 39(Rj-

Solutie
15 sin® 4 15 a 4915 a@ 15 1l a
LHS =— —_—  =— 4+ Y —— < —4 Y —=—F—» — =
2 zsin2B+sin2C 2 Z192+c2 2 2bc 2 2 abc

_15.1 2p(p*=3r’—6Rr) _ 15 p’=3r" —6RrGeeenl5 4R’ +4Rr+3r" —31" —6Rr

2 2 4Rrp 2 4Rr 2 4Rr

15 4R*-2Rr 15 2R—r R+7r__ R& (R ’

2 4Rr 2 2r r r 2

Egalitatea are loc dacd si numai daca triunghiul este echilateral
Remarca.
1). nAABC
3 < Z sin® 4 < R 1 _
sin® B+sin°C  r 2
2). InAABC
2
3¢ YL < R_1
2 b+ r 2
Dezvoltari, Marin Chirciu
Problema614.
In AABC

Z(cotB+cotC)tan§22.
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Zaza Mzhavanadze, Georgia, RMM 5/2025

Solutie.
Chebyshev A 1 A
LHS = Z(cotB+c0t C)tanE —Z cotB+cotC Ztana :5 2Zcot AZtan— —
= —ZcotAZtan— > — \/_ \/_ 2 VGZIZCOtA > \/§51Ztan— >
Remarca.
In AUBC
3
Z(cotB+cot C)coté < R—3
2 4r
Marin Chirciu
Solutie.
Chebyshev 1 A
LHS = Z(cotBJrcotC)cotE < 3 (cot B+cotC) Zcot_ =3 ZZCOt AZcot— _
2 2 2 2R2 +r 4R =+ 7 ) Gerretsen& Mitrinovic
ZEZcotAZtanég%-zR +r” AR+ ( )2( ) ¢
3 2 3 pr p 3rp
2
2(2132 + RJ (413 + Rj
Gerretsen& Mitrinovic 4 2 R 3
< -
372717 47>

Am folosit mai sus:
> cot A= P’ =1’ —4Rr e AR + ARr +3r” 1" —4Rr 4R’ +2r* 2R’ 47’

2pr a 2pr 2pr pr

Problema?766.
InAABC

D cosA—2) cos’ 4>0.

Nguyen Hung Cuong, Vietnam, RMM 8/2025
Solutie
2 2 _ 2 Gerretsen 2 2 2 _ 2

LHS =Y cos A-23 cos® A=14 L o LT —AREGE 7o AR HARrEI 4 AR

R 4R R 4R

2_Rr—2r* (R-=2r)(R+r)Euer
_K 1;; 2 _( R)z( )" o— rats
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remareca.
1). InA4ABC
D cosA—A) cos® 4 2%(2—/1) A 2%.
2). InAABC
2
ZCOSA—gzcosz A>1.
Dezvoltari, Marin Chirciu

Solutie

2, . : :
Cazul A > 3 in inegalitatea de mai sus.

Problema767.
Ifx,y,z>1,x+y+z=_8then
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2
>16
Dy

Craciun Gheorghe, Mathematical Inequalities8/2025

Solutie

v o (X @ (ZXY (X g o
LHS—Z\/)}_I S \/32 \/ =) " 5> 16= RHS.

Remarca.
1). Ifx,y,z>A>0,x+y+z=6Athen

z\/yT>12/1\/_

2). Ifx,y,z>/”L>O,x+y+z=6/1andneNthen

Z > 3. 2;1/1;1 IJ_
Remarca.
Ifx,y,z>A>0,x+ y+z=06Athen
> Z_>62.
y—A
Dezvoltari, Marin Chirciu
Solutie
Cazuln =1 1n inegalitatea de mai sus.
Problema768.
Ifa,b,c >0 ,z; = E‘[hen
a’+3b° 2
> LY
a
Mathematical Inequalities8/2025
Solutie
SOS cS
_z ey Ly 2 2 2 zz(lﬁj:ié@l:lzl,
Ja 2+3b2 a+3b a+3b  (1+3) a b) 16 a 2 a

2

Dln; Z 2 >3,

Egalitatea are loc daca sinumai dacia=b=c=1.

Remareca.
Ifa,b,c >0and AN, Z ! = 3 then
Ja 0> A+l
> 1 >3,
a
Marin Chirciu

Problema769.
In AABCthen
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.2 A
sin” — 5
S22 (R-r)if s
) Rr
sin” —
Nguyen Hung Cuong, Vietnam,RMM 8/2025
Solutie
Lema.
Ifx, y,z > 0then
X Y, 2 X +y+z
y z Xx [ xyz
Aplicand Lema pentru(x, y,z) = (sin2 g,sin2 g, sin’ Cj obtinem:

Sinzéhma Zsinzé —— 5 -
LHS:Z 275 2 __ 2R _2R-r /16R 2R-r /ZR _
1 2B . A 3 ]/'2
2 [

Remarca.
1). In AABC then

cos”
> >(2R-7)3|— .
cos” — P
Solutie
Aplicim Lema pentru(x, y,z) = (cos g coszg cos” %j

2). InAABCthen

tan® 4 (4R+7) =2
>—2> d

tanzf P%/P”z

Solutie

Aplicam Lema pentru(x, V, z) = (tanz g,tanz g,tanz %j .

Remarca.
3). InAABCthen

Z 2 5 p>—2r*—8Rr
cot’ R
Solutie
Aplicam Lema pentru(x, y,z) ( tzg cot g cot %j

4). In AABCthen
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Solutie

Aplicam Lema pentru(x, y,z) = (mj,m,f, mf) )
5). InAABCthen

Dezvoltari, Marin Chirciu

Solutie
Aplicam Lema pentru(x, y,z) = (az,bz,c2 ) .
Problema770.
In AABC'then
A
Z tan 2 S 4R+r
tanE X ”P2
2
Nguyen Hung Cuong, Vietnam, RMM 8/2025
Solutie
Lema.
Ifx, y,z > O0then
— 4 Z + E > m .
2 2 Yoz

Demonstratie.

AM -GM 2
Avem: X+ X4 27> 33/£.£.Z:33x_: 3x .
y y z y .y z vz Jfxyz

Se scriu si celelalte doud inegalitdti analoage si se aduna.

Aplicand Lema pentru(x, y,z) = (tan g ,tan g ,tan %j obtinem:

tan 2 ZtanA AR
"~ Lema ~

> = =
52
tan — 3/Htané g A
2 2 p

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Remareca.
1) InA4ABC

=RHS .

Marin Chirciu

Aplicim Lema pentru(x, y,z) = (cot g ,cot g ,cot %j .
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2). InA4BC

z 52@35.
B R\2r
Solutie

. . A . B .
Aplicam Lema pentru(x, y,z) = (smz,sma, sin

Il
—

3). InA4ABC
A
cos — 2
S —2504 L
B 2R?
cos —
Solutie

Aplicam Lema pentru(x, y,z) = (cosg, cos g ,COS %j :

m 2
Z < >0p3 =
m, \IRP

Aplicam Lema pentru(x, y,z) =(m,,m,,m,).
5). In AABC'then

4). In AABCthen

Solutie

Aplicim Lema pentru(x, y,z) =(w,,w,,w,).

6).In AdBCthen
Zh—a > 97" '
hb 3 rp2
Marin Chirciu
Solutie

Aplicam Lema pentru(x, y,z)=(%,.,h,,h,).

LHS = Zh Lm\/% r—RHS.

7). In AABCthen
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Solutie
Aplicam Lema pentru(x, y,z)=(h,,h,,h,).
8). InAABCthen

Marin Chirciu
Solutie

Aplicim Lema pentru(x, y,z) = (r ,rb,rc) .
9). In AABCthen

Dezvoltari, Marin Chirciu
Solutie

Aplicam Lema pentru(x, V, Z) = (a,b,c) .

Egalitatea are loc dacd si numai daca triunghiul este echilateral.

Problema771.
In AABCthen
Z am, < ? R>.
Sarkhan Adgozalov, Georgia, RMM 8/2025
Solutie
CBS Leibniz 3 OR> 9 \/_7_,
LHS = S,/ 2 > < ,/9R2-—9R2=— =" R*=RHS.
Z am, Z a Z m; 2 5 \/_ 5
Remareca.
1). InA4ABCthen
S(b+c)m, <R3,
Marin Chirciu
Solutie
CBS Leibniz
LHS =Y (b+c)m, < S (b+e) Ym? < /36R2 %9R2 _9R*\3 — RHS.
2). InA4ABC
D (b+Ac)m, s9(1+1)§R2,,120.
Marin Chirciu
Problema?772.

Ifx, y,z > Othen

Mathematical Inequalities8/2025
Solutie
If x,y,z,¢t>0then
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(x2+t2)(y2+12)(zz+t2)2%t4(x+y+z)2.

Arkady Alt ,USA
Solutie.

Avem(x2 +tz)(y2 +t2)2%t2 ((x+y)2 +tz) = (xy—%tzjz +it2 (x—y)2 20,

cu egalitate pentrux =y = % .
= LHS =(x*+2)(y* +1°)(2* +t2)2%t2 ((x+y)2 +t2)(t2 +zZ)C§S%t2 (t(x+y)+ez) =

:%t4(x+y+z)2 = RHS .

Egalitatea are loc dacd si numaidacdix=y=z=—.

2 2 2
x Arkady 3 x Nesbitt 3 2
LHS = +2| > —-4 > 3| —| 2—=RHS.
H[( ] J 4 (Z j (2) 4

y+z y+z

Egalitatea are loc dacd si numai dacix=y=z=—==1.

Remarca.
1). Ifx,y,z>0and A > 0 then

Solutie

2 Arkad) 2 Nesbitt 2
s =T | —= | 42| 24 32| "% 3( & j > 21 _Rps.
y+Az 4 y+Az A+1 (,1+1)

2). Ifx,y,z > Othen

Solutie

. o V2
Egalitatea are loc dacd si numai dacdx=y=z= 5 =1.
Remarca.

Ifx,y,z>0and A >0 then

Dezvoltari, Marin Chirciu

Solutie
2 Arkadb 2
LHS:H((“)“ZJ +2J zy%-4(zy”zj S3(3(A+1)) 227(A+1) = RHS .
X X
Problema?773.
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Ifx, y >0 then

2 2
e e’

2 + 2 >
V' +2y+2 xT+2x+2 2
Craciun Gheorghe, Mathematical Inequalities8/2025

e +e’

Solutie
X 2 X 2
el 2 cs (e +ey) (e +ey) )
LHS = + > =

YV A2y+2 X +2x+2 (y2+2y+2)+(x2+2x+2) x2+y2+2(x+y)+4>

g(ex+ey)2 _ete pus.
Z(ex+ey) 2

2
. . X . . . .
Am folosit mai sus(1): " >1+x+ > vezi ezvoltarea in serie Taylor a functiei

2 3 n 2

f(x)=€",x>0 =l Sl x>0,
! 3! n! 2!
Remarca.
1). Ifx, y,z > Othen
e e +e’ +é
Zy2+2y+2> 2 '
Solutie
2
L=y <% (2<) (l)(ze) 2 s,
y’ +2y+2 Z(x +2x+2) 226 2
2). Ifx, y,z > Othen
2
3x (ex+ey+ez)

Zze

>
y +2y+2 6
Dezvoltari, Marin Chirciu

Solutie
LHS =% — <9 (Xe) N (Xe) (Zex)zzRHS.

Y 4+2y+2 3Z(x +2x+2) 32> " 6
Problema774.
Ifa,b,c20, 21 + 21 + 21 = 2then

a+l b"+1 c +1

Z:abﬁE
Elton Papanikolla, MathOlymp8/2025

Solutie
21 21 12(ab2)=x,y,z.
a +1 b+1 c+1 V+z z+x x+y

, 3

b= ==

Za Z y+z\x+z Z y+z Xtz Z (y+z x+zj 2

1

ok

Egalitatea are loc dacd si numai dacd a=b=c=
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Remarca.
1
1).Ifa,b,c20,——+-——+——=2then
a+1 b +1 c +1
Z at>=
1 1 1
2)Ifa,b,c20,——+——+——=2andn e Nthen
a +1 b +1 c +1
Zaz" > 3 )
2]’!
Dezvoltari, Marin Chirciu
Problema775.
Ifx,y,z>0,x+y+z=3andk >0
X 3
«/ Cak Ak+1
Konstantinos Geronikolas, Greece, Mathematical Inequalities8/2025
Solutie
Aplicand inegalitatea lui Jensen pentru functia concava f (x) = zx ,x > 0obtinem:
x“+k

LHS =Y :f(x)+f(y)+f(z)Jegm3f($j:3f(1): - was.

Egalitatea are loc dacd si numai dacix=y=z=1.

Remareca.
1). InA4ABC
1 1
2 <
312 +9r* 2
Solutie
Lema

Folosind Lema pentru(x, y,z) = (—,—,—] obtinem:

3 1 1 1 1
oL oy 1l 1 1
f 2 2 ’ 2 2r /324_92 2r
9—2 +3 r, 9—2 +3 Chigt
ra ra

2). InAABC

3r
ra

1 1
— <.
Z«/3h§+9r2 2r

Dezvoltari, Marin Chirciu
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Problema776
IfM e Int(AABC), F, =[MBC),F, =[MCA|,F. =[MAB], x,y > 0 then
a’b’ 192\/_
(xF, +yF;) (x+y)
D.M.Batinetu-Giurgiu, Dan Nanuti, RMM 8/2025
Solutie
adon ¥ ordon 4F 3 ’
LHS =Y b Y (2ab) Y (4745) . 43'3*/§F32 _
(F+yE) (XGE+E)) (X(x+y)F) (ot F

_433F _ 192J_

(x +y) (x + y)
Egalitatea are loc dacd si numai daca triunghiul este echilateral si M =G .
Remarca.
IfM € Int(A4BC),F, =[MBC],F, =[MCA],F, =[MAB],x,y >0,n e Nthen

an+lbn+l (4\/§)n+1 -

>
(xF; + yF, )n (x+y)

Marin Chirciu
Problema777.
Solve in positive real numbers the system:

{%/}Jrg/}:m
\/)_c+\/;=35.

Sanong Hauyrerai, Math 8/2025

Solutie
‘+b7 =13
Cu substitutia(a,b) {x, {y =(a®,b®)sistemul se scrie 4 =
( ) ( ) a’+b’ =35

{a; b:65 e (a.0)€{(2.3).(3.2)} & (x.0)e{(2°.3°),(3°.2°)}.

Multimea solutiilor sistemului este S = {(64, 729),(729, 64)}.

Remarca.
1). Solve in positive real numbers the system:

{2/%3/}:13

Jx+y=275
Solutie

Multimea solutiilor sistemului este S = {(210, 3" ) , (310, 21 )} :

Remarca.
Let ben € N,n >3, nimpar. Solve in positive real numbers the system:

fx+5fy =13
\/;+\/J_/:2”+3”'

Dezvoltari, Marin Chirciu
Solutie
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Multimea solutiilor sistemului este S = {(22",32” ),(32”, 22" )} )

Problema778.
Evaluate
T
I sin \/;dx .
0
Nguyen Hung Cuong, Vietnam, RMM 8/2025
Solutie
% =t 2 E parti Z
I= J.sm\/_dx = J.Ztsmtdt = 2(—tcost+sint)|2 =2.
0 0
T
Deducem ¢ I sin \/_ dx=2.
0
Remareca.
Evaluate
S
I sin i/;dx.
0
Marin Chirciu
Solutie

K

Nm

parti

5
js1nfdx - j3t sinzdt = 3- 2jtcostdt 6(%—1):3@—2).

Problema779.
In AABCthen
r h
Z_a > Z_a )
7 h,
Rahim Shahbazov, Azerbaijan
Solutie
S 28
r h p—a a p-b b
4> 4L & —_—2> - = >y —.
SLaYh oy ltey g oy itayt
p—>b b

Folosind substitutiile Ravi (a b c) = ( y+z,z+x,x+ y) avem p = x+ y+ z sl inegalitatea

p—>b y xX+z y
Z >Z—sescrle Z >Zy+z Z +3>Zy+z+3<:>
y X+z
=+11|2
Z[er j>zy+z+3<:>
x+y xX+y xX+y x+y +y)
QZ( X j22x+z+3®z( X x+z)>3®z (x +z)23’

care rezulta din inegalitatea mediilor.
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
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1). Ifx, y,z > O then

zy>zx+z.

y+z

2). Ifx, y,z > Othen

Z y+z

X+Zz
3). nAABC
13 v, +r
4>y b ¢
z 7 Z r,tr.
Solutie
Lema.

Ifx, y,z > O0then

Z y+z

xX+z

Folosind Lema pentru(x, y,z)=(r,,7,,7. ) obtinem: Z > z r” e

4). InAABC
Z h, S Z h,+h, .
hy, h,+h,
Solutie
Folosim Lema pentru(x, y,z)=(h,,h.h.).
5).InA4BC
m, m, +m,
Z m, - Z m,+m,
Solutie
Folosim Lema pentru(x, y,z)=(m,,m,,m,).
6). InA4ABC
, w, + W,
z w, - Z w, +w,
Solutie
Folosind Lema pentru(x, v,z ) (w Wy, W, ) obtinem: Z <> Z ::b ir;
b
7). InAABC
, S, +,
Z > Z s, +S,
Dezvoltari, Marin Chirciu
Solutie

Folosim Lema pentru(x, y,z)=(s,,s,,s. ).

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Problema780.
Ifx, y,z,t > a > 0then

Y
(a+y)2
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Craciun Gheorghe, Mathemathematical Inequalities8/2025

Solutie
-Xzy asy )0/ xy X AG X
LHS =) ——— > = =>» — 24| | —=1=RHS.

Egalitatea are loc dacd si numai dacix=y=z=t=a
Remarca.
Ifx,,x,,...,x, 2 A >0 then

Z XX, n
(/1 + X, ) 4
Marin Chirciu
Solutie
LHS = Z—xlxz ﬂ?z RN, bR o | ] A 37
(ﬂ,+x2 2) 4x; 4 x, 4 y 4
Egalitatea are loc dacd si numai dacax, =x, =...=x, = 4.
Problema781.
Ifx,y,z>0,x+ y+z > 6then
>zl
yzelrx 7

Nguyen Hung Cuong, Vietnam

Solutie
Z Z x2 SOS Z x2
yz+~/1+x +2+x2 y2+zz+2+x2
2 2 2
2) x* o
=> = ) >12_ rus

x+y+z+2 Zx+2 7

2 2
undezZ:—x;l)12 Zx 6 <:>7Zx >6Zx +12<:>Zx >12, vezi

Zx +2 Zx +2 7

2 2

y +z

>yz <::>(y—z)2 >0.

Egalitatea are loc daca si numai dacix=y=z=2.

Remarca.
Ifx,y,z>0,x* +y* +z* =12and n € Nthen
z x*" S 3.4"
yzelex® 7
Marin Chirciu
Solutie
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x2n SOS x2n
LHS_ZyZ_,_Jl_,_x >Z +2+x2 = y2+zz+2+x2 -
2 2 2
_Z 2x2n 2zx2n 2Zx2n 2zx2n zx2n (1)3 4" _RHS
TEYhy 242 Y2 1242 14 7 7

on D qn 2nH0[der(Zx) 12" g sz ﬁ
under >3-4", ez1Zx > —371—34 <:>zx2+227<:>
2
> k26 2
C>7Zx2262x2+12c>2x2Zl2,vezi2x2czs(z3x) > %:12.
(1+x)+(1—x+x2)_2+x2
2 2

AG
Am folosit mai sus 1+ x’ —\/1+x 1- x+x) si

2 2
24 ;—Z >yz <::>(y—z)2 20.
Egalitatea are loc dacd si numai dacix=y=z=2.
Problem782.
If7a* + 20a + 7 = 0 then evaluate

a2
a*+3a* +1°
Sanong Hauyrerai, Math8/2025
Solutie
) ) —20a
Avem7a” +20a+7=0<a +1= .
a’ _ a’ B a’ B a’ B 1 49
a*+3a> +1 ' +24° +1+4d° (a? +1)2 g (—20a)2 2 (_2())2 L Mo '
7 7
Remarca.
If Aa* + na + A = 0 then evaluate
aZ
a* +ka® +1
Marin Chirciu
Solutie
AvemAa’ +na+1=0 < a’ +1:_/1ﬂ.
a’ a’ a’ a’

a4+ka2+1_a4+2az+1+(k_2)a2 (a2+1)2+(k—2)a2 (_naszr(k—Z)az

1 A’

(_/{1)2+k_2_n2+(k—2)/12'

Problema783.
Ifa,b,c,d >0,abcd =1then
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5
a

Z:\/a3 +15

Craciun Gheorghe, Mathematical Inequalities8/2025

>1.

Solutie
£ o T +1508

— >0, f'(t)=
JE+15 7'(0) 2(r3+15)\/z3+15

f(t)= i(r +15) (35z +1320¢° +18000£°) > 0.

>0,

Consideram functia f (t) =

Deducem ca functia este strict crescatoare si convexa.
Fiex=Ina,x+y+z+t=Ina+Inb+Inc+Ind =In(abcd)=In1=0.

eSx

Fieg(x):f(lnx):ﬁ.
e

Folosind inegalitatea lui Jensen avem »_ g(x)>4g [HyTJrij =4g(0)=4-

I

Jensen
> 4g(0 ):4-121:RHS.
\/a +15 4
Egalitatea are loc dacd si numai dacda=b=c=d =1.
Remarca.
Ifa,b,c >0,abc =1 and A > 0 then

LHS =) ———

5
“ 3
\/ S+ NA+]
Marin Chirciu
Problema784.
Ifa,b,c > 0,abc =1then
2
a+2
Konstantinos Geronikolas, Greece, Mathematical Inequalities8/2025
Solutie
a’+2b b (Z ) (Zb)
LHs=y Py oy DS -
a+2 a+2 ab+2b Z a+2 Z(ab+2b)

2 2 6]
- P 2. P 51i2.1=3=RHS,
p+6 q+2p
unde (1) rezulta din:
2 2
i) L >1,vezi L
p+6 p+

p=a+b+c>3Rabc =3;

>l < p’-p-620<(p-3)(p+2)20< p>3, vezi

2 2 2 >3 1
ii).p—zl,vezi P> P = 3p >1,vezig<—p’ & 3g<p o
g+2p qg+2p ;p2+2p p+6 3
Egalitatea are loc dacd si numai dacda=b=c=1.

Remarca.

107


http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 —- SEPTEMBRIE 2025 www.mateinfo.ro

1).Ifa,b,c >0,abc =1 and A > 0 then

2
S LA a1
a+2
Remarca.
2). Ifa,b,c >0,abc =1 and A >0,n > 0then
2
Za + b S 3(ﬂ,+1).
a+n n+l1
Dezvoltari, Marin Chirciu
Problema785.

Ifa,b,c > 0,abc > 1then

[ z)3)
Mlas—12(2].
a+1 2
Amir Sofi, Kosovo, Mathematics(College andHigh School)7/2025
Solutie

Lema.
Ifa,b,c > 0,abc >1then

1 3
—>= 1
a+a+1 4(a+)
Demonstratie.
1 3
a+m>4(a+1) (a—l)ZZO.
Lema 3y a6 (3’
[0+ ) ST 0 ~( 2] T 2 (2 T1(240)-

() 1 () (3] -

Egalitatea are loc dacd si numai dacia=b=c=1.
Remarca.
1). Ifa,b,c >0and A > 1then

(2+1)° e
H[“U(wl)}"l '

2).Ifa,b,c >0,] [(a+1)=84°, 4= 1then

H(Hailjz(“z—lj}.

1, 92
x_zwfx2+y2 .

Andrei Sfichi, elev, Suceava, SGM-4/2025

Dezvoltari, Marin Chirciu
Problema?786.
S:E.25.168. Ifx, y,z > O then

Solutie
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2 2 >Ma
Folosim ) — >29: s11/x Ty MPZM x;y:ZxS%Z\/szryz obtinem:
x

LHS = Z = RHS .

m Z\/x + 7

Egalitatea are loc daca sinumai dacix=y=z.

Remarca.
1). Ifx,y,z,¢t > 0then

1, 1632
x_za\/x2+y2 .

Remarca.
2). Ifx,, x,,...,x, >0then

1 nzﬁ
—_—
Zx1 Z\[x12+x22

Dezvoltari, Marin Chirciu
Problema?787.

. . . o e a
Fie a > 0six, > 0 Demonstrati convergenta sirului (xn )n> ,care verificd 0 <= Tart <o

a X,

Vn >0 si sd se calculeze limita sa.
Florin Rotaru, Focsani, Problema-23467, GM-1/1996

Solutie

D1n0< 51a>0:>x ,>0,Vn>0.
a

Din 0 < Xatt <2——<2:>xn+1 <2a,Vn=0.
a X

n

Obtinem0< x, ,, <2a =>sirul (xn )nZ , este marginit.

X X a X —X
AvemZzt<p @ T @ cn s By @ T TN <
a X, a xn a x, a
: X, a
Dinag,x, >0 = —"*+—2>2.
a x
n
. X, a X, a X, —X :
Din=t+—22¢i2+—+2 1<) = x  —x <0< x,, <x, = sirul(x,) este
a x a x a n=0

n n

descrescator.
Deoarece sirul este marginit si descrescator rezulta ca este convergent.
Rezulta ca exista/=limx, eR.

. [ [
Trecind la limita fn 222 < 2—£0b;mem—£2—% oc+l<o <::>(l—a)2 <0<=/=a
a X a a

n

Deducem calimx, =a .

n—>0

Problema788.
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Fie 4,B,C e M, (C) astfel incit ABC =1, . Sa se arate a daci

I +A+AB,I +B+BC,I +C+CAsunt matrici inversabile, atunci suma inverselor lor este

egalicul, .
Cristinel Mortici, Targoviste, GM-5-6/1996
Solutie

Avem (I, + A+ AB

1

)+ (1, +B+BC) +(I,+C+CA) " =

=(I,+A+A4B) +(1,+B+BC) A" A+(I,+C+CA) (4B)" AB=

=(I,+A+AB) " +(A+AB+ABC) ' A+(AB+ABC+ ABCA) AB=
=(I,+A+AB) +(A+AB+1,)" A+(AB+1,+1,4) AB=
=(I,+A+AB) +(A+AB+1,)" A+(AB+1,+A4)" AB=
=(I,+A+AB) (I,+A+4B)=1,

Am folosit mai sus X 'Y = (YX)f1 VX, YeM, (C).

Problema789.

Ifx,y,z,te [O,l] then

)
)
"
)

x(l—t)+y(l—x)+z(l—y)+t(1—z)S 2.
S. Cremarenco, Buzau, GM-4/1996
Solutie

Fie ABCD un patrat de laturalsi punctele M e [AB] ,Ne [BC] ,Pe [CD] ,0€ [DA] , astfel
incat AM =x,BC=y,CP=z,DQ =t¢.

[AMQ]+[BMN]+[CNP]+[ DPQ] <[ 4BCD] < x(lz_t) +2 (12—x) + Z(I;y ). [(12_2) <1

= x(l—t)+y(1—x)+z(1—y)+t(l—z)S 2.
Problema790.

Fiea e (O,l) fixat. Se considera sirul (xn )nZ] definit prinx, (0,1) six,, = xf —ax,+a,Vn=1.
Sa se calculeze
lingo(xlxz...xn ).

Manuela Prajea, Drobeta Turnu-Severin, GM-5-6/1996
Solutie

Se demonstreaza prin inductie cd x, € (O,l) ,Vn>1.
e(0,1),x, =x —ax, +a=x(x,—a)+a<a=x,€(0,1).

X, =X —ax,+a=x, (x,—a)+a<a =x,e(0,1).

X, =x —ax,+a>0,veziA=a’—4a<0.

Dinx, €(0,1),Vn>1,rezultd ¢ sirul (x,) _ este marginit.

Apoix,,, —x, =x. —(a+1)x,+a=(x,—-a)(x,-1)>0=>x,,, —x,>0=>x

n+1 > xn -
:>siru1(x ) este strict crescator.
> nJp>1

Obtinem0<x, <x, <..<x, <a<l.
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Deoarece sirul (xn )n>1 este monoton si crecator, deducem ca este convergent, deci are limita

finitd,/ = lim x, .

n—>0
Trecind la limita in relatia de recurenti x,,, = x> —ax, +aobtinem: [ =1>—al +a <
< (I-a)(l-1)=0<1I=a.

Obtinemx,, —a=x,(x,—a),x,—a=x,,(x,,—a),..x,—a=x(x,—a)=

= x,%,..x, = 21— Prin trecere la limitd obtinem lim (x,x,...x, ) = lim 221 —2 - 2% _¢
X, —a n—>0 e X —a X, —d
Deducem calim(x,x,...x, ) =0.
Problema791.
0703. In acute AABC holds
A 2
ZL >1+= cos’ 4.
cos(B—C) 3
Titu Andreescu, USA, Marius Stinean, Romania Mathematical Reflections Nr.4/2025

Remark.
1). InAABCholds

2
ZM>§(1—/’L)+120082A,0S1S%.

cos(B-C) 4
Marin Chirciu
Solution
2
p
COSZA Radon (ZCOSA)2 (1+Rj 2(R+r)2 Gerretsen
LHS = 2 =72 2 2 2, 2 7 2
cos(B—C) Zcos(B—C) p +r°+2Rr-2R° p +r +2Rr-2R

2R?

Gergfse" 2(R+r)2 3 2(R+r)2 _ (R+V)2 (;)

AR> + 4Rr +3r> + 7> +2Rr—2R> 2R>+6Rr+4r> R>+3Rr+2r°
(1)
2%(1—/1)+/12c0s2A=RHS,

(R+r)2 <;>3 5
— 7 > (1-2)+ A1 A
R> +3Rr +2r° 4( )+ ZCOS <

2
%Zé(l—ﬂﬁﬂ-
R +3Rr+2r° 4

where

6R* +4Rr+r’ —p

2
Y , resulting from p*> >16Rr —5°.

2
R+ R* +4Rr+7r’ —16Rr+5¢°
Remains to showthat—z( r) 5 22(1—/1)+i'6 o 2 oRrEar
R™+3Rr+2r° 4 2R

< (1-92)R* —(3A+ 1) Ror +(424-2) R*r* +12ARF -24r* 20 <
1
& (R-2r)[(1-92) R* +(1-212) R°r +124r" |20, see R > 2r (Euler) and 0 < 1 < =
6R> +4Rr+r° - p°
2R’ '
Equality occurs if and only if the triangle is equilateral.
2). InA4ABCholds

We usechos2 A=
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cos” 4 11 1 )
_ > —+— A.
Zcos(B—C) 16-'_12ZCOS

Marin Chirciu
Solution

Cased = é in the last Problem.

Problema792.
J704. Ifa,b,c >0 ,a+ b+ c =6 then

1 3 7
Zb+c+2Z:a2 Zg'

Mihaela Berindeanu, Bucharest, Romania, Mathematical Reflections 4/2025

Solution.
L, 3 7 5.2 Seo _d(a+bre) (Da)
Zb+c+221a2 - Zb+c Zaz =2l = Z b+c " Zaz 22l

zbzfc %az > 4, resulting from:
Titu-Lema 2 Za ’ 2 Za ’ Za ’
Zb+c_Z b+c) - Z(a(b-l—)c): 2(Zbc) :(sz '
It remains to show that:
(Z ) Zb Za +22bc b024©2a2+2+2b024
Zbc Zaz = Zbc Zaz z c Zaz
Za Zb Za ZbcAM GM Za .Zbc _
Zbc Za Z Za Zbc Zaz

Equality occurs if and only ifa=b=c=2.
Remark.

> >2,see

3
Ifa,b,c>0,a+b+c:6and0SlSEthen

1 A A+9

Zb+c+2a2 "

Marin Chirciu
Problema?793.

23556. Se considera un inel A cu proprictatea cix e A ,x° =x <> x=0saux=1.
Dacaa,be A ,ab=a+b, si se arate ciab =ba.
Cristinel Mortici, Targoviste, GM5-6/1996

Se considera un inel A cu proprictatea cix e A ,x° =x <> x=0saux=1.
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Dacax,ye A,xy=1,atunci yx =1.

Demonstratie.

xy=1 ipoteza
(yx)2 =() () =y(w)x = x = (yx)2 =y = yx=0sauyx=1.
Daca yx=0 = xyx=0 )gl x=0 = xy =0, contradictie, deci yx =1.

Sa trecem la rezolvarea problemei din enunt.
ab=a+b = (a—1)(b-1)=1 = (b—1)(a—1)=1=>ba=a+b.

Dinab=a+bsiba=a+b = ab=ba.
Problema794.
Solve for naturals

ShortList JBMO-2012

Solutie.
X 3
1+ 3+Z +=
2 Ccs Z( + jj ( j Nesbitt [ )
LHS =Y |1+ | > YT yrz) UL 2 2R, cu
y+z 3 3 3 4

egal pentrux=y==z.
Deducem ci multimea solutiilor ecuatiei este S = {(/1, A A) Ae N} .

Remarca.
Let ben € N fixed.Solve for naturals

Marin Chirciu
Solutie.

X Nesbitt 9
> 3+— ==, cuegal pentru
) galp

Pentrun =1se obtmeZ(H ]:2<:>3+Z
yv+z) 2 y+z
x=y=z.

Pentrun > 2 se foloseste inegalitatea lui Holder.

) (L]

V+z 3! 3! = 3! 2
Deducem ci multimea solutiilor ecuatiei este S = {(/1,2,, A) Ae N} .

Problema?795.
j-x/1+x1998 - [2000
2141999 \1999

24073. Sa se demonstreze ca
Florin Nicolaescu, Bals, Olt, GM 2/1999

Solutie.
V) e
I1+1999X ! 1999 %) I11+1999-)‘x:>
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Im j 1_+x‘°98dx:jm(lﬂgggx)dx:jmdx:
-1

1+1999* ° 1+1999°" 1+1999*

1
= ZJ.\/1+x1998dx =1 :I 1+ x"%dx
0 0
1 cBs ! 1 1999
Rezulté[:_[ 1+x"%dx < Ildx-I(l+x1998)dx = 1] x+ il
0 0 0 1999

Remarca.
Sa se demonstreze ca

1_\/1+ 1 [2000
0 1999 1999

l+x 2n+2

,undeneN".
S 1+(2n+1) 2n+1

ey —

Marin Chirciu

Problema?796.
Find
lim (2310 1),
Nguyen Hung Cuong, Vietnam, RMM 6/2025
Solutie.

lim un
lim (2410 -1)" = lim(1+24/10 -2 = lim (142):"" = (lim(1+u)ijﬁw =

n—»0 n—»0 n—>0 u—0

2lim
_ e el;n;(Z«/;O 2 egg{g(%’ﬁ%)n _ e"% - _ o0 _ IO 102 _ 100
Deducem ca lim (2810 1) =100.
Remarca.
Let be A >1fixed.Find
fim(2/21)
Marin Chirciu
Solutie.
Deducem ca liig(Zﬁ/I—l)n =17,
Problema797.

Ifx,y,z>0,x+y+z=1then

4(2)@/)2 < ny+3xyz .

George Apostolopoulos, Greece, Mathematical Inequalities 5/2024
Solutie.

Omogenizzim4(2xy)2 < ny+3xyz = 4(2)@/)2 < (Z:x)2 ny+3xy22x =
S Z:xy(x2 +y2) >2) 3y < Z:xy(x—y)2 >0.
1

Egalitatea are loc dacd si numai dacix=y=z= 3

Remareca.
Ifx,y,z>0,x+y+z=1land0< A <3then
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2443

(ﬂ,+l)(2xy)2 <

Marin Chirciu
Solutie.

Omogenizdm (4 + 1)(2 xy)2 2

= (/1+1)(ny)2 < 2/1;3 (Zx)z nyJrﬂxyZZx =

& (2&+3)(ny(x—y)2)+(3—l)2x2 (y—z)2 >0,vezi0<A<L3.

. . . 1
Egalitatea are loc dacd si numai dacix=y=z= 3"
Remareca.
InA4ABC
2
r 1
1).4 <) —+—
: [Z%j zr/b p’

Solutie
Lema

Ifx,y,z>0,x+ y+z=1then
4(ny)2 Sny+3xyz.

S s ~ 1 1
Se cunoaste 1dentitatea in triunghi Z— ==& Z— =
r

. r r r .
Folosind Lema pentru(x, y,z) = (—,—,—J obtinem
r, h T

4[2_._j Y 1.1.1@4[ZLI£ 1,3

a T, ”b o By Te TaTh oy P
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

InA4ABC

a’ b rp .
Dezvoltari, Marin Chirciu
Problema?798.

l,i
Fie§iruldefunc‘,[iifn:( 1 j_>R £ (x)=1 (1+ex 511 _[f
e

n—x0

Calculati lim (1—”) .
n

Marin Chirciu, Math6/2025
Solutie.
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=n-1+ in
e
n —1 + ©
1 n P )
Rezultical,=n—-1+— = lim[l—”j =lim| ——& | =¢'= 1 .
e n—oo n n—»0 n e
Problema799.
chx 0 shx
) : T te " e —e”
Fie multimea G = M(x)= 0 0 O |/xeR},undechx= ,Shx = 3
shx 0 chx

Aratati ca (R, +) si (G, ) sunt doua grupuri izomorfe.

Marin Chirciu,Math 6/2025
Solutie.

AvemdetM(x):chzx—shzx:l,M(x)-M(y):M(x+y).
Functia /:R = G, f(x) =M (x)este bijectiva si f (x+y)= f(x) f(»),Vx,yeR =

=(R+)=(G,.).
Problema800.
Evaluate

5 x7

[ —,

4 (6 - x) +x’

Sanong Huayrerai, Math 6/2025
Solutie.
5 %) p 5 (6—x)7 p
Folosind X )dx = a+b xidx = 1= x = x =
If )d jf )d '!. 6— x) +x '!.x7+(6—x)7

: ’ 2 (6-x) 5
:>2I=J. x7 dx + ( x) 7dx=_[dx=x =5-1=4.
1(6—x) +x’ 1x7+(6—x) 1

Din2/=4=171=2.
Remarca.
If A >0,n € N ,then evaluate

22+1 n
X
- dx .
L (2242-x)" +x"
Marin Chirciu
Solutie.
b b 22+1 xn
Folosind = +b— = dx=1.
olosin :[f(x)dx !f(a x)dx _! (2/1+2—x)n+x” X
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