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1.0n to Problem Q111 from Math Journal Sclipirea
Mintii 34/2024

By Nicusor Zlota, Traian Vuia Technical College Auto Focsani,Romania

Q111. Proposed by Florin Rotaru, Focsani, Romania. If 4,5, c > 0, then prove that

a b ¢ 63/ abc 55
¢c a a+b+c

Solution. Let a, b, ¢ be positive real numbers. We will prove that

ad+b3+c3  3¥abc
3abc a+b+c

> 2,(1).

3 3 3
Proof. By the AM-GM Inequality and = e (a+b+c)2 > 3/(abc)?

a+b+c 3

We have

3 ) Y(abo)?

a®+b3+c®  33abc ad+b3+c3 1 a+b+c 1
+ > > 2 2 > 2
3abc a+b+c a+b+c 3/(abc)2

The inequality equivalent to

3 3,153, -3
2+2+£+6 abC22+2+£_M+425 or
b c a a+b+c b c a 3abc
ay by e 2 Lyl ya g H@+b+cd)
b+c+a+ 3abc +425=>Zb+za+zb Za 3abc 22’(2)
Denote

a+b+c=pab+bc+ca=q,abc=r

The inequality (2) can be rewritten as

Z<a+b) 4(a3+b3+c3)>2+2<a b)(:)
b a 3abc - b a

Ya*(b+c) 4(a®+b3+c?) (a—b)(b—c)(a—rc)
- >2+
abc 3abc abc
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Then we need prove the inequality in case

(a—Db)(b—c)(c—a) = 0, soitis sufficient to prove the inequality

—3r 3 —3pq +3r 2q2 + 18pqr — 2712 — 4q3 — 4p3r
pqr P ?f?rq _ 5 . YP?@ +18pg k ¢ —4p

After some simple calculations, it remains to show that
(15pq — 4p3 — 277)? = 9(p?q? + 18pqr — 27r% — 4¢3 — 4p°r) &
27 -361% — 367 (7p3 — 27pq) + 364> + 216p2q% — 120p*q + 16p°® = 0
Suppose p = 3, so we need to prove
27r? = 27r(7 — 3q) + q® + 54q* — 270p*q + 324 = 0
Letting f(r) = 2712 + 27r(3q — 7) + q° + 54q% — 270q + 324
Let two case
1) Let 7y = 7 — 3q, then If0< ¢ <2 =7, <0
f(0) = q3+54q*> —270q + 324 >0

2)If2 < q <3, A= 27%(3q — 7) — 108(q° + 54q* — 270q + 324) < 0

So, f(r) = 0,vq € [2,3]
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2. An Introduction to Pell’s Equation and Catalan’s
Conjecture

Asist.univ.drd. Vintu loan-Vladimir

Our aim is to present a link between some particular cases of Catalan’s conjecture and Pell’s equation.
Also known under the name of the Pell-Fermat equation, we consider any Diophantine equation of the
form

x2—dy?=1,

where x, y are integers and n is a given nonsquare natural number. It is well established that the
solutions of Pell’s equation can be written using the sequence (x,,,y,) ,where

X1 = X0, Y1 = Yor Xn+1 = XoXn + AYoVn Yn+1 = YoXn + XoVn, V1 = 1 (1).

Here, (X, V) is the minimal solution of the equation, different from the trivial solution (1,0). Let us begin
our work with the following lemmas.

Lemmal
Foranyn = 0, we have

Xn + YuVd = (x0 + yoVad)™ 1,
Proof

We use the method of mathematical induction. For the base case, the identity becomes trivial. We now
assume the equation to be true for n — 1 and prove that it is true for n as well. Using (1) and

Xn—1 + Yn-1Vd = (xo + yoVad)™,
we obtain
(o + yoVd)™* = xoXp_1 + dYoYn-1 + Vd(Xp_1Yo + XoYn-1) = Xn + yuVd,
and our proof is complete.
Lemma 2
For any integers a, b and natural number n, the following modular equation holds:
(a—b)" = (—b)" (mod n).

We leave the proof as an exercise for the reader. One quick approach would be using the binomial
expansion.

Catalan’s conjecture

The conjecture dates back to 1842, when Eugene Catalan had the idea of the following equation:
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Xt —yv=1.

The Romanian mathematician Preda Mihailescu used properties of cyclotomic polynomials and the
Dedekind domain to conclude that Catalan’s conjecture has only one solution over the natural numbers,
namely (x,y,u,v) = (3,2,2,3).

Since the equation was solved much earlier in the cases when either u or v is even, by Lebesgue in 1850
and Ko-Chao in 1963 respectively, we will assume u and v to be odd numbers in the following particular
cases, assumption that will allow us to create the transition from Catalan’s conjecture to Pell’s equation.

Problem 1
The equation
x*—yY=1xy=a(a+1),aeNuv>3
has no solutions over the set of natural numbers.
Proof
By squaring Catalan’s equation, we obtain
X2 4 y2 — 2xUy¥ =1 5 (x% + y¥)2 — dxty = 1.

On the other hand, from the hypothesis we get

2

u-1 v-1\? u-1 v-1
4xtyY = Axyx¥lyv"l = 4a(a + 1) (x 2yz2 ) =(Qa+1)?*-1) (x z2y?z? )

u-1 v-1\2
=(b2—1)(x 2 y 2 ) ,
where b = 2a + 1. The equation becomes
u-1 v—1\2
(xu+y”)2—(b2—1)(x Zy2 ) =1.

Let us assume that the equation has at least one solution. Since we arrived at Pell’s equation, this means
that the equation has in fact an infinite number of solutions. We search for the minimal solution of this

u-1 v-1

equation. Let x* + y¥V = A and x 2z y 2 = B. We can quickly observe that when B = 1, A can equal b,
hence the minimal solution becomes (A4, By) = (b, 1). By applying lemma 1, the general solution will
satisfy

An_1+Bn_1‘\[ b2 - 1 = (AO + Bo‘\[ bz - 1)1’1 = (b + ‘\[ b2 - 1)71’ VTl E N*

Using the binomial expansion,

u—1 v—1

xn—lu + Yn—lv + xn—lTyn—lTV b2 —-1=

= b7+ b B2 =1 () +bm2 07 - 1) (5) + bR 0R - 1)@(?) o
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Firstly, observe that b? — 1 = 4a? + 4a = 4a(a + 1) = 4x,y,. Moreover, b2 — 1 is definitely not a
perfect square (when b > 1) and thus Vb2 — 1 is not an integer either. Consequently, we can equalize
the terms that contain the square root from the right side with the ones that contain the square root from
the left side, and the same for the terms that do not contain the square root. Note that all the terms from
the second equation are multiples of x,,_;y,,_1, therefore x,_;y,_1|nb™ ! (2). Now, let d be a natural
prime factor such that d|b and d|x;,_1Yn_1- We get
dlxn—13’n—1 = d|4xn—13’n—1 = d|b2 -1= dll-
This means that (x,,_1Vn—1,b) = 1. From (2), we get x,,_1Yn—1|n.

u-1 v-1

- u-1
Let p be a prime factor of x,,_;. We have p|x,,_1 and since uTl > 2 p?x,_1 2 2 p?x,_q 2 A
which is the LHS of the second equation. Consequently,

n
p?nb™ ! + 4 (5) b 3%y 1Vn_q + M,z

2
n-1Yn-1

n
= p?nb™ 1 + 4 (5) b™ 3%, 1 V1.

If p>3, then p|n(n+)(n_2)= C,> (because (p,2) = (p,3) =1) and having p|x,_;, we obtain
p2(4(3) b" 3 xno1yng = p2Inb" 1,

However, (x,_1,b) =1 = (p,b) = 1= p*|n,Vn = 1, contradiction. Therefore, p < 3 and the prime
factors of x,,_41 can only be 2 or 3. In an analogous way we can prove that this also applies for y,,_1.

Coming back to the initial equation, we can quickly see that (x,,_1,V,—1) = 1. This means that either
Xp_1 = 22%*1 and y,_; = 3%*1 or x,_; = 32%*! and y,_; = 22P*1, where a and b are positive
integers. Note that this is also because u and v are odd integers.

In the first case, the equation becomes
22a+1 _ 32b+1 — 1.
By applying lemma 2, we get
22a+1 = (3 — 1)20+1 = (—1)24*1 = —1(mod 3).
However, 322*1 = 0(mod 3), therefore LHS = —1(mod 3), contradiction.
In the second case, the equation becomes
32a+1 _ 92b+1 — 1.
Again, using lemma 2, we get
32a+1 = (4 — 1)20%1 = (-1)2%*1 = —1(mod 4).

However, 22P*1 = 0(mod 4) because 2b+1>3>2 (from the hypothesis) and thus LHS =
—1(mod 4) and this is our final contradiction.

Problem 2

The equation
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x¥—yY=1,xy=a’*+2,a€Z,u,v>3

has no solutions in the set of positive integers.

Proof

Similarly to the previous problem, we can write the equation as
(x* +y")? —ax¥y¥ = 1.

Following up, we have
u-1 v—1\?
4xty¥ = (a2+2)(2x Z y 2 ) ,
so we can associate the initial equation with the following Pell’s equation:

A? — (a® + 2)B? =1,
u-1 v-1
where A = x* + y¥ and B = 2x 2 y z . The minimal solution of this equation is given by (4, By) =
(a? + 1, a). By applying lemma 1, we find the general solution,

Ap_1+Bp_Va?+2=(a*+1++a?+2)",vneN*.

The binomial expansion gives us:

Ap_1+Bp_ Va2 +2=(a?+1+Ja?2+2)" =

n
(@2 + D"+ aya? +2(a* + 1" 2n+ a?(a? + 2)(a® + 1) 2 (E) +...

Again, note that a? + 2 cannot be a perfect square, so Va? + 2 is irrational. We can equalize the terms

that contain the square root from the right side with the ones that contain the square root from the left

side, and the same for the terms without the square root. Using a similar approach to the previous
u-—1 v—1
problem, we get a|2x,_1 2 Yn_1 2 .

Let p be a prime factor of a. Then either p|x,_1 or P|Yp—1, S0 D|Xp—1Vn_1.SiNCe Xp_1Yn_1 = a* + 2, we
u-—1 v—1
getp = 2. Now let q be a prime factor of a? + 1. Then q|2x,_; 2z y,_1 2 .Since 2 is the only prime factor
u-1 v—1

of a, it means that a + 1 is an odd number and so q|x,_; z y,_1 2 . Thus, either q|x,,_; or q|V,_1, SO
q|X%n—1Yn—1. It immediately follows that either (x,_1,Vn-1) = (1,2) or (xp_1,Vn-1) = (2,1). However,
this means that the equation has at most two solutions, which is a contradiction.

There are a variety of further links that can be investigated between Pell’'s equation and Catalan’s
conjecture. For example, consider the cases when xy = a? + 1 orxy = a? — 1.

References

1. E.J. Barbeau, Pell’s Equation, New York: Springer, 2003, pg. 45-46.

2. L. Cucurezeanu, Ecuatii in numere intregi, Bucuresti: Aramis, 1998, pg. 57-59.
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Art 9000

Math Journal
Marin Chirciu *
Mathematical Journal prezinta o selectie de probleme recente din diverse publicatii de specialitate .
Problema495.

1 1 1
ifa,b,c>0,—+—+— =3then
a

b2
Z; < 3 )
a+ 2\/% +1 4
Craciun Gheorghe, Mathematical Inequalities, 5/2025
Solutie.
(o

1 11 2 1) (=l 2 W 1
LHS =Y — <Y — | = [ Y =Y Y1 |<—(3+2:3+3) =
Za+2\/E+1 zm(f@ﬂj 16(Za+zﬁ+zj 16( +2:3+3)

=— =%= RHS , unde (1) rezult3 din:
1 1 151 (1Y 1
DOPE N i Za 3(20,):@0,

3 l SOS 1 cs 1 Z 3

=y =2 ) —2>— — S
a’ ab 3 Jab Z

Egalitatea are loc daca sinumaidacd a=b=c=1.

Remarca.

1 1 1
ifa,b,c>0,—+—+—=3 and A >0then
a c

b2

1 3
a+ﬂ«/_c+1 A+2°

Marin Chirciu

! Profesor, Colegiul National ,, Zinca Golescu ’Pitesti
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Solutie.
1 cs 1 1 A 1 1 M
LHS = < —+ + - +>1
Za+/1\/l;+1 Z(mz)z(a Jbe 1) (A+2) [Z ZJE Zj
M
S;Z(3+/1-3+3):3(/1+22): 3 = RHS , unde (1) rezulta din:
(2+2) (A+2) A+2

1 1 1S1(§] ’ 1
Z;S?),z b <3 vezi: 3= z (z;j 22;33,

1 ¢

-y ¥y lsls Loy La

Egalitatea are loc daca sinumaidacd a=b=c=1.

Problema496.
InAABC
w2
> . +arc 2=
Sarkhan Adgozalov,Georgia Mathematical Inequalities 5/2025
Solutie.

LHS = Z o (Zw) Ty sut e st o

Z(errr 221’ 2(4R+r) B 2[4R+Rj:_:RHS'
2

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
InAABC

9r? < w’ < (R+r)2

R n, o+, R

Marin Chirciu

Solutie.

Inegalitatea din stanga.
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Z W cs (Zw) ZW>9’ 9r) B Q12 Euer  §1p° 9,2
rb+r Zrb+r 2>, 2(4R+r) 2(4R+RJ R

Inegalitatea din dreapta.

> w, WZZ” D nr, _ pl+r’ +4Rr e AR + ARy +3r7 +17 +4Rr _

n+r, o+, 4R 4R

AR*+8Rr+4” R +2Rr+r’ (R+r)
4R R R

Problema497.

Ifa,b,c>0,abc=1then

a 3
> >
bc(b+c) 2
Craciun Gheorghe, Mathematical Inequalities 5/2025

Solutie.

2 2
a CS

v 4 _y_ & _ Ya) (Xa)
LHS_Zbc(b+c)_zabc(b+c) ab Z

(
Z(b+c) 2Za

51
b+c 1

1 AGl 3
=—Y a>—-33Jabc === RHS .
2Z 2 2

Egalitatea are loc daca si numaidacd a=b=c=1.

Remarca.

ifa,b,c>0,abc=1and A >0then

a S 3
Zbc(b+lc) A+
Marin Chirciu

Solutie.

LHS = Z a’ 1 a’ C>Sl (Z:a)2 B (Za)2

bc(b+/1c) Zabc(b+ﬂc) e 1Y (b+de) (A1) da

10


http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2025 www.mateinfo.ro

1 46 ] 3
=—— g>——33Jabc =——=RHS .
A+1 A+1 A+1

Egalitatea are loc daca si numaidacda a=b=c=1.
Problema498.

InAABC
[ (o1 -or*)>16aberR*.
Daniel Sitaru, RMM 4/2017
Solutie.

Lema.

InAABC
[1(or; —or*)=16R’r(p* +r* +2Rr).

Folosind OI> = R* +2Rr, siOI”> = R> — 2 Rr obtinem:

Las =[] (or: -or)=T](R +2Rr, - R* +2Rr) =[] (2Rr, + 2Rr) =8R*[ [ (r, +7) =

=8R"-2r(p’ +r* +2Rr)=16R’r(p* +r* +2Rr) 2 16abcrR* = RHS .

Remarca.

InAABC
512R* <[ ](or; —0r* ) <128R’r .
Marin Chirciu

Solutie.

Folosim H(Olj — 012) = 16R3r(p2 +r7 + 2Rr) si inegalitatea lui Gerretsen.

Problema499.
InAABC
2
ZAIah[-ZIIa :Sf _4R.
Ertan Yildirim, Turkey, RMM 5/2025
Solutie.

11
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,
Folosind A, = —*
sin —

Remarca.

1). InAABC

2). InA4ABC

. A
sifl, =4R s1n50btinem concluzia.

<

2
8-(2R-r)< Y Mol (2R Ry,

r

a

My 19p.

a

24r<y

Al
r

8R*

Al -1
FoIosimZ ‘}l L=

a

Solutie.

Folosim z

3). InA4BC

AL I,

r(l

Solutie.

—4R siinegalitatea lui Euler.
r

=12R si inegalitatea lui Euler.

Al - 11
a a 2
h

a a

2

Z Al -11,
Dezvoltari, Marin Chirciu

8R’ 3 Al,-1l, 8RR’

Al 11
FoIosindz “h £ =

a

4R

r

Problema500.

ifa,b,c>0,a+b+c=

—4Rsi

—4R inegalitatea se scrie:
-

a

—-(2R—r)2 12R & (2R—r)23r < R>2r (Euler).

3 then

<2' 1+ abc
"2 2+4abc’

Zab

12
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THCS 5/2025, Vietnam
Solutie.

Folosim pgr -Method: p=a+b+c=3,q=ab+bc+ca,r =abc<1.

) ] 9 1+r
Inegalitatea se scrieq < —- ,p=3.
2 2+r

9+3r

Folosind inegalitatea lui Schur p* —4pg+9r>0,p=3 & 3 -4.3g+9r>0 < g <

Este suficient sa aratam ca:

9+3r 32- 1+r - 34r<6 1+r
4 2 2+4r 2+4r

= (3+r)(2+r)£6(1+r) S +5r+6<6r+6 <

S P <r & r<l,vezZiAM-GMsip =3.
Egalitatea are loc daca si numaidaca a=b=c=1.

Remarca.

n
then

ifa,b,c>0,a+b+c=3 andn=>0,1 =
n+4

Zab<3(n+1)-/1+abc
A+l n+abc’

Marin Chirciu
Solutie.
Folosim pgr -Method p=a+b+c=3,g=ab+bc+ca,r =abc<1.
Inegalitat [ <3(n+1) Arr
negalitatea se scrieq < : , D=
& 1 A+l n+r P

9+3
Folosind inegalitatea Iui Schur p° —4pg+9r>0,p=3 & 3 -4.3g+9 >0 < g < -

Este suficient sa aratam ca:

9+3r£3(n+1).ﬂ,+r<:>3+rg(n+l)-/1+r
4 A+l n+r 4 A+1 n+r

& (ﬂ,+1)(3+r)(n+r)£4(n+1)(ﬂ,+r) &

=3
n+4

(A+1)r? +r(n+3)(A+1)+3n(A+1)<4(n+1)r+4(n+1)1 <

13


http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2025 www.mateinfo.ro

PRl
<;>+4( 3n +1)r2+r(n+3)( 3n

+1j£4(n+1)r <
n+4 n+4

<r <

p—

4(n+1)r2+r(n+3)4(n+1)34(”+1)r<:> r’+r(n+3)
n+4 n+4 n+4 n+4

=4 +r(n+3)£r(n+4) <P <r < r<l veriAM-GMsip=3.
Egalitatea are loc daca si numaidaca a=b=c=1.
Problema501.

InAABC
9rSZasinA£97R.

Geometric Inequalities, O.Bottema, 1969

Solutie.

a 1
Folosi asinA=> a-—=—Y a*.
olosim > Yato L

Problema502.

InAABC
48\3R?r < [1,1. <243R’.
Adil Abdullayev, Azerbaijan, RMM 5/2025
Solutie.
Lema.
InAABC

[141.=16R*p.
Demonstratie.

4
Folosind 1,1, =4Rcos— = [ 1,7, =]T4R cosg = 64R3Hcos§ = 64R° .ﬁ =16R*p.

Folosind Lema si inegalitatea lui Mitrinovic.
Remarca.

InAABC

14
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72Rr <> (1,1.) <36R’.

Marin Chirciu
Solutie.

Folosim Lema si inegalitatea lui Euler.

Problema503.
InAABC

2

a
> >12R*,
, A
CoS™ —
Nguyen Hung Cuong, Vietham, RMM 5/2025

Solutie.

2
Folosim inegalitatea lui Euler si Z a  _ 16R> (1_§)

cos? é
Remarca.
InAABC
2
8R(2R-r)<Y —— <4R (2—R—1).
» A r
cos” —
2
Marin Chirciu
Solutie.

2
Folosim inegalitatea lui Euler si Z a Y =16R> (1_éj
2
cos” —

Problema504.

Ifa,b,c > 0then

ZL > g
b+bc 2
Panagiotis Danousis, Greece, Math Atelier 5/2025

Solutie.

15
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2 a Nesbitt

2.
b+\/E Z b+c =250 2

LHS =Y = RHS .

N | W

3
4

Egalitatea are loc daca si numaidacda a=b=c.
Remarca.

Ifa,b,c >0 and A >0 then

Z a > 3
b+ ilbe  A+1"

Marin Chirciu
Solutie.
Pentru A =0 obtinem Z% >3, vezi AM-GM. Tn continuare , fie 4 > 0.
a 2a Nesbitt 3 3
H= me\/E 3 AT :z(/l+2)b+/tc T FC RS RRE
2
Egalitatea are loc daca si numaidacd a=b=c.
Problema505.
VI.610. Determinatix, y,z € N’ stiind c3
x’ _y+l z’

X +3  y+4 z+4°
Gheorghe lacob, Mirela Bisoc, Pascani, RMT-2/2025

Solutie.

x’ y+1
n =— = x = y+I.
X’ +3 y+4

Di

x’ z 2 37 377 2
Din— = =>x = > si sel=z=4=2x" =4=x=2.
x*+3 z+4 z+24—z" z+4+24—z

Dinx” =y+lsix=2=>y=3.
Deducem c3 (x,y,z) =(2,3,4) )

Problema506.

16
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Solve in R the equation

10x* —9x —8xy/2x* =3x+1+3=0.

Nguyen Hung Cuong, Vietham, RMM 5/2025

Solutie.

1
Domeniul de definitie este x € [O,E}U[I,OO) . Notdm? =+/2x>=3x+1>0.

10x2 —9x+3 = 8xy/2x% —3x+1 <> 10x* —9x +3 = 8x <> 10x> —9x +3 = 4x? + 31> <

S AP +32 —8xt=0 < 4x* -8xt+3t* =0 & (2x—t)(2x—3t)=0 = xe{%%}

J2x> —3x+1
= =YL T v =2 3] & A =20 xS

2

Cazull). Dacax =

N |~

—3+\/ﬁ
—4 )

S 27 +3x-1=0 < x=

t V257 —3x+1
Cazull). Dacész :>x=% S 2x =23 =3x+1 © 4x* =2x" -3x+1 &
<:>2x2+3x—1:0<:>x:#>0.

32w —3x+1
2

3t
Cazull2. Dacéx:E:Mc S 2x=32x*-3x+1 &

& 4x’ =9(2x" =3x+1) & 14x° —27x+9=0 < xe{%%}

3 3 3+417
Multimea solutiilor ecuatiei este S = {—,—,—\/_} .

72 4

Remarca.

1). Let be 1< A <9 fixed. Solve in R the equation

(A2 +34) 2" =3(A+1)x—42x\2x" —(A+1)x+1+3=0,

Solutie.

17
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1
Domeniul de definitie este x € [O,Z} U[I,OO) .Notam ¢ = \//lxz —(/1 +1)x +12>0

(22+32)x7 =3(A+1)x—42x\[Ax* =(A+1)x+1+3=0.

—A-1+5A2—24+1 —9(/1+1)i3\/13/12—18}t+9}
5 .

2(12 —,1) ’ A2 —9/1)

Multimea solutiilor ecuatiei este S = {

2). Solve in R the equation

18x* —=12x—12x/3x* —4x+1+3=0.

Solutie.

6 2

2+410 21\/5}'

Multimea solutiilor ecuatiei este S = {

3).Solve in R the equation

6x° —4x—4x\/3x2 —4x+1+1=0.

Dezvoltari, Marin Chirciu

Solutie.

2+410 2J_rﬁ}
6 '

Multimea solutiilor ecuatiei este S = {

2
Problema507.
InAABC
3 [ 3R /i _
n,+r, 2 \2r
Kostas Geronikolas, Greece, Mathematical Inequalities 4/2021
Solutie.
Lema.
InAABC
Z h, P’ (])2+27’2—4Rr)+r(4R+r)3
n,+r, - 8R*p’

18
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CBS 3 Euler 3 R 3 )
LHS =Y |—— < [>r Z (4R+ r)E < S\5y = RHS, veai
r

I"b+l’ I"b+7"

2 2 2 2_4R 4R 3 erretsen
Z h, :p (p +2r 2rz)+r( +r) 12(]) Lo _4Rr+(4R—jr)Jc St
n+r, 8R°p 8R p

Gerretsen 1

4R+7)
= 3R AR 4 4R+ 3 4 20— drp s TARET) |

r(4R+r)2 SR’
R+r

(4R2 +5r° +(4R+7)(R+ r)) =

_8R*+5Rr+6r’ E‘f’ 12R* 3

8R? ~ 8R* 2

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
InAABC
1
3 5 \6 h 3
r 7
32 < —2a < |[=(4R+7r) .
(21{2} Z\/rb+rc \/2( )
Marin Chirciu
Solutie.
Lema.
InAABC
Z h pz(pz+2r2—4Rr)+r(4R+r)3 3
a — <z
n+r, 8R2p2 2
Inegalitatea din dreapta.
CBS Euler
¥ L Syt - aren 2 S
rb+r rb+r 2 2 \2r
Inegalitatea din stanga.
2r2p2 5 r2p2
z haa A>G33 H 7, =3 Hha]:[ra _36 R P _36 R .r_
nAr no+r, H(rb+rc) 4Rp® 2R

19
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1
itrinovic 1 3 6
:36ﬁM> 3627r2'r3:3627'r5:3.356i:35 re
2 = 2 2 2 2 |

2R 2R 2R 2R 2R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema508.
InAABC
2
rR23 < %cosAS }126:”/5
Konstantinos Geronikolas, Greece, Mathematical Inequalities 4/2025
Solutie.
Lema.
InAABC

2 2
S Loosa= L2 AR
a 4Rrp

1 > —y?—4Rr
Folosim inegalitatea lui Gerretsen si Z—COSA _p T T
a 4Rrp
Remarca.
InAABC

2
4p\ R a 4p\ 2r

Marin Chirciu

1 > —r>—4Rr
Folosim inegalitatea lui Gerretsen si Z—CosA _p T T

a 4Rrp
Problema509.
InAABC

m,sin 4 < L.
2

Liviu Nicolescu, Vlad Boskoff, Teoreme de geometrie plana, Universitatea Bucuresti, 1986

20
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Solutie.
Y m, o R .
m, smASE S mpras<pRESm-ar<pr-Rom,-ar<F-R< ) Sz—,(PanaltopoI
3 r
Problema510.
In acute AABC

Zrama <p’.

Liviu Nicolescu, Vlad Boskoff, Teoreme de geometrie plana, Universitatea Bucuresti, 1986

Solutie.

7, +r n+r. 5
Folosimm, < ”2 < :ZramQSZraT“=Zrbrc=p ]

Problema511.

InAABC

[T 01w >(IT%)"

Liviu Nicolescu, Vlad Boskoff, Teoreme de geometrie plana, Universitatea Bucuresti, 1986

Solutie.
2
Folosimm,w, 2 p(p—a) =nr.=>mw,2nr. = Hmawa 2 Hrbrc = (Hr) =

= Hmana > (Hra )2 .

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema512.

Ifx,y,z>0,x+y+z=1then

2
S50
y+z

Dorin Marghidanu, Corabia, Olt, Mathematical Inequalities 52024

Remarca.

1).1fx,y,z>0,x+y+z=1 and A >0then

21
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Z/Ix2+x>l+3
y+z 2

Solutie.

LHS:Z/ix(l—y—z)H :Z(/Hl)x_zlevegm(iﬂ)é_l:ﬂ:RHS
y+z y+z B 2 2 '

Egalitatea are loc daca sinumaidaca x=y=z=—.

3

Remarca.

2).1fx,,z>0,x+y+z=1 and1>0,n €N then

" 1
le +x2—(3+ %Zj
y+z 2 3"
Dezvoltari, Marin Chirciu

Solutie.

Ax+x_ 3 X 3
Pentru n=1se obtinez > —(/”t+1) = Z— 2 —, (Nesbitt).

y+z 2 y+z 2

Pentrun > 2 se foloseste inegalitatea lui Holder.

+ —=

LHS _ Z ﬁx" +x _ z ﬁxn N Z x HolderiNesbittZ (Zx)n 3

y+z y+z y+z - .3"_2Z(y+z) 2
n—1
n—1
= (?j_)z +%=ﬂ.3n1_2.2+%=3n_j“.2+%=%(3+3i2j=RHS.

1
Egalitatea are loc daca sinumaidaca x=y =z = g .

Problema513.

InAABC

Zmaz +ij +Zwawb <3p°.

Liviu Nicolescu, Vlad Boskoff, Teoreme de geometrie plana, Universitatea Bucuresti, 1986

Solutie.

22
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_ —b _
Notém(x,y,z):(\/p a,\/p \/ CJ
p
2bc p a
Obtinemw_ = cos < X =W, < px.
’ ““byc 2 b+cv p\j - P P

2 2
1
Obtlnemm—<1——(x+y) :&
P 2 I3

<1- ;(x+ )Z,ZZSI 2(y+z).

w, +w, w +w +2w W, x*+ +2p°x
Obtinem( > b) b b<p py2 o4 (x+y)
p p p

2 2
Din Y m’ =3p’ —%Z(erz)z iYW+ ww, S%Z(ery)z =

Deducem ij +Zw§ +2wawb <3p’.
Problema514.

InAABC
(w, +Wb)2 +2m’ <2p°.

Liviu Nicolescu, Vlad Boskoff, Teoreme de geometrie plana, Universitatea Bucuresti, 1986

Solutie.

_ -b _
Notém(x,y,z)=(\/p 4 \/p \/ ¢
p
2 a
Obtinemw, = be cos—: p <p px = w, < px.
b+c 2 b+cV

2
1
Obtinemm—‘; < 1——()c+y)2 .
p 2

2 2 2 2
Din%s(x+y)2§i ’Zz < ;(x+y)2 :@+2-IZ§ S(x+y)2+2—(x+y)2 =2

= (w, +w,) +2m? <2p*.

2
Deducem(wa +wb) +2m’ <2p°.

23
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Problema515.

ifa,b,c>0,a* +b* +c* +abc = 4 then

!
2a+bc 3

Nguyen Hung Cuong, Vietnam, Mathematical Inequalities 5/2025

Solutie.
Lema.
a
ifa,b,c>0,then a’ +b° +c* +abc =4 <:>Z =1.
2a+bc

cs ems
s =Y 4 | s T 2arbe) L _ppg
2a+bc 3 3

Egalitatea are loc daca sinumaidacda a=b=c=1.

Remarca.
ifa,b,c>0,a” +b* +c* +abc =4 andn e Nthen

Z[ 34 ]nz&

2a+bc

Marin Chirciu
Solutie.
Pentrun =0 avem 3=3. Pentrun =1 se obtine Lema. Pentrun > 2 vezi inegalitatea lui Holder.
Lema.

a

ifa,b,c >0, then a’+b* +c* +abc=4 < Z =1.
2a+bc
" Holder Lema n
LHS=Z[ 34 J ST\ 2atbe) P Y _5_ pps.
2a+bc 3" 3"

Egalitatea are loc daca sinumaidacd a=b=c=1.

Problema516.

24


http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2025 www.mateinfo.ro

IfM e Int(AABC) andd,,d,,d_-distances of point M to the sides BC,CA, AB and m > 1then

Za:l:b >+ (\/g)m+lF,x,y>O.
b

D.M. Batinetu-Giurgiu, Mihaly Bencze, RMM 5/2025

Solutie.

m+ m+l
LS z 4" _ Z ((ab)mH Rag,n (Zab) 1 Gogan (4F\/§) _ e (\/g)m-H £ RES

dy bd,)" (X bd,)" (2F)"

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema517
InAABC
a’b 64F>
Z , X%,y >0
xr+yh, x+3y
D.M. Batinetu-Giurgiu, Neculai Stanciu,RMM 5/2025
Remarca.
InAABC
2n-17.2n 4n-1 2n-1
a’b 27" F
Z >—— ,%,y>0,neN.
xr+yh, 3 (x+3y)
Marin Chirciu
Solutie.

-1 -1 -1
2°F 1 9
Pentrun =0 se obtine Z a 2 — = Z > ,
xr+yh, 3 (x+3y) xra+ yah, 2F(x+3y)
vezi inegalitatea lui Bergstrom.

Pentrun =1 vezi inegalitatea CS. Pentrun > 2 vezi inegalitatea lui Holder.

ab e (X ap?) G (16F2)’ _
xar + yah, 3"_22(xar + yaha) 3" (xrz a+3y- 2F)

a2n—lb2n
LHS:Zxr+yh ZZ
(16F2 )n y4n g2 -l p2n-1

= = = :RHS.
3"’2(xr-2p+6yF) 3"’2(x-2F+6yF) 3"’2(x+3y)
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Problema518.
InAABC
r 18r
zl-l-arb = 2+43R
Zaza Mzhavanadze, Georgia, RMM 5/2025
Remarca.
InAABC
Z r' S 6(3r)" LN
I+, 3R+2’ '
Marin Chirciu
Solutie.
6
Pentrun =0 se Obtmezl-i-l"b 3IR+D , vezi inegalitatea lui Bergstrom.
18r r

Z 4 si Bergstrom.

Pentrun—lseobtlneZ:1 +r 2+3R vez Zl+r r,trn
i b a a'b

Pentru n > 2 se foloseste inegalitatea lui Holder.

LHS =3 e e () (Xrn)  _ (4Rtr) e (42rr)
Ler, 372 (1+r) 3"2(3+Zrb) 32 (3+4R+r) 3n2(3+4R+12€j
(9r)" 297 2 (9r) 6(3r)"
= = = —- = :RH
3n_2(3+9Rj 3"?(6+9R) 3 3"(2+43R) 3R+2
2

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema519.
In acute AdBC
Z tan A4 > 2\/5.
I+cos A4
Nguyen Hung Cuong, Vietnam
Remarca.
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Marin Chirciu

In acute AABC
tan” 4 n
>2(N3) , N.
Z 1+cos 4 (\/_) ne
Solutie.
tan" A
LHS = =
Z 1+cos 4
3 (V) :
_E.T_z(\/?) = RHS.
4
Problema520.
InAABC
z a ’ > ﬂ(i ’
2b+c¢) 3\R)
Konsantinos Geronikolas, Greece, Mathematical Inequalities 5/2025
Solutie.

2
a
a zcs(zzb_’_c) Nesbirt 12 Euler 4 (7 \*
LHS:Z(%H) > > — > —(—j = RHS .

3 3 3\R
Remarca.
1). InA4ABC
: :
Z(bfﬂc] Z(iil)z (%j 20
Solutie.

(/1+1)2

a ’ 3 ?
2 CS (Z j Nesbitt ( ) B Euler 2
LHS:Z( a J> b+ic) M\ A+1) _ 3 (z] w3 2(gj:
(A+1) \ R

b+ Ac 3 B 3 R
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=RHS .
2)InAABC

Z( a )2 3 n(z) ,A=>20,neN.
b+ Ac (,14.1) R

Dezvoltari, Marin Chirciu

Solutie.

Pentrun =0 se obtine egalitatea3 =3.

a 3 (2r
Pentrun =1 se obtinezb ) 2 m E , vezi inegalitatealui Nesbitt si Euler.
c

Pentru n > 2 se foloseste inegalitatea lui Holder.

a Y 3
a ' Holder [z bt icj Nesbitt ( 1 +1) 3 Eder 3 27\
LHS = Z(mj 2 P > = > _ =

3" 3 (a+) (A+1)'\R
=RHS .
Problema521.
InAABC
S(a+b)(b+c)Jp—b=16mp\[p.
Mihaly Bencze, Brasov, Octogon, PP48358
Remarca.
InAABC
ERE
Z(a+b)(a+c) p(p—a) >48-34 F?,
Marin Chirciu
Solutie.

LHS=Z(a+b)(a+c)«,p(p—a)gZZQ-ZJEJp(p—a) :4wz,fpa(p—a)§
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>4\/abc 3\/abcH p(p—a)=12Jabc -§abc-p*-r pr;omU abc)fg § p3r2 33 =
itrinovic 2 arlitz
"2 2 (abe)s 46/r3~p3(\/?_>)3 12(abe)s [prB > 12 Jg BF —48-3% F2 = RIS,

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema522.
InAABC
Z—a2 <SR
(p=b)(p=c) r
Titu Andreescu, Dorin Andrica, 360 probleme pentru concursuri,GIL2003
Solutie.

Folosim inegalitatea lui Euler si Z =

Remarca.

InA4ABC

Marin Chirciu

Solutie.

Folosim inegalitatea lui Euler si Z =

Problema523.

Ifa,b,c > 0then

5 _d Na+b+e
e 2

Remarca.

Ifa,b,c >0 and A >0then
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Z a >\/;+x/l;+\/z
Marin Chirciu
Solutie.
R R 0 37) NN 0 37 M S 022 N
LHS—Zm_Zam_zam_z\/;\/ab+ﬂac a \/ZaZ(ab+ﬂa6) -

(e 0 (Xa) _Da
J2a-(2+1) Y ab \/Za-(ﬂ+1)-1(2a)2 \/Za-(/1+1)-;

3

Egalitatea are loc daca si numaidacd a=b=c.

Problema524.
InAABC
2
Ss€eC —
z 2 >i
bc p’
Titu Andreescu, Dorin Andrica, 360 de probleme pentru concursuri, GIL 2003
Solutie.
sec’
L . . . 4R +r
Folosim inegalitatea lui Euler si Z = 3
bc rp
Remarca.
1). InAABC
2
seC —
<y —2son
bc 3r
Solutie.
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2 4
L . . . seC 2 4R+r
Folosim inegalitatea lui Euler si Z = 3
bc rp
2). InAABC
csc’ =
FET s
R bc r
Solutie.
A
csc —
Folosim inegalitatea lui Euler siz = L
’ bc P
3). InAABC
A
sec? 5 csc? 5
3 <
Z bc Z bc
Dezvoltari, Marin Chirciu
Solutie.
A
2 2
sec” — c—
4R+r 1
Folosind Z 2 - 3 z = —7 inegalitatea se scrie:
bc rp b
4R+r 1
3. — <5 < p2 > 3r(4R+r) , vezi inegalitatea lui Gerretsen p2 >16Rr—5r.
p r
Problema525.
InAABC
nr. |h, 9r?
) L K
ntr)r. R
Konstantinos Geronikolas, Greece, Mathematical Inequalities 5/2025
Solutie.
Lema.
InAABC
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C a

Z( rr Jh— pz(p2+2r2—l2Rr)+r3(4R+r)

ntr ), 8R’r
Remarca.
InAABC
2r(2R-r)’ Z( nr j£< 9R’
R’ B n+r ), 167
Marin Chirciu
Solutie.

7 8R*r

2 2 2 3
h p\p +2r —12Rr)+r (4R+r
Folosim inegalitatea lui Gerretsen si Z( Tl j ( ) ( )

Problema526.

Solve in R the equation

Ilie Dinulescu, Pitesti, OL-1994-Arges.

Solutie.

X2+l X2+l 1—x 1 1 1

- -—= X+— X+— 1 — * *

27 43 =136 <2 *+3 X=€3-6X<:>2—1+3—1=E.

Dacd X este o solutie a ecuatiei date, atunci — este solutie a aceleeasi ecuatii.
X

Prin urmare , este suficient sa determinam soltiile ecuatiei din intervalul (0,00) .

Functia f : (0,00) —)R,f(x) = —+— este strict crescatoare pe(0,00) , prin urmare ecuatia are cel
3¢ 2«

mult o solutie pe(O,OO) . Cum x =1 verifica ecuatia, deducem ca este singura solutie din (0, OO) .
In final solutiile ecuatiile suntx, =1six, =—1.

Remarca.

1). Let bea >1,b > 1 fixed. Solve in R the equation:
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Solutiile ecuatiile suntx, =1six, =—1.
Remarca.

2).Solve in R the equation:

Dezvoltari, Marin Chirciu
Solutiile ecuatiile suntx, =1six, =—1.
Problema527.

InAABC

Sarkhan Adgozalov, Georgia,RMM 5/2025.

Solutie.

r—r 2(R-r
Folosim inegalitatea lui Euler siz “h = ( )

a

7

Remarca.

1). InAABC

Solutie.

ro p>+r*—10Rr

. . - . . ha B
Folosim inegalitatea lui Euler si Z

7, 2Rr
2). InA4ABC
2r h—-r R
3——< 4 <—.
R Z r 212
Solutie.
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ro p>+r°—10Rr

h —
Folosim inegalitatea lui Euler siz -

7, 2Rr
Remarca.
3). InA4ABC
h,—r r—r
LSy
Dezvoltari, Marin Chirciu
Solutie.

, inegalitatea se scrie:

_ 2, .2 _ 2R -
Folosing zhar r_p +2Rr10Rr $izrah r_ (R—r)

p>+r’—10Rr < 2(R-r)
2Rr r

< p’+r’—10Rr <4R(R-r) < p’ <4R’+6Rr—1",

care rezulté din inegalitatea lui Gerretsen p* <4R> +4Rr+3r°.
Problema528.

Solve in R the equation

xP—=x-10 2+ x> +x-10 Z_L
10x 10x 10

Sanong Huyrerai,Math 5/2025.

Solutie.
ox=10Y (x*+x-10) 1 =10 1Y (¥-10 1) 1
+ -— o -— |+ f— | =<
10x 10x 10 10x 10 10x 10) 10
x2-10
= 2 2
i0s 1 1 1 L1, 11 L1
S |t-—— | +Ht+— | =— Pt — 4t —=— S =— &
10 10) 10 5 100 5100 10 25
1
S t=1—.
5

2
X101 0y 1020 e x=1+11,
10x 5

1
Cazull).t = g =
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— 2_ —_—
CazuIZ).l‘:—1 o X 10=—I<:>x2+2x—10=0,<:>x:—1i\/ﬁ
5 10x 5

Deducem c3 solutiile reale ale ecuatiei suntx, , =1++/11,x, , =—1£+/11.

Remarca.

Let be A > 2 fixed. Solve in R the equation
2 2
x—x—A1 N XHx-A) 1
Ax Ax A

NA-2%94-2  —JA-2%491-2

Solutiile reale ale ecuatiei suntx, , = , X

22 e 22

Marin Chirciu

Problema529.

ifa,a,,..,a, >0,a +a, +..+a, =1then

Z\/méﬂfn(n+4)_

GM 11-12/1988

Remarca.

ifa,a,,..,a,1>0,a +a,+..+a, =1then

ZWSJ”(”"'Z)-

Marin Chirciu

Solutie.
LHS = Z‘Mal +1 Cés\/nZ(lal +l) = \/n(ﬂuZ:a1 +n) = ﬂ/n(ﬂ,+n) = RHS,
JAaq +1_Aa,+1 JAa, +1

; " ...=f$ia]+a2+...+an:1.

cu egal pentru:

1
Egalitatea are loc dacd sinumaidaca a, =a, =...=aq, =—.
n

n

Problema530.

Ifx,y,z>0,x +y3 +2z° =3then

35
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vV

X 3
> 7

3y+1
Nguyen Hung Cuong, Vietnam, RMM 5/2025

Remarca.

Ifx,y,z>0,x° +y3 +2z° =3then

Marin Chirciu

Solutie.

@ o (Xe)

LHS = Z3y+i Z 3+ﬂ+2 Zb+j+2:Zab+(/1+2)a_Z(ab‘i‘(/“'Q)a):

Xa) 0 ¥ 3 e

- > ab+(A+2)>a 3+(A+2)-3 43
Za=3$i2ab£3,vezi:

1 2 1
Zabﬁg(Za) 23'32 :3.

Egalitatea are loc dacd si numaidacd x=y=z=1.

Problema531.

ifx,y,z>0,x+y+z=1then
9xy224(xy+yz+zx)—l.

Mathematical Inequalities 5/2025
Solutie.

Folosim pgr -Method

Notémp=2x=l,q=2xy,r=xyz.
Inegalitatea se scrie 97 > 4¢ —1 ,care rezulté din p° —4 pg +9r > 0,(Schur).

Inegalitatea Iui Schur p° —4pg+9r >0, p=1=>9r>4g -1
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Egalitatea are loc daca sinumaidaca x=y =z = 5 .

Remarca.
In AABC
3
9r > 47 1 1 1 3
h hh, hh ~ hh  hh
Lema.

ifx,y,z>0,x+y+z=1then

9xy224(xy+yz+zx)—l.

. . ~ . . r
Se cunoaste identitatea n triunghi Z— =1.
r

roror
Folosind Lema pentru(X,y,Z) =| —,—,— | obtinem concluzia.
Ta Ty T
Remarca.
InAABC
97 1 1 1
>477 | —+—+— |1,
Tl Taly  Tle Tl
Lema.

ifx,y,z>0,x+y+z=1then

9xy224(xy+yz+zx)—l.

. . ~ . . r
Se cunoaste identitatea in triunghi Zh— =1.

a

Folosind Lema pentru (X,y,Z) =( J obtinem concluzia.

rrr
h, ' h h,

Remarca.

www.mateinfo.ro

Marin Chirciu

Marin Chirciu
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4
Ifx,y,z>0,x+y+z=1andﬂZEthen

xyzz/l(xy+yz+zx)+%(l—9/1).

Marin Chirciu

Solutie.

Folosim pgr -Method: p = Zx =1,g= ny,r =xyz

1
Inegalitatea se scrier > Aq +2—7(1 —91),care rezulta din p° —4pg+9r >0,(Schur).

Inegalitatea lui Schurp3 —4pqg+9r>0,p=1=r=

Este suficient sa aratam ca:

4g-1 1 4 1
qTZ/iq+2—7(l—9/1) = 3q(92—4)£9ﬂ,—4, care rezultd din A ngiqﬁg, vezi

1=(Zx)2232xy=3q =1>3q.

Egalitatea are loc daca sinumaidaca x=y =z = 5 .

Problema532.
InAABC
A
Z r,r. tan 5 > 9\/§r2 .
Sarkhan Adgozalov, Georgia, RMM 5/2025
Solutie.
Lema.

N L A
Folosim inegalitatea lui Mitrinovic si Z”b”c tanE =3pr

Remarca.

1). InAABC
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A 9J_Rr

3F <) rr tan—
2.1 2 2

Solutie.
. . . . A
Folosim inegalitatea lui Euler si Zrbrc tan; =3pr

2). INnAABC

3(3\/§r2>nSZ(;’br tanzj [N;Rr ] ,neN

Solutie.
A
Folosim inegalitatea lui Mitrinovic si ZFbr tan — = =3pr

3). InAABC

P(8R-Tr)< Zrbrcoté_M.

r

Solutie.

A p(p2 -2 —8Rr)
Folosim inegalitatea lui Gerretsen si Zl’bl’ COtE =

r

Inegalitatea din dreapta.

4). InAABC

A A

Zrbrc cot— 2327@7@, tan — .
2 2
Dezvoltari, Marin Chirciu
Solutie.
2 2
A A plp —2r —8Rr
Folosind Z’”b” tanE =3pr S'Z’”b” COtE = ( ) inegalitatea se scrie:
r

p(p2 —2r? —8Rr)

r

>33pr < p* =2 —8Rr>9r° < p> >8Rr+1177,
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care rezult din inegalitatea lui Gerretsen p° > 16Rr —5r" .

Problema533.

3
fa,b,c>0,a* +b>+c* +==12abcthen

s

&b AL

Kunihiko Chikaya, Japan, Mathematical Inequalities 6/2012

Remarca.

fa,b,c,A>0,a*+b* +c* +%=3ﬂ.2abc then

Z;lg;ﬁ_

a+b +—
Marin Chirciu
Solutie.
Lema.
Ifa,b,c,A >0, then
1 1 < A '
a3+b3+F 3ab
Demonstratie.
AG 1 /1
a3+b3+i3233,’a3~b3~i3:@:> 1 < ,cuegalpentrua:b:l.
A A A a3+b3+—3 3ab A
A
gLt A As L AQame2 a2, Q4 ¢
s o 1T “3gb 3%agh 3 abe 3 1 . 3) 3 », 37
a’+b + 3/12(2‘/1 tr Da t3
0
2212L:2/12L<%=RHS,

1 3 1 3
P
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1)
unde2i’ —EL <P 2L <)o 6ip<pai+9 e (Ap-3) 20,

15,3 1.3
L 3P T
. ‘. o A
Egalitatea are loc dacd si numaidacd a=b=c=—.
Problema534.
Ifa,b,c,d >0then
z 9 > 16 N 16 N 16 .
a(b+c+d) (a+b)(c+d) (a+c)(b+d) (a+d)(b+c)

Paul Peter Dalyay, Hungary, American Mathematical Monthly, 2011
Solutie.
Lema.

Ifx,y,z>0and f is a convex function then

Zf(x)+f(x+y+zj Zf(

Demonstratie.

Folosim Popoviciu inequality = Zf(x)+3f(mj > ZZf(Xer), (1)si

3
el ),(z).

[\

Jen sev

B I e e RO W U E

oin(ly+2:2) = 33 (x)+3/ (ELE a3 (122,

1
Folosind Lema pentru f(t) :;,t > 0 obtinem:

> Z oY

8 1
2 - ,(3).
X Xx+y+z x+y X Xx+y+z 32 b% )

X+

Folosind (3) pentru (x,y,Z) = (a,b,c),(b, c,d),(c,d,a),(d,a,b)si sumand =
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>16Z SI_ 1 _a+b+c+d

a b+c+d a(b+c+d)’

:>9Z +9y ————

1 1 a+b+c+d _
= = concluzia.

a+b+c+d (a+b)(c+d)

a+b+c

Egalitatea are loc daca sinumaidacd a=b=c=d .
Remarca.
1). If x, v,z > 0 then

3, 2 .y 8

X X+y+z x+y

Solutie.
Lema.

Ifx,y,z>0and f is a convex function then
x+y+z\_4 x+
o2t (2)

1
Folosind Lema pentru f(x) =—,x>0 obtinem:
X

Tt U e Dottt Yo

X x+y+z 3 x+y X x+y+z x+y

Egalitatea are loc dacd sinumaidacd x=y==z.

2).InAABC
rr
3 r +27r>8 b
27 Z,, o
Solutie.
Lema.

Ifx,y,z>0then

P

X Xx+y+z x+y

. . ~ . . r
Se cunoaste identitatea in triunghi Z— =1.

a
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rror

Folosind Lema pentru(X,y,Z) = (—,—,—J obtinem concluzia.
it

3). InAABC

Solutie.

Lema.

Ifx,y,z >0 then

3,7 .y 8
X x+y+z x+y

. . ~ . . r
Se cunoaste identitatea in triunghi Zh— =1.

a

ror o r
Folosind Lema pentru (X,y,Z) = (h_’h_’h_J obtinem concluzia.
b

Remarca.
4). InAABC
3 27 8
Z:m_aJr m,+m, +m Zmb +m
Solutie.
Lema.

Ifx,y,z >0 then

>3+ >y

X Xx+y+z x+y

Folosind Lema pentru (x, y,Z) = (m ,y,,m ) obtinem:

Yo >3

m, m,+m,+m, m, +m,

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
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In AABC
3 27 8
> =+ >y .
w, w,t+w, +w, W, +w,
Solutie.
Lema.

Ifx,y,z >0 then

3, 2 .y 8

X X+y+z x+y

Folosind Lema pentru (x, y,z) = (Wa,wb,wc) obtinem concluzia.

5). InAABC
3 27 8
ZEJF S, +5,+S, - zsb +s,
Dezvoltari, Marin Chirciu
Solutie.
Lema.

Ifx,y,z >0 then

3, 2 .y 8

X XxX+y+z x+y
Folosind Lema pentru (x, y,z) = (Sa,Sb,SC) obtinem concluzia.
Problema535.

ifx, v,z >0,Z)cy3 =3 then

5

Y>3,

Yy
Craciun Gheorghe, Mathematical Inequalities 5/2025

Remarca.

Ifx,y,z >O,ny3 =3 andn € Nthen
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Marin Chirciu

Solutie.

X
Pentrun = 0 obtinem Z— >3, vezi AM-GM.
Yy

Pentrun € N folosim inegalitatea lui Holder.

3;11—1 (\/327)" =

2n+l 2042 Folder X2 G S0 x2 n+1 1 , Vasc
LHS:zxy :zxxy y (3"2-12)xy : (3‘:‘2)»8 =5 (2x)

:3’}1( 33) :%-3" —3=RHS.

Egalitatea are loc dacd si numaidacd x=y=z=1.
Problema536.

InAABC
w,+w, +m, Sp\/@.

Liviu Nicolescu, Vlad Boskoff, Teoreme de geometrie plana, Universitatea Bucuresti, 1986

Solutie.

— —b —
Notadm (x,y,z) = \/p a’\/p ,\/p <.
p p p
2 A 2b , -a -
Obtinemw, = be Cos— = ¢ p(p )Sp p—ad =px = w, < px.
b+c 2 b+c bc p
W, +w, m 1 2 _ W, +w, m, 1 2 @
Din — Sx+ysi—< 1——(x+y) = +—=<x+y+ 1——(x+y) <3,
p p 2 p p 2
1 2(1) x+y=t 1 ) 2
undex+y+ 1—5(x+y) S\/g & T+ I_Et Sﬁ@(fﬁ—2) >0.

Deducemw, +w, +m_ < p\/g.

Problema537.
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InAABC
m (b + 0)2
<>
w, 4bc
Liviu Nicolescu, Vlad Boskoff, Teoreme de geometrie plana, Universitatea Bucuresti, 1986
Solutie.

1 A
Folosind m, > E(b + c)cosa siw, =

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema538.
InAABC
mw,>p(p—a)=nr,.
Liviu Nicolescu, Vlad Boskoff, Teoreme de geometrie plana, Universitatea Bucuresti, 1986
Solutie.
2 2
1 A c A m, _(b+c —a) (b+c
Folosindm, > —(b+c)cos—siw, = cos — = 2( ) $ip(p2 ):( )
2 2 +c 2 w, 4bc w 4bhc
m, _ p(p-a) .
= —t2 ==L =mw,2p(p-a)sip(p—a)=ry..
Wa Wa

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema539.
InAABC
Zraz > 27R? szj .
4
Liviu Nicolescu, Vlad Boskoff, Teoreme de geometrie plana, Universitatea Bucuresti, 1986
Solutie.

3
Folosind identitatile Tn triunghi Zr: = (4R + r)z — 2p2 , Zmi = ZZaz si

Zaz = Z(p2 -7’ —4Rr) obtinem concluzia.
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Problema540.

1). InAABC

1

B C 4F 2
Zra tan—+tan— (23| —= | .
2 2 B
Solutie.

>, (tan§+tan%j>3\/nr (tan§+tan—)= \/H H(tan +tan%)=

31

1
4R 1 Carlitz 4F 4F 2
=33rp> — =33/4Rrp =33/abc =3(abc); > 3[ j —3[ j = RHS .
"% Yabe =3(abey = 3\ ) =5

Remarca.
InAABC
>, (cothrcot%) >6p.
Dezvoltari, Marin Chirciu, IneMath 5/2025
Solutie.

>, (c0t§+cot%j>3\/nr (c0t§+cot—j— \/H H(cot—+cot%):

Euler
:3i/rp2@:3§/ ﬁ > 33/p’-8=3-2p=6p=RHS,
r

r

. . . B C\ 4Rp
Am folosit maisus | |7 =rp*si cot—+cot— |=
[T:=r' H( Frea$ ]2

r

Problema541.

Ifa,b,c>0then

. 27
ab>
Ze _2(a+b+c)'

Panagiotis Danousis, Greece, MathAtelier 5/2025

Solutie.
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Folosim ¢* > x+1,VxeR, cuegal pentrux=0.

CS SOS (1)
LHS = Zeab>z(—+1j Zi+3z Y 2T _Rus,
ab > ab l(z ) 2> a
3
9 27 9 27
undeﬁ+322 S +322—<:>2p2—9p+1820,veziA<0.
e 22 L
) L. . ! 1 1
Egalitatea are loc dacd si numaidacd —=—=—=0, fals.
a c ca

Deducem ca inegalitatea este stricta.
Remarca.

Ifa,b,c > 0then

Marin Chirciu

Solutie.

Folosim ¢* > x+1,VxeR, cuegal pentrux=0.

1
LHS:Ze“ZZ(%+1j:ZI+3>Za zga:RHS,

9 n 27 9 27
unde -————+32 +3>2— < 2p*—9p+18>0,veziA<O0.
l(z ) Za 1 2p
3
. L. o1 1 1
Egalitatea are loc dacd si numai dacd —=—=—=0, fals.

ab bc ca
Deducem ca inegalitatea este stricta.
Problema542.

Ifa,b,c>0,abc=1then

Za3 +32> ZZab .

Nguyen Hung Cuong, Vietham, RMM 5/2025
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Remarca.

Ifa,b,c>0,abc=1and A <6then

Za3+12(1+§j2ab.

Marin Chirciu
Solutie.

Folosim pgr -Metho.
NotémpzZa,q =Zab,r=abc:l.
Zcf =p -3pg+3r,r=1.
Inegalitatea se scrie:

p —3pq+3+/12[1+§)q.

Folosind inegalitatea lui Schur p° —4pg+9r>0,r=1 < p’ >4pg—9 este suficient :

4pq—9—3pq+3+/12[1+§jq = pq—6+/12(1+§Jq.

AG
Folosind p >3, vezi p =a+b+c > 33abc =3, este suficient s3 aratdm ca:
A A . .
3g—6+12> 1+§ q = 2—5 q26—/1<:>(6—l)q23(6—l),carerezultédm/1£6$|q23,

AG >
veziqg =ab+bc+ca > 33 (abc) =3.

Egalitatea are loc daca si numaidacda=b=c=1.
Problema543.

Fier,,n,1, R, R,, R;razele cercurilor inscrise, respectiv circumscrise ale ABOC,ACOA,AAOB, O

fiind centrul cercului circumscris AABC . Aratati ca:

a b c 4
+ + :—2
nR, nR, nrRy R

(p+3R).

GM-1/1987

Solutie.
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_ S, S, 28, .. abc aR-R akR’
Obtinem#n =— = = SiR = = = .
p, a+R+R  4+42R 4S, 4S, 48,
2
a a 2(a+2R) 2(D,a+6R) 2(2p+6R
Rens LHS =Y -4 =3 oy Aar2R) 2 a+6R) 2(2p+68)
hR, 25, aR R R R

a+2R 48
:%(p+3R):RHS.

Remarca.

1). Fien,r,,1, R, R,, Ry razele cercurilor inscrise, respectiv circumscrise ale ABOC,ACOA,AAOB , O

fiind centrul cercului circumscris AABC . Aratati ca:

2 2 2
N b I L 164(p+3R)2.
nR KR, 1R 3R

Solutie.
2 A )
a
o[ T ] o[ Ereom)
s =Y 4 | S\ DLR =10 (p43RY = RHS
"R) T3 3 3R
Remarca.

2). Fier,,r,, 1, R, R,, R;razele cercurilor inscrise, respectiv circumscrise ale ABOC,ACOA,AAOB , O

fiind centrul cercului circumscris AABC . Aratati ca:

n n n 4 R n
L + L + L >3 Lj) .
nR, R, R, 3R

Dezvoltari, Marin Chirciu
Solutie.

Pentrun > 2 se foloseste inegalitatea lui Holder.

E 3n—1 - 3n—l - 3n—1R2n

n 4 n
. Zaj ((p+3R)j )
LHSZZL ; j Héd( iR SR = (p3R) =
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:3(4(19_+23R>j _RES.
3R

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema544.
ifa,b,c,d € (0, OO)—{I} six,y,z,t €eR ,a" =bcd,b” =cda,c” =dab,dt = abc then

1 1 1 1
+ + + =1.
I+x 1+y 1+z 1+¢

GM-7-8/1992
Solutie.
Logaritmand obtinem x = lgb+lgc+lgd si analoagele.
lga
1 1 Iga
Obti = = =1,
inem 27 ZH lgh+lgc+lgd zlga+1gb+1gc+lgd
lga

Remarca.

1). Ifa,b,c 6(0,00)—{1} six,v,zeR,a" =bc,b” =ca,c® =abthen

1 1 1
+ + =1.
I+x 1+y 1+z

Solutie.

lgb+1gc

si analoagele.
lga

Logaritmand obtinem x =

1 | lga
Obti = = =1,
"”emzux zl+lgb+1gc Zlga+lgb+lgc

lga
2).Ifa,b,c>1six,y,zeR,a" =bc,b” =ca,c” =abthen

I 1 1.3
——t—>=
x y z 2

Dezvoltari, Marin Chirciu
Solutie.
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Logaritmand obtinem x = M si analoagele.
lga
1 1 lga Nesbitt 3
Obti LHS =) —= = > —=RHS .
Anem Z“x Zlgb+lgc Z“lgb+lgc 2

lga

Egalitatea are loc dacd sinumaidacda=b=c<=> x=y=z.

Problema545.
InAABC
8Hsiné < Hcos B-C <1.
2 2
Razvan Satnoianu, Concursul”Laurentiu Duican”1994
Solutie.

. A B- *+r*+2R
Folosind Hsm; = é siHcos 2C _P ;Rz d , prima inegalitate se scrie:

2 2 2R
8-# S% < p’ >14Rr—r*, vezi p> >16Rr —5r* (Gerretsen).

Adoua inegalitate rezulta dincosx <1,VxeR..

Remarca.
InAABC
%Hcosg < §Hcos B;C .
Marin Chirciu
Solutie.

A p B-C p*+r*+2Rr
Folosind COS— = —s5ij cos = , hegalitatea se scrie:
11 2 4R’ 11 2 8R* &

8 £<£p2+r2+2Rr
3J3 4R~ 2r  8R?

< p* >14Rr—r”, care rezults din inegalitatea lui Gerretsen:

3R3

p2 >16Rr —5r" si Mitrinovic: p < 2

Problema546.
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Ifx,y,z>0,xy+ yz+zx =1then

2
y+z

e

Imad Zak, Lebanon, Mathematical Inequalities 5/2025

Remarca.

1).1fx,y,z>0,xy+ yz+zx =1land A > 0 then

pIREARSE

y+Az A+l
Solutie.

PRSI\ 3t S S I A

v+ Az Z(er/lz) l+1 Zx A+l A+1

1
Egalitatea are loc daca sinumaidacax =y =z = ﬁ

2). InA4BC
tan’ 4
2—2 > ﬁ '
tan § + tan g 2
2 2
Solutie.
Lema.

Ifx,y,z>0,xy+ yz+zx =1then

y+z 2

IR

I N 4 B
Se cunoaste identitatea Tn triunghi Ztan;tan; =1.

, A
tan® =

C

R
tan +tan — 2
2 2

A B
Folosind Lema pentru (x,y,z) = tanE,tan > tan > obtinem: Z
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3). In acute AABC

cot’ A \/§

yotd 2

cotB+cotC 2
Dezvoltari, Marin Chirciu
Solutie.
Lema.

Ifx,y,z>0,xy+ yz+zx =1then

y+z 2

y£ B

Se cunoaste identitatea in triunghi ZCOt AcotB=1.

cot® 4 NE)

Folosind Lema pentru(x, y,z)=(cot A,cot B,cot C) obtinem: _ >
pentru (x, ,2) =( ) LB 2

Problema547.

1 1 1
Ifa,b,c>0, 3 +b202 + . =12 then

4Zab+1zz3zib.
a

Kunihiko Chikaya, Japan, Mathematical Inequalities 9/2016

Solutie.

Lema.
1 1 1

Ifa,b,c >0, + + =lthen
2b2 bZCZ CZaZ

Demonstratie.

1 o1 1Y 1
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Lema Lema

9 9
122 4-+12=18 2 32— RHS

CcS
LHS =4) ab+12> 4.

7’

ab
1
Egalitatea are loc dacd si numaidacia=b=c=—.
2
Remarca.
1 1 1
1) Ifa,b,c>0,—2+—2+—2:l2 then
a- b ¢
1
4y a+1223) —.
a
Solutie.
Lema.

1 1 1
Ifa,b,c>0,—+—+—=12then
a

b2 2

9 Lema

LHS = 4Za+12>4 L+12 >4 criz=18 2 32 = RHS

Egalitatea are loc dacd si numaidacsa=b=c=—

I 1

1
2). Ifa,b,c>0,—2+b—2+—2:12 and A >0 then
a

Sasiz(%e5]22.

Dezvoltari, Marin Chirciu
Solutie.

Lema.
I 1 1
fa,b,c>0,—+—+ —2—12thenz <6
a C

b2
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9 Lema Lema ﬂ/
LHS = Za+/1>—1+1 > +A > [— jZ— RHS ,

Z* 6 4

a

Egalitatea are loc dacd si numaidacia=b=c= 5 .

Problema548.
InAABC
Zra\/zz3p\/;.
M.Ganga, Teoreme si probleme de matematica
Solutie.

>3

7 >3 < fa
2orlr 23pdr & Xy
. . 4,xyZ(x+y+Z) xyz )
Folosind dualitatea avem7, = ,JF=,|——, p=x+y+z,obtinem:

X X+y+z
,/ x+y+z

r xyz

_ Q’xyZ(X‘i‘y‘i‘Z) x+y+Z_
_22 . / =

X+y+z
:(x+y+z)z\/y_z x+y+z 343/1_[\/_ x+y+z):3p:RHS_
X
Remarca.
InAABC
S i 293
Marin Chirciu

Solutie.

S I >0 Zh\/z L9
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24xyz(x+y+z) xyz

Folosind dualitatea avem /1, = V= , P=Xx+y+z
y+z X+y+z :

Problema549.
Ifa,b,c>0,\/;+ b+\/_:1then

V <L
4/ (a+c) 2

Nguyen Hung Cuong, Vietnam, RMM 5/2025

Solutie.

B \/@ CzS \/E yz A6 y+Z
LHS_ZJ(a+b)(c+a)_z\/E+ Jba z\/ng\/_ ZZ+)’ Z

1 1 1
—EZX—EZ\/_—E—RHS.

1
Egalitatea are loc dacd si numaidacia=b=c= 5 .

Remarca.
ifa,b,c>0 1+1+1 1 th
a,b,c , = en
Jab be  ea
1 1
<—.
(a+b)(a+c) 2
Marin Chirciu
Solutie.

B 1 css I 1 Oeyrz 1
LHS_Z,/(a+b)(c+a)_z\/;+ ba ZZJFJ’ 24)72 z( ]

—RHS

Zx 2 Z\/bc 2
Egalitatea are loc dacd si numaidacia=b=c=3.
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Problema550.
ifa,b,c,d >0,a+b+c=d then
H(l+£j264.
a

Craciun Gheorghe, Mathematical Inequalities 5/2025

Remarca.

1).1fa,b,c,d,A>0,a+b+c+d = Athen

a
Solutie.
A a+b+c+d b ¢ d b ¢ d
LHS = I+—|= I+— |= I+1+—+—4+— =] |551- 1. ——- —=
N e S L IR IR B
=5"=625=RHS,

. . . A
Egalitatea are loc dacd si numaidacia=b=c=d = 7

2).fa,a,,...,a,,A>0,a +a, +...+a, = Athen

H(HiJz(nH)".

a,

Dezvoltari, Marin Chirciu

Solutie.
A +a,+..+
LHS =T 1+5 |=][| 1+ 2= =T 141+ 2 2 | =
4 @ a aQ
=(n+1)" =RHS,
. o . A
Egalitatea are loc daca si numaidacaq, =a, =...=a, =—.
n
Problema551.

ifa,b,c>0,a+b+c=ab+bc+cathen
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Nguyen Van Hoa, Vietnam, RMM 5/2025

Solutie.

Z“' l1+b+c :Za+22bc:p+2q:p+2p_§<21_RHS
(a+b+c)2 (Za)2 P’ P’ 4

LHS=) ——

a +b+c B

unde(1) & p>3,vezip’ >3g=3p = p° >3p = p>3.

Am folosit mai sus(CBS) ———— < — ¢ S (@ +b+c)(1+b+c)2(a+b+c)

a’+b+c (a+b+c)2

Am notat maisus p = Za,q = Zab .

Egalitatea are loc dac si numaidacia=b=c=1.

Remarca.

Ifa,b,c>0,a+b+c=ab+bc+cathen

b+c
Lt
Marin Chirciu
Solutie.
2

LES = z b+c Czsz . ]+b+0222(b+c)+zz(b+0) _

a’+b+c (a+b+c) (Za)

2 2 2005 be 2p+2(p*-2 2q ¢=r2p+2(p> -2 2 2

_2)a+ Za; >be _2p+2(p : q)+2q 0 2p+2(p ; p)+ P2,

(> a) p p p
Am folosit mai sus(CBS) — ! < I+b+e <:>(az+b+c)(1+b+c)2(a+b+c)2.

a +b+c (a+b+c)2

Am notat mai sus p = Za,q = Zab .

Egalitatea are loc dacd si numaidacia=b=c=1.
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Problema552.
InAABC
m+1
A 2
Zac}?ztmﬂ Z:Svam 'mZO
D.M.Batinetu-Giurgiu, Daniel Sitaru, RMM 5/2025
Solutie.
m+1 m+1
acot™! A 222 cot™ 4 (az cot A) ’ (02 cot A)
Z h2m+1 = Z 2m+1h2m+1 = Z (aha )2m+1 = Z (2F)2m+1 =

: " m+1
LS (@eota)” s (X(a* cot 4)) 1 (4F)

(2F) m (2F)2m+1 3m = (2F)2m+1 3m

2

= = RHS.
3"F"

Am folosit mai sus Zaz cotA=4pr.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In acute AABC
atan™™ 4 _ 6
Z haZm+l ﬁ mz O
Marin Chirciu
Solutie.
m+1 m+1
atanmﬂ A a2m+2 tanm+1 A az tanA az tanA
z il Z 2milg2mil Z( 2m21 = Z( 2mzl =
ha a ha (aha) (2F)
m+l1

_ | (e tan 4)"" 1 (X(a” tan 4)) _ 1 (2R

(2F)2m+1 (2F)2m+1 3m (2F)2m+1 3m

2

= = S .

3"F"
Problema553.
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Let be a,b,c > 0 fixed. Solve in R the equation:

x—a x-2b x-3c
+ + =
2b+3¢c a+3c a+2b

Sanong Huayrerai, Math 5/2025

Solutie.
xX—a +x—2b+x—3c:3<:> xX—a _H_x—Zb_l_i_x—3c_1:0<::>
2b+3¢c a+3¢c a+2b 2b+3c a+3c a+2b
x—a—-2b-3¢ x—-a-2b-3¢ x—-a-2b-3c
+ + =0

2b+3c¢ a+3c a+2b

1 N 1 N 1
2b+3¢ a+3¢c a+2b

<:>(x—a—2b—3c)( j=0<:>(x—a—2b—3c)=0<:>

<& x=a+2b+3c
Remarca.
Let be a,b,c, A > Ofixed. Solve in R the equation:

x—Aa x—(/1+l)b x—(/1+2)c
+ + =3
(A+1)b+(A+2)c Aa+(A+2)c Aa+(A+1)b

Marin Chirciu
Solutie.
Ecuatia admite solutiax = Aa + (Z + l)b + (/1 + 2)0 )
Problema554.

ifa,b>0,ab=1then

a+l b+1 12
—+——+ >10.
b a a+b
Nguyen Hung Cuong, Vietnam, RMM 5/2025

Remarca.

1).1fa,b>0,ab=1and41+9 > n then

a+22+b+zﬂ+ 4n 59
b a a+b

(/1+n+1).

Solutie.
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atd b+i dn @A +A( D) 4y an
+ + = +

LHS = = = (a+b) =3(a+b
b’ a  a+b a’b’ a+b (a+ ) (a+ )+
+ﬂ,((a+b)2—2)+ o =(a+b) =3(a+b)+A(a+b) 24+ T 3
a+b a+b

) 4n
+AS —2/1+?22(/1+n+1)=RHS,

M
unde S* —3S+ 18’ —2l+%22(1+n+1) < §'+28° =38 -2(2A+n+1)S+4n>0 <

& (8-2)(S* +(A+2)8 +(24+1)S—2n) >0, care rezults din S > 2, vezi S = a+b > 2Jab =2
si41+9>n, care asigur:?u(S3 +(A+2)8? +(2/1+1)S—2n)20.

Egalitatea are loc dac si numai dacda=b=1.

2).1fa,b>0,ab=1and 1 >0then

at+Al b+A 124
+ +

>2(44+1).
b a’ a+b ( +)

Dezvoltari, Marin Chirciu

Solutie.

a+id b+i 122 @ +b+A(d+b) 127 @
+ + = + =

LHS = = = (a+b) -3(a+b
b a®  a+b a’b? a+b (a+ ) (a+ )+
+ﬂ((a+b)2—2)+;2fb=(a+b)3—3(a+b)+ﬂ(a+b)2—2/1+;2+/Za+i_SS3—3S+

M
+A8? —2/1+%22(4/1+1):RHS.

Egalitatea are loc daca si numai dacda=b=1.

Problema555.

n
Ifx,x,,...x, =—1,% +Xx,+..+x,2 Ethen

n
XX et X >
8
Marin Chirciu, Concursul ”Nicolae Paun”, Rm.Valcea 1994
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Solutie.

Folosind x° +% > %x = (x+1)(2x—1)2 >0 obtinem:

3 1 3 n_3n n n
LHS=Y x}>2) | =x,—= |==) x,——> = ——— =—=RHS.
212(414j 42144248

1
Egalitatea are loc daca si numaidacax, =X, =...= X, = 5
Problema556.
Solve in R the equation:
15 7 10

> +— - +1=0
x =3x—-4 x"+7x x +4x-21

Konstantinos Geronikolas, Greece, MathAtelier 5/2025

Solutie.
15 7 10
5 15 + 27 - 10 +1=0 — + - +1=0<=
x =3x—-4 x"+7x x +4x-21 x —3x—-4 x(x+7) (x—3)(x+7)
3 +7 x(x=3)=t
1> (7)o 12 10 o

x2—3x—4_x(x—3)(x+7) x(x—3)—4_x(x—3)

x(x=3)=t 15 3 5
© =0 +8:+12=0 < (1+2)(1+6)=0.

Dinx(x—3)=—2 S -3x+2=0 xe{1,2}.
Dinx(x—3)=—6 < x’-3x+6=0< x¢R.
Multimea solutiilr ecuatiei este S = {1,2} :

Remarca.

1). Let be a > 1 fixed. Solve in R the equation:

2a(2a—l) N 2a+1 3a+1

— 1=0.
(a—l)(xz—ax—a—l) x? +(2a+1)x xz+(a+1)x—2a2 —-a "
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Marin Chirciu
Solutie.
2a(2a-1) L 2a+l 3a+1 o0 o
x*—ax—a-1 x’+(2a+1)x x*+(a+1)x-2a’-a
2a(2a-1) 2a+1 3a+1
- 1=0&
(a—l)(x2—ax—a—1)+x(x+2a+1) (x—a)(x+2a+l)+
2a(2a-1) L 2a+l 3a+1 o0
(a—l)(xz—ax—a—l) x(x+2a+l) (x—a)(x+2a+l)
2a(2a—1) N —a(x+2a+1) 10 2a(2a—1) _ a 120
(a—l)(xz—ax—a—l) x(x—a)(x+2a+1) (a—l)(xz—ax—a—l) x(x—a)
x(x—a)=t
=

e 2a(2a—1) —£+1:0 < (a—l)t2+(2a2—a+l)t+a(a2—1)=0.

(a—l)(t—a—l) t

-(24* —a+1)%(3a-1)
Z‘1,2: 2(61—1) :>t]:1_a't2=

2(1+a)-

l—a

Dinx(x—a)=l-a < X’ —ax+a-1=0 < xe{l,a-1}.

2(1+a) xz_ax+2(1+a) :O,A:a2_8(a+1) _a _az_ga_gl

Dmx(x—a) 1—-a a—1 a—1 a—1

discutie dupda >1.

2). Solve in R the equation:

12 5 7

> +— -— +1=0.
x —2x-3 x"+5x x"+3x-10

Marin Chirciu

Solutie.
x =1 este solutia unica a ecuatiei.
Problema557.

Ifx,y,z>0,xy+yz+zx =1then

64


http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2025 www.mateinfo.ro

Zx;/jzz\/ﬁ.

Imad Zak, Lebanon, Mathematical Inequalities 5/2025
Solutie.

1 Cebyshev&CSl 1 >3

e R0 I DONEE D IONCE

> Z&:RHS.
Am folosit mai sus Zx > \ﬁ, vezi(Z:x)2 > 3ny =3.

1
Egalitatea are loc daca sinumaidaca x=y=z= T .
3

Remarca.

1).Ifx,y,z>0,xy+ yz+zx =1then

ZgZ?)Z\/;.

Solutie.

1 Cebyshev&CS 1

LHS - Z \/_ Cebyvhev 1 Z J_Z . Z J_

Zyz =3>"x = RHS .

1
Egalitatea are loc daca sinumaidacd x=y=z= T .
3

2).1fx,y,z>0,xy+ yz+zx =1then

IR s

yz

3).1fx,v,z2>0,xy+ yz+zx =1then

x"«/;> 3
T

x,neN.

Solutie.
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et
1 Cebyvhev&CSl 1 (\ﬁ)

DRDICE S IO NI

Cebyshev
\/— y 1 \/_ z

Z(ﬁ) = 3 n,vezinZ\/g,din(Zx)zZ3ny:3.

3n—1 3n—1 (\/g)

S 3
()
Holder (Z x)n

Am folosit Zx” >

1
Egalitatea are loc daca sinumaidaca x=y=z= T .

4). InAABC
Z:tan2 é \ /tané > LZ 3tan£ .
2 2 p 2
Solutie.
Lema.

Ifx,y,z>0,xy+ yz+zx =1then

ZXJ;ZZ@.

vz

I - ) A B
Se cunoaste identitatea Tn triunghi Ztan;tan; =1.

] A B C ) )
Folosind Lema pentru (x,y,z) = tanE,tanE,tanE obtinem concluzia.

5). InA4BC
A ,
Ztanz an— >—Z an—
Dezvoltari, Marin Chirciu
Solutie.
Lema.
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Ifx,y,z >O,xy+yz+zx=lthen2£23zx/;.
vz
I N 4 B
Se cunoaste identitatea in triunghi Z tanE tanE =1,

. A B C . .
Folosind Lema pentru (x,y,z) = tanE,tanE,tanz obtinem concluzia.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema558.

Ifa,b,c > 0then

2
Z 4 +%Z\/%2a+b+c.

a+b

Panagiotis Danousis, Greece, MathAtelier 5/2025

Solutie.
24 p? 2ab a’ b’
Folosind ++lab > a+b vezi Nab > —— (GM-HM)si =
I a+b aw=d vee a+b ( ) IZa+b Z“cz+b
a’ 1 1 at+b* 1 1 a’ +b*
= LHS = +— ab =— +— ab =— ++ab | =
RIS Y e R e )

Z%Z(cﬁb):Za:RHS :

Egalitatea are loc daca si numaidacd a=b=c.

1).Ifa,b,c,d >0,a+b+c+d =1then

2
YL Y b1,

a+b

Solutie.

2 b2 2ab a2 b2
Folosind +ab > a+b vezi Jab > == (GM-HM)si =
olosin b a a vezi b ( )Slza+b Za+b

a’ 1 l—a*+b* 1 1 a’ +b*

= LHS = +—Y Jab=— +=Y Jab== +ab |>

Za+b 22 4 22 a+b 22 ¢ 22( a+b ¢ j
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Egalitatea are loc dac3 si numaidacd a=b=c=d =—

2)fa,,a,,...,a,>0,a, +a,+...+a, =1then

2 2
ZMJF%Z aa, >1.

a, +a,
Dezvoltari, Marin Chirciu
Solutie.
2a, ) a a;
Folosind L2 Jr,/ala2 2 a, +a,,vezi\Jaa, 2 - (GM-HM)si Z = z =
a1+a2 aJra2 a, +a, a, +a,

a +a, a +a,

:>LHS=%ZM —ZV%% Z(al +al +ya 1“2]2 ;Z a1+a2 Za1 =1.

1
Egalitatea are loc dacd si numaidaca a, =a, =...=a, =—.
n

Problema559.

3n+4
V.616. Aratati ca existd o infinitate de numere naturale 7, astfel incat fractiile

sa fie reductibile.
4n+3

Gheorghe Stoica, Petrosani, RMT-2/2025

Solutie.

Fie d un divizor comun al numerelor3n+4 sidn+3 = d|4(3n+4)—3(4n+3) =

=d |7 = fractia se simplifica prin 7pentru numerelen=7k+1,keN .

Deducem c3 existd o0 o infinitate de numere naturale? ,n =7k +1,k € N pentru care fractia este
reductibla prin7.

Intr-adevar:
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3n+d4nmen 3(3k+1)+4 3.7k +7  3k+1

dn+3  4((2A+1)k+1)+3  4-Tk+T  4k+1

Remarca.

An+A+1

FieA € N fixat. Aratati c3 existd o infinitate de numere naturale 72, astfel incat fractile —————s3
(/1 + 1) n+A

fie reductibile.

Marin Chirciu
Solutie.

Fie d un divizor comun al numerelor/in+l+1si(ﬂ,+1)n+/1 =
= d|(A+1)(An+A+1)=A((A+1)n+2) =
= d|21+1 = fractia se simplifica prin 24 +1 pentru numerelen = (2/1+1)k+1,k eN.

Deducem ca existd o o infinitate de numere naturale?n ,n = (2%+1)k+1,k € N pentru care fractia este

reductibla prin2A+1 .

Intr-adevar:

An+ A+l 0 (224 1)k+1)+A+1  A(24+1)k+(24+1)  Ak+1
(A+D)n+a A+ ((2A+D)k+1)+4  (A+1)(2A+1)k+(24+1)  (A+1)k+1"
Problema560.

VI.609. Determinati numerele x, ¥, z ,care verifica egalitatile:

Xy z
—==,y=—si3x+4y+52z=065.
3 4 Y 77 Yy

Nicolae Ivdschescu, Canada, RMT-2/2025

Solutie.

Obtinem%zl: ; =k :>(x,y,z)=(3k,4k,8k)$i3x+4y+52:65 =65k=65 =>k=1.

Rezults c3 (x,y,z) = (3, 4,8)

Remarca.
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Fie A € N fixat. Determinati numerele x, ), z ,care verifica egalitatile:

x y z .
—==,y=—si3x+4y+5z=651.
3 4 Y 2SI Y
Marin Chirciu

Solutie.

X_Z_Z

Obtinem > === =k = (x,1,2)=(3k,4k,8k)si3x+4y+52=65 = 65k =651 = k= A.

Rezults c (x, y,z) = (31, 44, 8&)
Problema561.

fM e Int(AABC) ,d,d,,d_-distances of point M to the sides BC,CA, AB then

a’b’
11 +2 |2432F2
h,d

aa

D.M.Batinetu-Giurgiu, Daniel Sitaru,RNN 5/2025

Remarca.

IfM e Int(AABC) ,d_,d,,d_-distances of point M to the sides BC,CA, AB then

a’b?
I1 + A |>1442%F?
hd

a a

Marin Chirciu
Solutie.
Lema.
Inegalitatea lui Arkady Alt.
If x,y,z,t>0then
(x2 +t2)(y2 +t2)(z2 +12)2%t4 (x+y+z)2.
Arkady Alt ,USA
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< a’b? P a‘b? P a‘b? P a'b? P Lema
LHS = +A|= +A|= +A|= + >
H hd, H ah,-ad H 2F-2F H 4FF,

2\2

2,[FF,

4

2 2 22
Lema 3 4 a*b? 3,01 a?b? ) s 342 (Zab) Gordon 3 2 (4F\/?_>)
RIS b o B S

3 [ 48F> JZ s 37 L 48F> I 3 (48F2 jz 3P ASF
16F (> \[F 16F \/327 16F\ \BF ) 16F 3F '
Problema562.
Evaluate
tan10" +csc40°.
Sanong Huayrerai, Math 5/2025
Solutie.
tan10° + csc40° — sin10° N 1 cos80° N 2cos40° _ cos 80 N 2cos40° _

cosl0° sind0°  sin80° 2cos40°sin40"  sin80° sin 80°

_ €0s80"+2c0s40°  cos80" +cos40" +cos40”  2c0s60 cos20" +cos40”  cos20” +cos40”

sin 80° sin 80° sin 80° sin 80°
_2 cosi(j;(:;)s 10 _ 2¢0s30" =+/3.
Remarca.
Evaluate

cot80° +sec50° .
Marin Chirciu

Solutie.

cot80° +sec50° \/g .

.Problema563.

Ifa,b,c>0then

Zaz > achﬁ )
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Panagiotis Danousis, Greece, MathAtelier 5/2025

Solutie.
Cu substitutia (X, y,Z) = (\/Z, \/Z,\/Z) inegalitatea se scrie 2x4 = xzyzzzZ:i N
xy

SOS SOS

& Zx“ nysz, care rezult3 din Zx4 > Z)czy2 > ny-xz =xysz.

Egalitatea are loc daca si numaidacda a=b=c.
Remarca.

1).Ifa,b,c,d >0 ,abcd =1 then

2022\/5+\/Z+\/E+\/g.

2).Ifa,,a,,...,a, >0,aa,...a, =1then

>al 2 \Ja, +\Ja, +..+ a, .

Dezvoltari, Marin Chirciu

Solutie.

Cu substitutia (xl,xz,...,xn) = (\/Z, \/Z,---,\/Z) inegalitatea se scrie fo > le XXX, =1,

, Holder (le )4 le ’ AG 3
care rezulta din le 2 yE = 4 le 2 (ﬂ"/xlxz...xn) le =le .

Egalitatea are loc dacd si numaidacd q, =a, =...=a, =1.

n

Problema564.
In AABC

2
_aw,
Z 2(p_a) *

p

GM-4/1988
Solutie.
Lema.

InAABC
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2 P —16Rr2
b+c

AG 1 2p
LHS = —16Rr <16Rr» — =4Rr- =2.
Z (p a Z 2 Z 4bc 4Rrp
Remarca.
InAABC
54r% < z Yo < 2p%.
Marin Chirciu
Solutie.
Folosim inegalitatea lui Gerretsen si ———<* _=16Rr
o p (p a) e (b+c)’
Problema565.
In acute\A4BC
(X))
216a°b*c* 2 Jeos4.
GM-4/1988
Solutie.
2_(2R+r)
Folosind Hcos A= % , Zaz = 2(p2 —r? = 4Rr) siabc =4Rrp ,avem:

(2o =r=4rr)) _p-(aRery
216-(4Rp)” AR’

& (2(p?-r —4rr)) 254-(4p) (P -(2R+r) ) &
8(p* 1" —4Rr) 254~16r2p2(p2—(2R+r)2) PN
& (PP~ —4Rr) 2108 p? (p2 —(2R+r)2) o
& p°=3p* (4Rr+37r7)+3p’r (160R* +152Rr +37r° ) 2 (4R +7)’,

care rezults din inegalitatea lui Gerretsen p”> > 16Rr—5r°.
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Problema567.
InAABC
B—
CoS
I1 2 _>g
B+C
CoS
2
GM-7/1988
Solutie.
. 2 b+c _ ] b+c
Folosind B+C PR inegalitatea se scrie: H P 8 , (Cesaro).
CoS
Remarca.
InAABC
B—
cos 5
>6
Z B+C
CoS
Marin Chirciu
b+c b+c
Folosind = , inegalitatea se scrie: Z >6
cos veziAM-GM.
Remarca.
InAABC
B+C
CoS 3
Y—iczy
cos —— 2
2
Marin Chirciu
B+C
CcoS 7 a 4 3
Folosind = , inegalitatea se scrie: Z > — , vezi Nesbitt.
cos 2-C b+c b+c 2
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Problema568.
InAABC
. B-
Ol = Rsin ¢ .
2
RMT-4/1987
Solutie.
Folosind OI = \|[R(R—2r) , inegalitatea se scrie:
R(R-2r)2Rsin—— < R(R-2r)2R’sin® —— < R-2r>Rsif" —— &
B-C B- B-
= R—27’2R(1—cos2 j < R-2r>R—-Rcos’ ¢ &> cos® Zz—,inegalitate
r
cunoscuta.
Problema569.
InAABC
2
2P
2(p=a) 23
M.Ganga, Teoreme...
Solutie.

Folosim Z(p —a)2 = p> —2r° —8Rr inegalitatea lui Gerretsen p° =16Rr—5r".

Problema570.
InAABC
23—7; <4R+r< é)—: .
GM-8/1984
Solutie.

Se foloseste inegalitatea lui Gerretsen.
Problema571.

InAABC
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Solutie.

9r(4R+r)<3p> <(4R+7)’ .

Vraja geometriei demodate, Viorel Gh.Voda

Se foloseste inegalitatea lui Gerretsen.

Problema572.

InAABC

Solutie.

1
Folosind identitatea Zh—

a

12i23 R )
3<h 2F?

a

Vraja geometriei demodate, Viorel Gh.Voda

1

= —, inegalitatea se scrie:
7

11 R 1 R 1 R 1 R 5 o
——23 - & T2 T2 & 2— <> 2p° 227Rr (Cosnitd ).
3 r 2F 27r”  2F 27r" 2p°r 27r 2p
Problema573.
In AABC
ar
“>2
2 PR
GM-4/1967
Solutie.
2p(R—-r
Se foloseste inegalitatea lui Euler si z c;lra = M .
, r
Remarca.
InAABC
ar ah
a 2 a
Sy
Marin Chirciu
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Folosind z CZ;” = w si % =2p,avem: w >2p < R>2r (Euler).
Problema574.
InAABC
abcr, v, < (Rp)3 .
GM-6/1968
Solutie.

Folosim Hra = rp2 siabc = 4Rrp si inegalitatea lui Euler.
Remarca.
InAABC
(2;’p)3 <abcrnr. < (Rp)3 .

Solutie.

. 2 . .. . .
Folosim Hrg =rp” siabc = 4Rrp siinegalitatea lui Euler.
Problema575.

ifx,y,z>0,x+y+z=3then

N S |
Z«/x+2y+6yz '

Konstantinos Geronikolas, Greece, Mathematical Inequalities 5/2025

Remarca.

ifx,y,z>0,x+y+z=3 and A >0then

X S 3
\/x+2y+/1yz S JA+3

Marin Chirciu

Solutie.
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2 2
x -y x* C_>S (Zx) _ (Zx) Cgs
,/x+2y+lyz x\/x+2y+lyz Zx\/x+2y+lyz Z\/;\/x2+2xy+ﬂ,xyz

2 2
CBS (Z X ) (Z x) pgr—Method pz p=3.<1
- £ "3

\/sz X +2xy+/1xyz \/Z Zx +22xy+3/1xyz) p(p2+3/1r)

Z > 3 = RHS .

\/3(32+3z-1) N

LHS =Y’

Am folosit mai sus pgr -Method: p = Zx =3,q= Z)cy,r =xz<1

Egalitatea are loc daca si numaidacda x=y=z=1.

Problema576.
InAABC
243Rr <> 11, 1,1, <1243R’.
Nguyen Viet Hung, Vietnam,Mathematical Inequalites, 5/2025
Solutie.

Folosim inegalitatea lui Mitrinovic si Zﬂa 1,1, =8Rp

Remarca.
1). InAABC
17
NERS < 3=,
Z 1,1, 2r
Solutie.
11, 4R +r
si inegalitatea lui Euler.
b c
Remarca.
2). InAABC
33 <Z 1! <3J_ =
Dezvoltari, Marin Chirciu
Solutie.
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o . o o, AR+
Folosim inegalitatea lui Mitrinovic si Z— =
Iblc p

Problema577.
Ifa,b >0 then

2 2 1 1

a’+b’+=S+=+2ab(a+b)+—+—5212.
a b a b
Imad Zak, Lebanon, Mathematical Inequalities 5/2025

Solutie.

2 2 1 14 1Y (1Y 2 211
LHS:(JZ+b2+?+b—2+2ab(a+b)+y+b—4leli/az'bz'(jj (b—zj -(azb) -(abz) ?b_“:

a
=12=RHS
Egalitatea are loc daca si numaidacd a=b=1.
Remarca.
Ifa,b >0 andn e Nthen
az+b2+—E~+li+nab(a+b)+—kﬁ~l—>4(n+1)
a b at bt '

Marin Chirciu

Solutie.

2 4,0 N RN 11A>G
LHSZa+b_i?+ZTHwa+b%"T+ZZ_

a

4G 1Y (1Y n w11
ar) 2 72 2 2 _ _

Z4(n+1)4( ?\)/a -b [?j (?j -(a b) -(ab ) -?-b—4—4(n+1)—RHS.
Egalitatea are loc daca sinumaidacd a=b=1.
Problema578.

b
fa,b,e,d >0, — 2+ -2+ —lthen

a+d b+d c+d
ab ++bc +ca S%.
2
Craciun Gheorghe, Mathematical Inequalities 5/2025

Solutie.
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e oS (S ()

“a+d b+d c+d D (a+d) Dla+3d Za+3d

>a+3d2> a+2Y Nab < 3d>2> Jab < Zﬁ<—

o Za+3d>(2«/_)

d
Egalitatea are loc dacd si numaidacd a=b=c=—.
Remarca.
a,
fa,a,,..,a,A>0n=2, + +..t =1then
a, +2, a,+4 a,+A
z aa, <—
i<j
Marin Chirciu
Solutie.
a . a o o(XNa) (ENa) _ (ZNa)
1= + +.ot > >
a+A a,+A4 a,+A Z(alJrﬂ, Za +nﬂ Za +n/1
2
Zal+n/12(z\/2) = Zal+n222al+22,/ala2 = z a,a, _7.
. . R A
Egalitatea are loc daca sinumaidaca @, =a, =...=qa, = —1
n_
Problema579.

Ifx,y,z>0,x+y+z=1then

9
Z = ZZZ'

(y+2)

Nguyen Hung Cuong, Vietham, RMM 5/2025

Remarca.

1).1fx,y,z>0,x+y+z=1and A >0then

X S 9

(y+/12)2 _(/1+1)2 '
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Solutie.

2 2 5
o) o5 )
CS Nesbitt
LHS:Z%_Z y+Az N y+Az 2 A+1) 9 _ RHS |

(y+2z) - X B > x - 1 (/1+1)2
. . i 1
Egalitatea are loc daca si numaidacd x=y=z= 5 .
2). InAABC
Z;Z > or
11 4
v —+—
h I
Solutie.
Lema.

9
fx,y,z>0,x+y+z=1 thenZLZZ.

(y+2)

. . ~ . . r
Se cunoaste identitatea in triunghi E —=1.
r

a

. rrr _ )
Folosind Lema pentru(x,y,2)= —,—,— | obtinem concluzia.
Ta T 1o
Remarca.
InAABC
1 9r
Z—zzj
I 1
h,| —+—
h, h,
Dezvoltari, Marin Chirciu
Solutie.
Lema.

fx,y,z>0,x+y+z=1 thenZ:L

9
> — .
(y+z) 4
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. . ~ . . r
Se cunoaste identitatea in triunghi Zh— =1.

ror.r
Folosind Lema pentru(x,y,Z) = Lh—,h—,h—] obtinem obtinem concluzia.
a b c

Problema580

X.605. Rezolvatiin R ecuatia:

2x+3

340,252 =45

Mihaly Bencze, Brasov, RMT-2/2025

Solutie.
2(2x+3)
2(2x+3) 33x+6 57 2(2x+3)7 3x+4
365 x2 2325 o =135 2 =l 3 ol &
5
L 3x+4
= (35”2} =1.
Cazull). 3x+4=0 < xz_?.
— -1 1 1 1 1
Cazul2). 3-5" =1 <& 52 =— & =log,— <= ——=-log,3 < x+2=- N
3 x+2 3 x+2 log, 3

& x+2=-log,5 < x=-2-log,5 < x=-log,45 .

—4
Multimea solutiilor ecuatiei este S = ?,—log3 45+ .
Remarca.
Fiea,b > I fixate. Rezolvati in R ecuatia:

2(2x+3)
a3x+6 b x+2  — aZb '
Marin Chirciu

Solutie.

4
Multimea solutiilor ecuatiei este S = {?,—loga (azb)} .
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Problema581.
V.612. a) Ardtati ca 2’ +2* + 2" este cub perfect.

b) Demonstrati ci existd o infinitate de cuburi perfectede forma2” +2" +2°***  unde m, n, p sunt

numere naturale.

Gh. lacob, Mihaela Bisoc, Pascani, RMT-2/2025

Solutie.

a) AAvem?2’ +2% +2* =64 = 4’este cub perfect.
b) Pentru (m, n,p) =(3p+5,3p+4,p) , P € N obtinem

DM QN 4 Q3P = 93PSy 3prd 3 _ o3p (25 +24 4 2“) =23 .64 =
=274 =(27-4) =(27-22) =(27?)

Problema582.
InAABC
A 3( )
Zsec— tan — < —
2 2
Konstantinos Geronikolas, Greece, MathAtelier 5/2025
Solutie.
4025 4R 2(4R +7) Euter 3( R
LHS = Zsec—Zta _<_p rr_ ( ) < é(—j =RHS,
p 3r 2\r
A _2p A AR+
unde (1) rezulta din: Zsec—<—5|2t an — d
2 2 2
1). InAABC
A A 2 4R
6£Zsec— tan—<—| 1+— |.
2 2 3 r
Solutie.

Inegalitatea din dreapta.

) 2(4R+
ZsecéZtanész—pAR-H: ( r)zz 1+4_R ,
2 2 3r p 3r 3 r
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4R+r
p

A _2p A
nde (1) rezulta din: sec—<—s tan —
u (1) rezu i z > |Z >

Inegalitatea din stanga.

@
Zsec?Ztang 22\/§-\/§:6,

Jensen

> 23 S|Ztan

A
unde (2) rezulta din: ZSGCE = Z
cos —

2). InAABC

p

A 4 R +7 Doucet

Solutie.

Inegalitatea din dreapta.

A A 2
z\/sec—tan—s — 1+
2 2 3

4R

r

_j_

> 3.

Dezvoltari, Marin Chirciu

CBS
Z sec — tan — <

\/ A0 12p 4R+r
Zsec— tan— <
2 3r

p

A 4R+r
p

A _2p
unde (1) rezulta din: Zsec— < — 5| Zt

Inegalitatea din stanga.

AG
Z secétané >33 H\/secétané =3§/ secétané=36
2 2 2 2 2 2

2

AG
=3641?;23 4er \/16;» \f 2r J_ 2r _
P 6| 27R 27R \/
4

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema583.

Solve for real numbers the equation

\/2(4R+r)

3r

)

. A r
Hsm— -
2 _5| 4R _
A%
Hcosz— p
2 16R?
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x+4 4(y+9) z+2

J;+ \/; +\/§:32.

Panagiotis Danousis, Greece, MatAtelier 5/2025

Solutie.
Ecuatia admite solutia unic3 (x,y,Z) = (4, 9,6) )

1). Let be a,b,c, A > Ofixed. Solve for real numbers the equation

x+a’ Z(J’Jsz) z+c’—c

\/;+\/)_;+\/ZTC_

2(a+Ab+c).

Solutie.

Ecuatia are sens pentrux >0,y >0,z > 2.,

x+a’ ﬂ«()’*'bz) z+2 O

LHS = + + >2a+2Ab+2c=2(a+Ab+c)=RHS , vezi:
Jx \/; Jz-2 ( )
2
1). x;/'_xf >2a & (\/;—a)z >0, cu egal pentrux =a’;
AMy+0b?
2). M22ﬂb = (\/;—b)2 >0, cu egal pentruyzbz;
A
Zte _CZ2C<:>(\/Z—C—C)220,CU egal pentruz =c” +c;
z—c

Deducem ca ecuatia admite solutia unica (x,y,z) = (az,bz,c2 +c) .
Remarca.
Cazul(a,b,c)=(1,2,3).

2). Let be A > O fixed. Solve for real numbers the equation

x+1 A(y+4) z+6 _4(3+2).

+ + =
& =
Dezvoltari, Marin Chirciu

Solutie.
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Ecuatia admite solutia unica (x,y,z) = (1,4,12) )
Problema584.

In AABC

Z 1 >&
mumb Rp .

Dang Ngoc Minh, Vietnam, RMM 5/2025
Solutie.

2
1) (2) Goldstone
LHSZ:(Z : J = 272 2 27 = 27 = 1222
m,m, Zmamb 1962612[)2 196'4R2p2 R'p

= RHS?,

2
unde (1) rezulta din:[zlj > 227 =, veziz“lZ“lZ“x2 Héd (21)3 =27, pentrux =m_m, .
X X x~x

Remarca.
1). InAABC
¥ 123
ww, Rp
Solutie.
2
1 1 27 My ZW, 27 (2) 27 Goldstone 27 12
LHS® =| )’ > 2 — = > =—— =RHS’
ww, w, W, Zmamb gzazbz 2-4R2p2 R°p
16 16
2). InAABC

Dezvoltari, Marin Chirciu
Solutie.

2
M TA )
LIS — [Z 1 J 27 27 27

Goldstone
Sa Sb

27 12

> > = > =

D sls; > mim; 2Zazbz 9 4p2, RP°
16

= RHS".
Problema585.
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In acute AUBC
R2
z,/rra cot4 < 3—2(‘/?7
4r
Konstantinos Geronikolas,RMM 5/2025
Solutie.
CBS 2 2
LHS = Z\/W cotAd < »\/zl”r ZCO‘EA <\/9R (f) iR 3 =RHS , vezi:
7 7

a Lelbmz 9 R2

er <— veerr <Z

r* —4Ry Gerresen AR® + ARy +3r° —r® —4Rr

2 2
2). ) cot 4 sﬁ[zﬁj ,vezi Y cotd =L <
r

2pr 2pr

2 Euler Euler 2 Mitrinovic
_ 2R*+r < 9R ’ \/—
pr 4 pr

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In acute AABC
YN
Marin Chirciu
Problema586.

. 1 1 1
VIIL608. Ifa,b,c e N*,— +—+— =1 then
ab bc ca

\/(az +1)(b2 +1)(02 +1) €Q.

Mihai Vijdeluc, Baia Mare, RMT-2/2025

Solutie.

S ) a1 et 1] -
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1 1 1 1 1 1 1 1 1 1 1 1
=abc, | 5+—+—+— || s+—+—+— || 5+—+—+—|=
a- ab bc ca)\b° ab bc ca)\c© ab bc ca

ol S )
R CHICOIER

_ (a+b)(b+c)(c+a) .
abc

Remarca.

Ifx,y,zeN*,x+y+z:l then

[z

Marin Chirciu

Solutie.
Iz G ) -
:é\/(x(x+y+Z)+yz)(y(x+y+z)+zx)(z(x+y+z)+xy) =
:é\/(x+y)(x+Z)(y+z)(y+x)(z+y)(z+x) :é\/(ﬁy)z (xt2) (ytz) =
_ (x+p)(y+2)(z+x) _

xyz
Problema587.

If x,y>0 x+y+xy=x"+)" then

x 2 s 2
y+Axy x+Axy 1424

Nguyen Hung Cuong, Vietnam, RMM 5/2025
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Solutie.

LHS =Y Sy ¢ 025 N 0 32) B

y+2xy xy+2x2y_2(xy+2x2y) 2)cy+2xy(x+y)Z
s (Zx) L S
1 2 1 2 _12 12 _l‘+1_4+1_g_ ’
2(Zx) +2(Zx) Zx Et +5t -t

under <4 & x+y <4, vezi:

X+y+xy=x+y> & x+y+xy=(x+y)2—2xy = x+y+3xy=(x+y)2.

2
AG X+ 2 2
t* =t+3xy3t+3%:t+3%:>t2 §t+3i S <43 S P <A S <4,

Egalitatea are loc dacd si numaidacdx =y =2.

Remarca.

If X,y >0 x+y+xp=x"+)" and 1>0then

Z X > 2

y+Axy 1421

Marin Chirciu
Solutie.

x2 CS (zx)z _ (Zx)z AG
LHS = Z:y+/bcy ny+/1x2y2Z(xy+/1x2y)_2xy+/1xy(x+y) =
AZG 1 (Zx)2 _ r’ 4 =2

(Zx)2+/1'l(zx)zzx 1 2.1 1 _t:2+/1t21+22,:RHS'
2 4 2 4!

Problema588.

If a,b,c >0andabc>1then

4
yathyy

a+b

Nguyen Viet Hung, Vietnam, Mathematical Inequalities 5/2025
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Remarca.

If a,b,c>0, abc>1 and A >1then

Z a4+b > 6
Aa+b®  A+1
Marin Chirciu

Solutie.
, 5 (a2+\/1;)2
a4 (az) + \/Z) s 5 a +b Z(a +\/_)
Za+b[2) :z ﬂm+(b2 ZZ laibz _z( la+b2) 2( Z(’la”Lbz))
(Ze+2Ve) -

P P g I P
2 /IZa+Za2 2 /IZa+Za _522a+2a /1+1_

Egalitatea are loc daca si numaidacaa=b=c=1.

I\/“

Problema589.

If a,b,c,d >0andabcd =1then

(Jl+a +\/l+b)(\/1+c+\/1+d)28.

Nguyen Hung Cuong, Vietham, RMM 5/2025

Solutie.

(Jl+a +Jl+b)(Jl+c+\/l+d):\/(1+a)(c+l)+\/(1+a)(d+1)+\/(1+b)(c+1)+
+J(1+0)(d+1) 2 (Nare ) +(Jarld ) +(Nore ) +(Nord) =
=2 (Na +B e +4d )2 2-43Jabeld =8= RHS

Egalitatea are loc daca si numaidacaa=b=c=d =1.

Remarca.

Ifa,b,c,dZOandl+l+l+l:4then
a b ¢ d

(Jl+a +Jl+b)(Jl+c+Jl+d)28
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Marin Chirciu

Solutie.

(Jl+a+Jl+b)(Jl+c+\/l+a’)=\/(1+a)(c+1)+\/(1+a)(d+l)+\/(1+b)(c+1)+

+J(1+0)(d+1) 2 (Nare ) +(Jard ) +(Nore ) +(Nord) =

2
=2Z\/ZGZH2212 c2s4(1+1+1+1) _ 416 _ 64 S RIS .
—+1

1 1 4+4
; Z(aﬂj Za+4

Egalitatea are loc daca sinumaidacaa=b=c=d =1.

Problema590.
If a,b,c,d >0anda’ +b” +c” +d* =1then
(l—a)(l—b)(l—c)(l—d) > abcd .

Elton Papanikolla,MathOlymp, 5/2025
Solutie.

Lema.

If a,b,c,d>0anda’+b> +c* +d* =1then
(1-a)(1-b)>cd.

Demonstratie.

2 2
1—-a”-b S
2

b+t +d*=1=2cd < +d* =1-a* -b* & cd .

1—a*-b*

Este suficient s§ aratam ca (1 —a)(l —b) > < (a +b—1)2 >0.

Folosind (l—a)(l—b) > cd si (l—c)(l—d) > ab, prin inmultirea celor doud inegalititi obtinem

concluzia, cu egal pentrua+b=1,c+d=1,c=d,a=5b.
Egalitatea are loc dacd si numaidacda=b=c=d = 5 .

1).1f a,b,c,d,A>0anda’ +b*> +c* +d* = 1 then
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()t—a)(/l—b)(ﬂ,—c)(/l—d)z abcd .
Solutie.

Lema.
If a,b,c,d,A>0anda’ +b* +c’> +d’ = A’ then(A—a)(A—b)>cd .

Demonstratie.

A +b++dP =12 2cd <P +dP =1 - 7 >cd.

A —a’-b’ 2
Este suficient s3 aratdm ca (A—a)(A-b)> — < (a+b-2) 20,

Folosind (l—a)(/l—b) >cd si(/l—c)(ﬂ—d) > ab, prin Inmultirea celor dous inegalititi obtinem

concluzia, cu egal pentrua+b=A,c+d=A1,c=d,a=b.

. . R A
Egalitatea are loc dacd sinumaidacda=b=c=d = 5 .

2).1f a,b,c,d,A>0anda’ +b> +c*> +d*> = A’ then
(A—a) +(2=b) +(A—c)' +(A—d) >4Jabced |

Dezvoltari, Marin Chirciu

Solutie.

AG
LHS =(2—a) +(A-b) +(A—c) +(2—d)’ >2cd +2ab > 4Jabcd = RHS
cuegal pentrua+b=A,c+d=A,a=b,c=d,ab=cd .

. ) _ A
Egalitatea are loc dacd si numaidacia=b=c=d = 5

Problema591.

V4
If xe (O,Ej andn € Nthen

cos” x sin” x

Elton Papanikolla, MathOlymp 5/2025
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Solutie.
Lema.
an+2 n+2
fa,b>0,a* +b> =1 andn e Nthen —+—2>1.
a

Demonstratie.

Pentrun = 0 se obtine egalitatea a’*+b* =1.1n continuare fien e N .

n+2 bn+2 an+]
>

bn+1
Avem I +—2 = +t— (a—b)(az'”l —52"“)2 0, factorii au acelasi semn,
a

Repetand rationamentul obtinem:

n+2 n+2 n+l n+l n n 2 2

a b a b a b a b s o
—t—2——t——2>——+——>..>2—+—=a +b" =1.
b a b a b a b a

Folosind Lema pentru (a,b) = (Sin X, COS x) obtinem concluzia.

. . . y . T *
Egalitatea are loc daca si numai dacan =0 sausinx =cosx < x = Z, pentrune N .

Remarca.

ifa,b,A>0,a>+b* = Aandn € Nthen

an+2 bn+2
+

b" a"

>A.

Marin Chirciu

Demonstratie.

Pentrun = 0 se obtine egalitatea a’ +b* =1 .1n continuare fien e N" .

n+2 n+2 n+l
a b a
>

bn+l
Avem + > + Rt (a —b)(az"+l —p*! ) >0, factorii au acelasi semn.
bn an bnfl an—l

Repetand rationamentul obtinem:

n+2 n+2 n+l n+l n n 2 2

a b a b a b a b 5 o
—t 22—t ——2>——f——> > —+—=a"+b" = 1.
b a b a b a b" a

Egalitatea are loc daci si numai dacida =b =

N | >

Problema592.
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In AABC
cos’ A-B
2 _>12
ZCOSZ A+B
2
GM 1/1988
Solutie.
cos? 2
(a+b)
Folosind 1+ B = > si inegalitatea mediilor obtinem concluzia.:
cos’ ¢
Remarca.
In AABC
cos? B+C
Z—zgﬂ_l
coszﬁ 2r 4°
Marin Chirciu
Solutie.
Lema.
In AABC
,B+C
CcoS y 22
COSZE (b+c)2 '
cos’ B+C 3 ( 2 42 )
246 2 2 a 2 —3r° —6Rr
LHS =Y 2__y_2 < @ _lgd _12a 12p(p _
cos> B-C (b+c) 4bc 4“—bc 4 abc 4 4Rrp

P’ =3r* —6Rr G 4R + 4Rr +3r” —37° —6Rr _ 4R’ —2Rr _2R(2R-r)
8Rr B 8Rr 8Rr 8Rr

_2R-r R 1

4r 2r 4
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Problema593.

) 27
Daca in AABC are loc egalitatea ZSIH ZAZ tan 4 = ? atunci triunghiul este echilateral.

GM 11-12/1987

Solutie.

Folosind Zsin 24 :4Hsin A si Ztan A= HtanA, egalitatea din enunnt se scrie:

4HsinA-HtanA:2—87 < 4] [sin’ A:%HCOSA S 8Hsin3A=%7Hsin2A S

< 64] [sin® 4=27] [sin24,(1).

Avem4] [sin 4= sin24 §3,3/Hsin 24 = 4] [sin4>3y[[[sin24 <
< 64] [sin® 4227] [sin24,(2).

Problema594.

X+y+z=9
Solve in positive reals the system< x> + y2 +2°=29 .

X +y +2°=99
Sanong Huayrerai, Math 5/2025
Solutie.
Avem S, =x+y+z=9,5 =xy+yz+2x=26,S5, =x0z=24 = X’ —Slx2 +5,x-85,=0=
=X -9x*+26x-24=0 & (x—2)(x—3)(x—4)=0 = (x,y,z):(2,3,4) si permutdrile.
Remarca.

X+y+z=31+3
Let be A > 0 fixed. Solve in positive reals the system X+ +2° =31 +61+5
X+Y +2 =32 +94° +154+9

Marin Chirciu

Solutie.
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AvemS, =x+y+z=31+3,8, =xp+yz+2x =34 +61+2,8, =xyz = A(A+1)(A1+2) =
¥ =Sx’+S,x—8,=0=
= x =3(A+1)x" +(347 +64+2)x—A(A+1)(A+2) =0 & (x—A)(x—A-1)(x=2-2)=0

N (x,y,z) =(/1,ﬂ,+1,ﬂ+2) si permutdrile.

Problema595.
In acute AABC
tan 4
2 1+cos 4 =23.
Nguyen Hung Cuong, Vietnam, RMM 5/2025
Solutie.

LHS =" tan 4 -y tan” A cs (ZtanA)z ) (ZtanA)z

l+cosd “~tanAd+sind Z(tanA+sinA) B ZtanA+ZsinA B

2
) 0 R ks

Z:tanA+£
R
2 3BR
tan 4) o and=t 2 p<
undeMZ%/g s L sofer 22\/§(t+£j P Zzﬁ(fﬁ-ﬁJ o
ZtanA+£ z+£ R 2
R R
£-23t-9>0 = (t—3J§)(t+J§)zo & 12343, vezi
Gerretsen& Mitrinovic
t:Z:tanA:L2 t > 3\/5,
P’ —(2R+r)
Remarca.
In acute AABC
Z tan 4 > 6\/§ 2130,
1+Acos4 A+2
Marin Chirciu
Solutie.
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LHS:Z tan A z tan> A c>s (Z:tanzal)2 B (Z:tanA)2

1+ Acosd “~tanAd+Asind Z(tanA+ﬂ,sinA) B ZtanA+/12sinA -

(Z:tanA)2 (26\/3_, _

ZtanA+/1£ A+2
R

RHS .

Problema596.

PP48436. InAABC

t At B
5 S 4Ry
ab 2Rp®

Mihaly Bencze, Brasov, Octogon

Solutie.

A
tan —tan —

2 2 _
Z ab

_1 4R+r 4R+r
P 2Rp 2Rp*

\/(p—b)(p—C)\/(p—a)(p—C) pc
>

(p-a) \ p(p-b) | pe
r(p n r(p :z;;:;zpa_b:

Remarca.
InAABC
té ‘[E
ZCO 5 co ) YR_
ab 2R
Mihaly Bencze, Brasov
Solutie.

A B \/p(P—a) \/ p(p=b) p
zm{ (p=b)(p-c)\(r-a)(p—c) Zzpa;jczpz“;=

ab ab

__2R-r 2R-r
P 2RFp 2R

Remarca.
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In AABC
A B A B
tan —tan — R cot—cot—
o2 2. Ry 7n o
ab 187 ab
Marin Chirciu
Solutie.
A B
tan—tanz AR+ 7 cotzcotz _
Folosind: = Si = inegalitatea se scrie:
Z ab 2Rp® ’ Z ab 2Rr? &

4R+r R 2R-r
<

<—- < p*R(2R-7r)>18 (4R +r vezi p> >16Rr—5r (Gerretsen).
2Rp® 18r 2R’ P ( ) ( ) P ( )

Problema597.
InAABC
Zﬁ >9r
ra
Mehmet Sahin, Turkey, RMM 5/2017
Solutie.

P’ (p2 +2r° —12Rr)+ r (4R + r)
4R*r

h2
Folosind z—" = obtinem:
r[l

hj p2 (p2 +2I”2 —12Rl")+}"3 (4R+I") Gerztsen(16R}"—5}"2)(16Rl’—51"2 +21/'2 —12Rr)+r3 (4R+V)
P 4Ry - 4R’r -

a

(16Rr—5r2)(16Rr—5r2 +2r° —12Rr)+r3 (4R+r) P (64R2 —64Rr+16r2)

4R*r 4R*r

4r(2R—r)’ e
=—"— 1 > 9r=RHS.
R

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

1). InAABC
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2 2 3
r 4—2 < h—“S9R
R

7 8rt

a

Solutie.

wop (p2+2r2—12Rr)+r3(4R+r)
Folosim inegalitatea lui Gerretsen si Z—“ = iR
r r

a

2). INnAABC
3
9r < r(4—2j < Z— < 9R
3).InAABC
9R2 Z— 9R4
B 16/°
Solutie.

2R(4R+r)—p2

Folosim inegalitatea lui Gerretsen si Zhi =

, r
4). InAABC
h2 7"2
22
Dezvoltari, Marin Chirciu
Solutie.
W pz(p2+2r2—12Rr)+r 4R+r 4R+r)—p2
Folosind Z—“ = iR SI Z— = avem:
r r r

p*(p*+2r’ —12Rr)+r* (4R+7) _2R(4R+r)-p’
4R’r r

S pl (p2 +2r* —12Rr +4R2) < (4R + V)(8R3 —1’3) ,vezi p° <4R*> +4Rr+3r” (Gerretsen).

Problema598.

InA4ABC

99


http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2025 www.mateinfo.ro

Nguyen Hung Cuong, Vietnam, RMM 5/2025

Solutie.

Folosind @’ +b° +¢’ = Zp(p2 —3p? —6Rr) obtinem:

a+b’+c 2P(P2 -3 —6R”) p>—3r"—6Rr Ge’g"‘en 16Rr —5r* —=3r> —6Rr _

abc 4Rrp 2Rr 2Rr

— 2 — uler
:10Rr 8r :5R 4r:5_£‘92 4_2.

2Rr R R R

Remarca.

1). InAABC

Solutie.
Folosind @’ +b° +¢” = 2p(p2 -3 —6RV) si inegalitatea lui Gerretsen.
2). InAABC

3,13, .3
334_235_ﬂ3mSﬁ_1_
R R

abc r
Dezvoltari, Marin Chirciu
Problema599.

Solve for positive reals x, y the equation:

2(x+y)+%[l+l]+4=2(\/4x+l+\/4y+1).

Xy
Khoon Yu T, Vietnam, THCS 5/2025
Solutie.
Lema.

If x >0 then

2x+2L+222«/4x+1 .
X

Demonstratie.
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1 4x+149 4x+1
Dxt—— 2= 2x 42X 22/2x- ’;* :2\/4x+1,cuega|pentru2x:4’;”@
X

2x 2x X
x>0
<:>4x2—4x—1=0<:>x=1+2\/5,
LHS =2(x-+ )+ =| -+~ +4:Z(2x+i+2yezma2(\/4x+l+\/4y+1):RHS.
2\x y 2x
. ) . L 1+\/§ 1+\/5
Deducem ca ecuatia admite solutia unlca(x,y)= > T .

1). Let be A > 0 fixed. Solve for positive reals x, y the equation:

}L(x+y)+l(l+lj+2/1=2(\//12x+1 +\//12y+1).
Alx vy

Solutie.

Lema.

Ifx>0,A>0then
/1x+/%+/122\/2,2x+1.
X

Demonstratie.

2 AG 2 2
/1x+i+ﬂ.:/1x+ﬁ x+l > 2ﬂ,/1x-ﬁ x+l > 24 A*x+1, cu egal pentru Ax = Ax+l =
Ax Ax Ax Ax

20 A4\A%+4

S -x-1=0 = x=
24

1(1 1 1 Lema 3 >
LHS:/I(x+y)+Z(—+—]+2l:Z(ﬂx+7+2lj > 2(J,1 x+1+42 y+1):RHS.
Xy X

24

A+t 4 /1+\/12+4J
24 '

Deducem ca ecuatia admite solutia unica (x,y) =(

CazulA =1

2). Solve for positive reals x, y the equation:
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x+y+l+l+2:2\/x+l+2 y+1.
Xy

Dezvoltari, Marin Chirciu

Solutie.

1+«/§ 1+\/§J.

Ecuatia admite solutia unicé(x,y) :{ > 5

Problema600.

Ifx,y>0,x+y=2then

=L >
\/y3+1 \/x3+1

Nguyen Hung Cuong, Vietham, RMM 5/2025

Solutie.

CS (x+y M

LHS = al >\2 = RHS,
Z«/y3+1 x\/y +1 Zx«/y +1 zxﬂ/y +1

4 )
unde—————>\2 < Zx\/y +1< 2\/5 care rezult3 din CBS:
Z’“’f +1
CBS

x\/y +1 <

\/2sz (y3 +1) :\/2(x2y3 +x°y* +x° +y2) :\/2()c2y2 (x+y)+x? +y2) =

2 2
:\/2(2952)/2 +x° +y2) < 2 2xyw+(}c+y)2 —2xyj :\/2(2xy2?+22—2xy] =22,

Egalitatea are loc dacd si numaidacd x=y=1.
Remarca.
ifx,y>0,x+y=2and0<A<1then

X N h% > 2 .
\/y3+i e+ 4 A+l

Marin Chirciu

Solutie.
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x’ ¢ (x+y) 4 0 2

\/y +/1 x\/y +1 Zx\/y +1 Zx V' +a \/ﬂ+1
unde 4 g 2 <:>zxxfy%rlS2\/l+1,carerezulté din CBS.

ZX\/y3+/1 \//1+1

LHS=Y" = RHS,

Egalitatea are loc dacd si numaidacd x=y =1.
Problema601.

ifa,b,c,d >0, [(a+1)=16then

2
yata-l,,
a+1
Kunihiko Chikaya, Japan, Mathematical Inequalities 6/2017
Solutie.

LHs =Y @ +a] Z(a——j(;2:RHS,

a+l

a+ a+ X

undeZ(a—L)gb & Z(a+l—Lj>6 a<+;>x Z(x——j>6 Hx 16,
1 1
1 AG
T . __1 . > . > _ 4 _ .
care rezulta din szx> 6§|Zx>8,ve2|2x>4:‘ﬂ_[x 4«/% 8

Egalitatea are loc daca sinumaidacd a=b=c=d =1.

Problema602.

If abc 6(0,1),a+b+c:\/§then
—+t >y —2>9,
1+a 1-a
Panagiotis Danousis, Greece, MathAtelier 5/2025
Remarca.

ifa,b,c>0,a+b+c=1and A >0then

L i_g(zml).
l+a l-a 4

Marin Chirciu
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Solutie.
1 cs 9 94 9 94
LHS = > = =
Z:lJra_'-le—a Z(1+a)+2(l—a) 3+2a+3— a
:i+%=2(2ﬂ+1)=RHS
3+1 3-1 4

Egalitatea are loc dacd si numaidacd a=b=c=—

Problema603.

Ifx,y,z,t >0, xyzt =1then

1 4
zx3( 25-

yz+yt+ Zt)
Craciun Gheorghe, RMM 5/2025
Remarca.
Ifx,y,z,t >0,xyzt =landn e N, n > 2 then

1 1
Z xn+1 ( 2

yz+yt+zt) 473

Marin Chirciu

Solutie.

| 1y Iy
LHS =3 - ! :Zx( X" Zl(xj Holder (ij

"(yz+ yt+zt) yz+yt+zt)

[ ljn
Zi e
= - = n712 (le 2 n712 .44 1 = 11712 '4: n713 :RHS
4H,3zl 423\~ x 423 Nxyzt 423 4.3
X

Egalitatea are loc dacd si numaidacd x=y=z=t=1.
Problema604.

InAABC
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v,
2 2
w, p
GM-3/1970
Solutie.
CS
12 > 2 9
Zw
Am folosit mai susZW§ < p2 ,veziw, < \/P(P —a) .
Problema605.
InAABC
A
z atan— > 6r .,
2
GM-3/1972
Solutie.

A
Folosim Zatana = 2(2R —r) si inegalitatea lui Euler.

Problema606.
InAABC
> sin? ; > %
Mircea Ganga, Teoreme
Solutie.
Folosim inegalitatea lui Euler si Z:sin2 g =1 —é .
Remarca.
InAABC
sin’ 4 > 3r
2 2R
GM-3/1972
Solutie.
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Folosim Z:Sin2 g =1- é si inegalitatea lui Euler.
Remarca.
InA4BC
Z sin’ g > % > ;—;
Solutie.

., A r
Folosim ZSH’IZ E =1 _E si inegalitatea lui Euler.

Problema607.

InAABC

GM-10/1971

Solutie.
Folosim ZFa =4R+7r siinegalitatea lui Gerretsen.

Problema608.

In AABC

18312 < Zawa S%pz .

GM-6/1987
Solutie.
Inegalitatea din dreapta.

Yaw, <3 Fa¥om 320 =o'

3

&

Am folosit mai susZwa pr/g ,veziw, < p(p—a) .

Inegalitatea din stanga.

Mitrinovic

Zawa ZZaha :Z2S:6rp > 6r-33r =183,
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Problema609.
In AABC
2z,
GM-10/1971
Solutie.
1) 2 2
LHS=Yr, :4R+rz%R+4R”:Zha ~ RHS .
Problema610.
In AABC,C =60, then
< + € >2.
a b

Geometric Inequality 4/2017

Solutie.
Folosind teorema cosinusuluiin AABC,C =60" => ¢’ =a’ +b* —2abcosC <

S =adb+bP—-ab.

c ¢
Inegalitatea de demonstrat este echivalentd cu—+—>2 < c(a +b) >2ab &
a

© (a+b) 24a’b’ & (a’ +b* —ab)(a+b) 24a’h <

& |(a=b)' +ab||(a=b) +4ab |=4a’b* & (a=b)' +5ab(a~b)" 20, cu egal pentrua=b,
C=60 = a=b=c.
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

In AABC,C =60, n e Nthen

Marin Chirciu
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Solutie.

Pentrun = 0 se obtine egalitatea 2=2.

c c
Pentrun =1 se obtine—+— 2> 2, vezi Lema mai jos.
a

Pentrun > 2 se foloseste inegalitatea lui Holder.

Lema.

In AABC,C =60, then

1850,
a b

c cY
7_'_7
n n Holder( j Lema n
LHS:c"(i+ij=(fj +(§j grla b) ' 2 _—2=RHS

2! 2"
Problema611.

Ifa,b,c>0,abc=1then
1 3
- >_
Z:a3(b+c)_ 2

Luigj Gjoka, Mathematics(College and High School) 5/2025

Remarca.

Ifa,b,c>0,abc=1 and 1 >0then

1 3
>
Zcf (b+ﬂc) A+l
Marin Chirciu

Solutie.

(le B0 L) B U

1
1 >
LHS=Za3 bmc)zza(bwlc)_Za(bMC)_(/Hl)ZbC_/“l

46 ]
Z— abc
+1

\VAS!

Egalitatea are loc dacd sinumaidacd a=b=c=1.

Problema612.
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Ifa,b,c>0,abc=1then

3

a
—_— >
Z:\/az +2bc+a

Konstantinos Geronikolas, Greece,MathAtelier 5/2025

N | W

Solutie.

sy @y P e (EeF  (Ee) ¢
\/a +2bc+a (a2+2bc+a)5 (Z:(az+2bc+a))E (Za2+22bc+2a)5

1

3 3
1 22 2 )2 1

s0s ((Za)j (pj 2 RP o

> A3 -3 _ 33 1z%:RHS

1

((Za)2 + Za); _ (p*+p) (P +p)

7

|
2 RP w3 6

inde—3B—_83 P 50 e ap > 43(pl) © 4p° 243p- 24320 <
(v + ) 2 29(p+p) 4

(p—-3)(4p* +12p> +36p” +108p+81) 20 < p >3, veziAM-GMsiabc =1

Egalitatea are loc daca sinumaidacd a=b=c=1.
Remarca.
Ifa,b,c >0,abc=1 and A >0then
a 3

> .
\/a2+2bc+/1a JA+3

Marin Chirciu

Solutie.
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0y (@f e (Zey

+2bc+ Aa (a2+2bc+ﬂ.a)5 (z(GZ +2bc+/1a))§

LHS:ZJ .

3 3
" (1 2. 2j2 (1[)2)2 L p
(Za )2 sgssgs 3( ) B 3 B 3\/5 (;)

=(Z“2+22’?0”20); - ((Za)2+/12a); _(p2+/1p); (v +anf
m 3

>
NA+3

= RHS,

L
M 3 6
unde 33 _> o —L > 2
(" +4p)? NA+3 T 27(pP+p) A+3

< (A+3)p’ 2243(p+ 1) <

& (A+3)p’ —243p-243120 <
& (p-3)[(A+3)p* +3(A+3) P’ +9(2+3) p* +2(A+3) p+8IA|>0 < p>3.

Egalitatea are loc daca si numaidaca a=b=c=1.

Problema613.
If ze Cthen
5-34/3i
|z +4|+|z+1=|z+ 3 .
2
0OL-1994-Arges, Liceul “Nicolae Balcescu”, Pitesti
Solutie.

5 343,
Punctele A(zl),B(zz),C(Z3) ,undez, =—4,z, =—1,z, = —E+Tl sunt varfurile unui triunghi

echilateral.

Folosind teorema Iui Pompeiu, oricare ar fi M(Z) cu distantele MA, MB, MC se poate forma un

triunghi, eventual degenerat intrun segment dacd M € C(ABC) .

z+

Rezultd MA+ MB > MC < |ZM —ZA|+|ZM —ZB|2|ZM —zc| A= |Z+4|+|Z+1|Z

5-33i
2
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Remarca.

1).If zeCand A > 0then

|z+42]+|z+ 4| > z+5;t+/1\/§i :
Solutie.
Punctele A(zl),B(zz),C(z3) ,undez, =—4A,z, =—1,z, = —%+ 3ﬂﬁi sunt varfurile unui triunghi

echilateral si folosim teorema lui Pompeiu.

Rezulta MA+ MB > MC <= |ZM —ZA|+|ZM —ZB|2|ZM —ZC| =

S |z +44+|z+ 4| 2|z +

51 —313i
2

2).1f zeC and A >0then

zZ+

l2+22]+]z+ 4] “‘TM

Solutie.

PuncteleA(zl),B(zz),C(ZS), undez, =—24,z, =—4,z, :_%Jr 3

i sunt varfurile unui triunghi

echilateral si folosim teorema lui Pompeiu.

Rezultd MA+ MB > MC < |ZM —ZA|+|ZM —ZB|2|ZM —ZC| =

S |z 422 +|z+ A 2|z +

31— A3i
2

3).If zeC and A > 0then

|z+6A|+|z+34|> z+9ﬁ%ﬂb\/§i :
Solutie.
Punctele A(zl),B(Zz),C(Z3) ,undez, =—64,z, =-34,z, = —%4‘ 343 I sunt varfurile unui

triunghi echilateral si folosim teorema lui Pompeiu.
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Rezultd MA+ MB > MC < |ZM —ZA|+|ZM —zB|2|zM —zC| =

& |z+64|+|z+34| 2|z +

91 —3-/3i
2

4).If ze C and A > 0then
|z+3A+1|+|z+ 2 +] 2‘z+2/1+1+(1—ﬂ\/§)i‘.

Solutie.

Punctele A(zl),B(zz),C(z3) ,undez, =-34-1,z,=-A-1,z; = —21—1+(ﬂ,\/§—1)i sunt varfurile

unui triunghi echilateral si folosim teorema lui Pompeiu.

Rezultd MA+ MB > MC < |ZM —ZA|+|ZM —zB|2|ZM —ZC| =4

S |z 432+ +[z+A+1|>

z+22+1+(1- 243 ).
Remarca.
5).1f zeC and A > 0 then
|Z+3/1|+|z+/1|2‘z+2/1—ﬂ«/§i‘ .
Solutie.

Punctele A(z,),B(z,),C(z,), undez, ==34,z, =—A4,z, = ~24+ A~[3i sunt varfurile unui triunghi

echilateral si folosim teorema lui Pompeiu.

Rezulta MA+ MB > MC < |ZM —ZA|+|ZM —ZB|2|ZM —ZC| =

S |z +3A+1|+|z+ A+1] 2

z+2l+1+(1—/1\/§)i‘.
6).If ze C and A > Othen

|z+22|+|z +24i| >

z+i—/1\/§+</1—ﬂm/§)i‘.

Marin Chirciu

Solutie.

Punctele A(Zl),B(ZZ),C(Z3) ,undez, =-24,z, =-2,z, = l\/g—/l+</1\/§—l)i sunt varfurile

unui triunghi echilateral si folosim teorema lui Pompeiu.
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Rezultd MA+ MB > MC < |ZM —ZA|+|ZM —zB|2|zM —zC| =
& [z +22] |42 2 -+ 2= 23+ (2= 24B))].
7)If z e C then

|z+2|+|z+2i] >

z+1-3 (1—\/5)1".

Marin Chirciu

Solutie.

Punctele A(Zl),B(Zz),C(Z3) ,undez, =24,z, =21i,z, = /1«/§+/1+(/1\/§+ /1)1' sunt varfurile unui

triunghi echilateral si folosim teorema lui Pompeiu.

Rezulta MA+ MB > MC < |ZM —ZA|+|ZM —ZB|2|ZM —ZC| =

z—z—zﬁ—(ﬁ,m\/?)i‘.

8).1f ze C and A > 0then

& |z—22|+|z—2/1i|2

|z+22|+|z +24i| >

z+i—/1\/§+</1—ﬂ\/§)i‘.
Solutie.

Punctele A(Zl),B(Zz),C(Z3) ,undez, =-24,z, =-2,z, = AN3-2 +<l\/§—l)i sunt varfurile

unui triunghi echilateral si folosim teorema lui Pompeiu.

Rezultd MA+MB > MC < |z, —z,|+|z,, —z|> |z, —z.| &
& [z +22] 4|7+ 22] 2 -+ 2= 23+ (2= 24B))].

If ze Cthen

|z+2|+|z+2i] >
9).

z+1—\/§+(1—\/§)i‘.
Solutie.

Punctele A(zl),B(Zz),C(Z3) ,undez, =-2,z, =-2i,z, = \/§—1+(\/§—1)i sunt varfurile unui

triunghi echilateral si folosim teorema lui Pompeiu.

Rezultd MA+ MB > MC < |ZM —ZA|+|ZM —zB|2|zM —zC| =4
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& |z +2|+|z+2i]>

z+1—\/§+(1—\/§)i‘.
Remarca.
10). If ze C and A > 0then
=22+ |2+ 2712 |2 2+ 43 +(2- 243,
solutie.

Punctele A(zl),B(Zz),C(Z3) ,undez, =2A4,z, =-24i,z, = ﬁ.—l\/g+(/1\/§—/1)i sunt varfurile

unui triunghi echilateral si folosim teorema lui Pompeiu.

Rezultd MA+MB > MC < |z, —z,|+|z,, —z| 2|z, —zc| &

z—/l+/1\/§+(/1—/1«/?_>)i‘.

& |z—2ﬂ,|+|z+2/1i|2

11). If z e Cthen

|Z—2|+|Z+2i|2

z—1+\/§+(1—\/§)i‘ .
Dezvoltari, Marin Chirciu

Solutie.

Punctele A(Zl),B(ZZ),C(Z3) ,undez, =2,z, =-2i,z, :1—\/§+(«/§—l)i sunt varfurile unui

triunghi echilateral si folosim teorema lui Pompeiu.

Rezulta MA+ MB > MC < |ZM —ZA|+|ZM —ZB|2|ZM —zc| =

o |Z—2|+|z+2i|2‘z—l+\/§+(l—\/§)i‘ .

Problema614.
In AABC
Z(cotB+cotC)tan§ >2.
Zaza Mzhavanadze, Georgia, RMM 5/2025
Solutie.

Chebyshev 1

LHS :Z(cotB+c0tC)tan5 > §Z(cotB+cotC)Ztan§zé-ZZCotAZtangz
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:ngOtAztang2%'\/g'\/gz2,veziZcotA2«/§siZtan§2\/?_>.

Remarca.
In AABC
3
Z(cotB+cotC)cot£SR—3.
2 4r
Marin Chirciu
Solutie.
Chebyshevl A

LHS=Z(cotB+cotC)cotE < 3Z:(cotB+c0tC Zcot—=— 22c0tAZc0t—=

A 2 2R2 + r 4R +7 2(2R2 + 1”2 )(4R + I") Gerretsen& Mitrinovic

=—Zc0tAZtan—<— = 5 <

pr p 3rp
2
2(2R2 + R] (4R + Rj
Gerretsen& Mitrinovic 4 2 R 3
< -
3r-27r° 45’

Am folosit mai sus:

ZcotA_MG”ﬁ”” AR +4Rr+3r =1 —4Rr _4R*+2r* 2R’ 47

2pr 2pr 2pr pr
Problema615.
In AABC
B
Zh (tan 5 +tan— j>6\/_r
Zaza Mzhavanadze, Georgia, RMM 5/2025
Solutie.

Chebyshev 1

LHS=Zha(tan§+tan(2jj > 3Zh Z(tan§+tan j Zh 2Ztan—=

Remarca.

In AABC
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2
Zha cot£+cotg SgﬁR .
2 2 2r

Marin Chirciu

Solutie.

Chebyshev 1

LHS=Zha(c0t§+c0t%j < 3Zh Z(c0t§+c0t—j Zh 2Zcot—:

27R?

2 p 2\/_p2 Mltrmovtc \/gT 9\/§R2
:—Zh Zcot—<— \/_ =
r

= RHS .
3r

Problema617.

Ifa,b,c > 0then

>3

b(a+b)+bc

Konstantinos Geronikolas, Greece, Matematical Inequalities 5/2025

Solutie.

LHS =Y >3 = RHS,

\/(a+b)+bc_z\/ a+b+c \/_\/_ Z:\/_\/_

unde (1) rezulta din:

Holder

RIS W (Zaf:(z%]zzczbz(z@tf@[z%j%z%jf;

(Xa) .,
=) 5o RN
Egalitatea are loc daca si numaidacda a=b=c.

Remarca.

1).Ifa,b,c>0,a+b+c=1then

Solutie.
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Holder (0]

ZJ—ZJ—Zab > (Da ) _1:(2\/_} Zab_lcz\/_ \/Z_a >3

O 5 SOS

_\/_<:> >3<:>Zab£%,vezil (a+b+c >3Zab:>Zab<—.

unde \/z_a za

Egalitatea are loc dacd si numaidacd a=b=c = g .

2). INnAABC

Lema.
ifx,y,z>0,x+y+z= lthenZTZl

. . ~ . . r
Se cunoaste identitatea in triunghi Z— =

Y
rr r 1 |rr,
Folosind Lema pentru(x,y,z) = (—,—,—j obtinem: Z_ 2b>1
ra rb rc ra 3
3). InA4ABC
Zi @ >1
h,\ 3
Dezvotari, Marin Chirciu
Lema.
X
Ifx,y,z>0,x+y+z=1 thenZ—Zl
3y
r
Se cunoaste identitatea in triunghi zh— =1
ror.r rh,
Folosind Lema pentru(X,y,Z)_ h_ h_ h_ obtinem: Z 3 >1
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Problema618.
In AABC
a
> 4+/3R
L2 4R,

2

cos’ —
2
Nguyen Hung Cuong, Vietham, RMM 5/2025
Solutie.
4R(4R+r
Folosim inegalitatea lui Doucet siz @ __ ( ) .
2 A p
Cos” —
2
Remarca.
1). In AABC
2
36Rr£z a SISR -
p 24 p
cos” —
2
Solutie.
4R(4R+r
Folosind identitatea in triunghi Z a 1 = ( ) inegalitatea lui Euler.
cos’ = p
2).In AABC
a 6\/§R2
124/3R < < .
\/_ Z -2 A 14
sin” —
2
Solutie.
a4 4Rp
Folosind identitatea in triunghi Z Vi inegalitatea lui Mitrinovic.
sin> — r
Remarca.
In AABC
a a
>3
Z ., A Z , A
sin” — Ccos” —
2 2
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Dezvoltari, Marin Chirciu

Solutie.

4R(4R+7r
§|Z 4 __ ( ) inegalitatea se scrie:
r A
2 p
COS™ —

4R
Folosindz aA: L
sin? =

4R 4R(4R+7r
23, ( ) & p2 237”(4R+r),vezi p> =16Rr—5r" (Gerretsen).

r p
Problema619.
In AABC
3
ZsinésinBIC Z; ZIOSZsinA.
2 . A
sin —
2
Kunihiko Chikaya, Japan, Mathematical Inequalities 4/2022
Solutie.

A A 3 1 A 3chc§26 1 s
LHS:ZsinEsinBIC(chcEj :ZESinA(ZCSCEJ 2 ZESinA(6) =
63
=325inA:108ZsinA:RHS

Remarca.

1). In AABC, [ -incenter

3
Zsin g sin BIC(Z cscg) > 324«5 . % .

Solutie.

cscé26

A AN AV =T 3
LHS:ZsmEsmBIC ZCSCE :zzsmA ZCSCE > 2551nA(6) =
3\/§r

R

p Mitrinovic

3
=%ZsinA=10823inA=108-E > 108-

=324\/§~%=RHS

2).In AABC, I -incenter
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Zsm—smBlC(chc—j >6"- 3\/_1* ,neN.

Solutie.
A A n 1 A n chcgzé 1
LHS = ZSinEsinBIC(chcEj :ZESinA(zCSCEj > zEsinA(6)n =
=6—ZsinA 6" piee 33 33 _ RHS .
2 2 R 2 R 2R

Cazuln=1.
3).In AABC, I -incenter

ZSIH—SII’I BICZCSC A 9\/_r
Solutie.

A
1 A 20505,6

LHS=Zsin§sinBIC(chc§) :ZESinAZCSCE > Z%sinA‘6=

= RHS .

. 32 SlnA 3 p anowc & _ 9\/57"
R - R R

Remarca.

In AABC, I -incenter

3«/_7” < Zsm—smBIC <i .

Dezvoltari, Marin Chirciu

Solutie.

LHS :ZsingsinBlC:Z%sinA:%ZsinA :%-

3
Inegalitatea lui Mitrinovic 3+/3r < p< 5 = < <—,

Problema620.

Ifa,b,c> O,Z:azb2 =12then
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Za3 bc* <6.
Nguyen Hung Cuong, Vietnam, RMM 5/2025
Remarca.

1). Ifa,b,c>0,2azb2 =12andneN,n>2then

Za\"/bcn_' <6,

Solutie.

(ab)+(ac)+...+(ac)

LHS = Z‘cﬂ/bcT = z\/” a'bc"! = Z;’/(ab)(ac)"*l ASGZ n-l _

n

@)
=Y ab<6=RHS,

] CBS
unde Y ab<6rezults din > ab < \[3> b =312 =36 =6.

Egalitatea are loc dacd si numaidacd a=b=c= \/5

2). Ifa,b,c > O,Z:azb2 =12 then
Za(‘/bc_3ﬁ6_
Solutie.
_ i3 NN 3 46 (ab)+(ac)+(ac)+(ac):
LHS Za\/l; z\/a bc Z«,(ab)(ac) SZ 1

U]
=>ab<6=RHS.

Egalitatea are loc daca si numai daca a = b=c= \/5

Remarca.

3).1fa,b,c >0, a’h’ =12then
Zas bc* <6.

Dezvoltari, Marin Chirciu

Solutie.
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115 = 5 adlbe” = 3 atbe” = ¥ {f{ab) ey’ € 3 Ve Ha) ) rlae)

O]
= ab<6=RHS.

Egalitatea are loc daci si numaidacd a=b=c= \/5

Problema621.

Ifa,b,c>0,abc=1then

1 1
ZWZE(ab“r‘bC‘FC’a) .

b ¢
Craciun Gheorghe, Matematical Inequalities 5/2025

Solutie.

1 2 le -
2(11]1 Z{(l}lj(z{) 2 2 ;Za:bcb zzb_RHS
c b a

C

LHS = Z -
? 7 b
Egalitatea are loc daca si numaidacd a=b=c=1.

Remarca.

Ifa,b,c >0,abc=1 and A >0then

1 1
Z S > l+1(ab+bc+ca)_

b ¢

Marin Chirciu

Solutie.

(zjj _ 1 Zl:LM_

7_,_1“7 l_,_,11 Z(;"'ﬂ“lj (/1_'_1)21 A+1=a A+1 abc
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Egalitatea are loc daca sinumaidacd a=b=c=1.

Problema622.
In acute AABC
>124/3R .
Z cos® A4
Nguyen Hung Cuong, Vietnam, RMM 5/2025
Solutie.
2Rsin A4 A tanA

z a2 :Z sin >2R 33/ sin H 3«/_ —6R- 243 =

cos” A4 cos’ A4 Hcos
Remarca.

1). In acute AABC

>24+/3R.

2

cos’ 4

Solutie.

AG tanA
z a3 :z2Rs1nA>2R 33’ s1nA —6R3 H
cos’ A cos’ A Hcos A

2). In acute AAdBC

>3.2"\3R neN".

2

cos" A
Dezvoltari, Marin Chirciu
Solutie.
z a =Z2RsmAA>G2R 33 sin A
cos" A cos" A \J
=3.2"\3R=RHS .
Problema623.
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Ifa,b,c,d >0,a+b+c+d =4 then

b 16
Zmz?
Craciun Gheorghe, MateMaraton, 5/2025
Solutie.
LHS=F o (Zb) 42 sl
fiva Siiva Y ifiti(iva) \/2121212 1+a)
16 6 16 16 4 _16

—=RHS .

) {fa-4-4(4+3a) ) Yo (4ra) a2 #eR s

Inegalitatea este stricta.

1).Ifa,b,c,d >0,a+b+c+d =4 and A >0then

a’ 4
> .
Z\“//1+b Yr+1

Solutie.

(Za)z 42 Holder
HE = Z\mw S ia+b S ir1(ath) \/2121212 A+b)

16 16 16 4
</4.4-4 42+ b) ;*/43 40+4) 4/44-,1+1) “aha i+l

= RHS .

Egalitatea are loc daca sinumaidacd a=b=c=d =1.
Remarca.

2).1fa,b,c>0,a+b+c=3 and A >0then

Z az > 3
Ya+b Ya+1’
Dezvoltari, Marin Chirciu

Solutie.
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( Z a )2 32 Holder

LHS =Y S _ S 9 _
b 3040 Yafir(a+) XYY (2+0)
_ 9 9 9 9 3

CB3GarY) FGA+3) (a1 Wasl YA+

=RHS .

Egalitatea are loc daca si numaidaca a=b=c=1.

Problema624.
In AABC
Loy 2r >4
r, R
Adil Abdullayev, Azerbaijan,RMM 4/2017
Solutie.

2
2 (Xn) _(4Rer) G (4R4r) 2(2R-r) , or

YLy 2

nh,o >rn P R(4R+r) R R
2(2R—r)
Remarca.
In AABC
h, 2r 7
D 234 —
h, R R
Marin Chirciu
Solutie.
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p>+r’ +4Rr ’

Z Z hz CS(Zh) (mj (PP rtarr)

Zh h, 2rp° B 8Rrp’
R
Y2 (1 +ARr )+ (4R +7) 2 > | Gerretsen
P2 VZ S {p2+2(r2+4Rr)+—r (4R +7) }G >
8Rrp 8Rr p
erretsen 2 2 2 j—
g 1 16Rr =51 +2(r* +4Rr)+ (4R+r)2 I PP Gl |
8Rr R(4R+r) 8Rr R
I 2(2R-r) |
_ 2 A2 2 A2 2
:L{24R—3r+2r(2R r)}:24R 3Rr+24Rr 2r :24R +R2r 2r :3+£_2L2_
8R 8R R R
Problema625.

If x, v,z >0 then

z’;ngzxz_@xy.

Rahim Shahbazov, RMM 5/2020
Solutie.
Lema.

Ifx,y,z >0 then

Zx_22 6sz _(Zx)2
y D x '
Pham Hun Duc Inequality

Folosim pgr -Method: pr,q = ny,r =Xxyz

x> 62)62 —(Z:x)2

Inegalitatea Pham Hun Duc se scrie echivalent ) — = =
2 >
P’=2q9)-p* s5p°-12
PN Z_— ( ) _2P q
p p
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2
x

Inegalitatea de demonstrat se scrie echivalentz— 2> \/9Zx2 —6ny =
y

@Z—>\/9 > 2q)—6q =\[9p* ~24q .

Este suficient sa aratam ca:

5p°—12
2P > Jop*-24q < (5p*-12) = p* (90> ~24q) < 16p* ~96p°q +144¢" 20 <
p

2
= (p2 —3q) >0.
Egalitatea are loc dacd sinumaidacd x=y==z.
Remarca.

Ifx,y,z>0,x +y2 +2z* =3 then

2
2Zx—+2x29.
Y

Marin Chirciu
Solutie.

Inegalitatea lui Cartoaje.

If x, v,z > 0then

Lema.

Fiex, y,z > 0. Aratati ca:

Demonstratie.

Lema.

Fiea,b,c > 0 astfel incAta+b +c =1. Ardtati ca:

127


http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2025 www.mateinfo.ro

2 2 2
a b° ¢

——+~—"+——>3(a2+b2+cz).
c a

Proof.

2 2 2 4 4 4 2 2
b b a +b"+c) o
P U R i e K YRR VR
b ¢ a ab bc c*a a’b+bic+cia

& at+ b+ 23(a2b+bzc+c2a) & (a+b+c)(a2 +b’ +c2)23(a2b+b2c+cza) &
= Zcf +Z:ab2 > ZZazb = Z:a(at—b)2 >0, evident cu egalitate pentrua =b=c = %

X z N .
,b= Y ,C= avem a + b+ ¢ =1si obtinem concluzia, cu
X+y+z X+y+z X+y+z

PunandinLema a =

egalitate pentrux=y==z.

6 x> 3
%i Slz_> %i obtinem

2
X
Adunand inegalitatile Z— + Zx 2
Y

2

: 9
zzx7+2x2 %i 5|foI05|m|poteza2x =3 rezulta2z_+zx>
(Z )

27
x

Avem3 = ZX > =

:>Zx<3
DinZZx—2+Zx22—7$i2xﬁ3:>2zx—2+2x29.
Y Dox y

Egalitatea are loc daca si numaidacdx=y=z=1.

Problema626
InAABC
1 1
=233
h 3r
Titu Andreescu, Dorin Andrica, 360 Problems for Mathematical Contest, GIL 2003
Solutie.
2 2
_p —r —4Rr
Folosim inegalitatea lui Gerretsen si =
g Z hz 2p21’2
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Remarca.
1). InAABC
1 R
— <y —<—.
37 noo6r
Solutie.
p —r —4Rr
Folosim inegalitatea lui Gerretsen si =
g Z hz 2p27’2
2). InAABC
2
1yl 2 (2R
37 ¥’ 27Rr\ r
Solutie.
2 2
—2r-—8Rr
Folosim inegalitatea lui Gerretsen si z_z = pT
7 pr
Remarca.
InAABC
1 1
L2y
Dezvoltari, Marin Chirciu
Solutie.
—7? —4Rr —2r2 —8Rr
Folosind identitatile in triunghi Z? p Si Z— =———> 3 inegalitatea se scrie:
pr
2 2 2 2
—r"—4R —2r°—8R
p-r iy }; 5 r<:>pz—r2—4RrS2(p2—2r2—8Rr)<:>

2p°r* pr
< p2 >12Rr+3r?, care rezults din inegalitatea lui Gerretsen p2 >16Rr—517.
Problema627.

PP41413.1f0<a < bthen

A xdx 1. b*+1
—In

P2 3 @l

\%
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Mihaly Bencze, Brasov, Octogon
Solutie.
Lema.

fO<a<x<1<bthen:

\/(x2+2)(2x2+1)ﬁ (x*+1).

N | W

Demonstratie.

JE+2)(2x )< o +2) (24 303 ;( +1).

2 2
f xdx Lema % 2xdx b 1. p*+1
EJ(x2+2)(2x2+1) ) J.3()6 +1) ) '[x +1:_1 )‘azglnazﬂ'

2

Remarca.
IfO0<a<band A >0then

j xdx S 1 lnb2+l.

a\/(x2+ﬂ,)(/1x2+l) A+l a’+1

Marin Chirciu

Solutie.
Lema.

fO<a<x<1<bthen:

S+ 2) (2 +1) s 25 (0 41).

Demonstratie.

[0 +1)§(x2 +/1)J;(,1x2+1) _ (,1+1)x22+(/1+1) _ ,12+1(x2+1).

b

Lema & 1 $2xdx 1 b 1 . b +1
I ”)(“ +1) 2 J}Lz (x> +1) /1+1Ix 1 z+1ln(x2+l)‘a:ﬁlna2+1'

Problema628.
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Evaluate:
j 2" +e "
3e" —2e"
Sanong Huayrerai, Math 5/2025.
Solutie.
34A+3B=2
Scriem2e” +e " = A(3ex —2e_x)+B(3ex +2e_x) = R (A,B) = i,l —
—2A+2B=1 12712
x —X 1 x —Xx 7 X —-x
= 2e +e :—(36 —2e )+—(3e +2e )
12 12

e’ —2e_x)+17(3ex +2e_")

- 1 Y+ 2e
Obtmemj —J.lz % dx =— dx+l 3e+—e7dx:
3" —2e™ 12 127 3e* =2
=ix+lln 3¢ —-2e¢ 7|+ C.
12 12
Deducemj.zeidx:ix+—ln‘3e -2e*+C.
2e " 12
Remarca.
Evaluate:
Aet +e "
dx,1>0.
J.(/1+1)e" —de*
Marin Chirciu
Solutie.

1)4 1)B =
(A+1)4+3(A+1) N

Scriem Ae* +e :A((ﬁ,+1)e" —ﬂe’x)+B((ﬂ+l)e" +/1€”‘) 3{ Ad+AB<1

2 2
2&(/1+1) 2/1(i+1) :
dle" +e " /1 Q- 1 ﬂ,z+/1+1
dx —
(/1+1)e"—/1e’x (/1 ) 2/L()L+1)

ln‘(i+l)e" —le"|+C.

Deducemj

Problema629.
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If4,BeM,(R), AB=BA then
det(24° +2B* ~34B—A-B+1,)>0.
D.M.Batinetu-Giurgiu, Bucuresti

Solutie.

Avem2A> +2B* —-34AB—-A—-B+1,=2 (A+2B+4I) [£3—£1] =X’ +Y%.

Cum det()(2 + YZ) >0, deducem concluzia.

Problema630.

b

22781.Fiel, :I dx ,undea>1,b>1,neN,n>2 .53 secalculezelim /.
x+nx n—>0

Sorin Bogde,elev,Calarasi, GM 2-3/1993

Solutie.
L
ST S AL S WU S S =0 P
X+ nx" ,,( 1 j n( 1 ) x”(t+n) t—1
X" —+n X" ——+n
X X
= | L - _lj - ln(t+n)=_—lln( 1_l+nj.
(n—l)(t+n) n—-1"t+n n—1 n— x"
1+ !
b _ b _ n-1_n-l1 _ -1
i P N 0 O Y7 T WO
X +nx n-1 \x" a n—-1 (1+na""'d" n-1 1
“ + n—1
na
_1 1+ bln—l
Obtinem: hmI —11511 1111 nl =0-0=0, (am folosita>1,6>1).
T
na
Problema631.

22795. Sa se arate ca sirul (an )neN , unde
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/ 1 .
a, = n(n 2+4+——11,Vn>1este convergent si s& se calculeze lima, .
n n—>0

Marius Crainic, student Cluj-Napoca, GM 4/1993
Solutie.
1

1 \x
x[(2+—j ljeste bine definit3 pe(O,OO) )
X

Functiaf:(O,oo)—)R,f(x)

1

(2+)1cjx_1 3 ( 2+t t—l)’ (2+2) In(2+2)+2(2+2)"
lim f(x)=lim—2— 2 jim ) _jim -
X—>0 X—0 l I"Hospital t—0 t' t—0 1
X

=tim(2+1) (In(2+1)+£(2+1)) =lim(2+1) (1n(2+z)+L

jzl(ln2+0):ln2.
t—0 t—0 2+t

Deducem cilima, =In2.

n—0

Remarca.

Fie A > O fixed. Sa se arate ca sirul (an )neN , unde

1 .
a, = r{;ﬁ/l+— —1|,Vn >1 este convergent si sa se calculeze lima, .
n n—»0

Marin Chirciu
Solutie.
1
Functia f : (0,00) —)R,f(X) = ){(ﬂ+ijx —IJ este bine definit3 pe (O,OO) )
1
(’1+1)x_1 o ((/1+f)t_1)’ (/1+t)tln(/1+t)+t(/1+t)t_1
lim f(x)=lim~—>%— = lim = lim =
X—0 x—0 1 [ Hospital t—0 f’ t—0 1

X

=lim(A-+2) (In(A+1)+1(2+1) ") =lim(2+1) (ln(ﬂ+t)+ﬁ)=l(ln/l+0)=ln/1,

133


http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2025 www.mateinfo.ro

Deducem cilima, =InA4 .

n—o0
Problema632.

22797. Aratati ca
! 2 ! 2
Ie”‘ dx-Je" dx>1
0 0

Daniel Sitaru, Drobeta-Turnu Severin, GM 4/1993
Solutie.

2 X2

Functiile f : [O,l] —R ,f(x) = eiT sig: [0,1] —>R, g(x) = e 2 sunt continue pe[O,l] si aplicdm

< \/j 72 (x)dx \/j g (x)dx =

b

If(x)g(x)dx

inegalitatea CBS

Se observa ca nu sunt indeplinite conditiile pentru a avea egalitatea in relasia CBS

(f=gsaudce [0,1] astfel incat f(c) =k,keR).

g(c)

Deducem ca inegalitatea este stricta.

Remarca.

Fie a > 1 fixed. Aratati ca

o — —

1
adx- jaxzdx >1
0
Marin Chirciu

Problema633.

FiedeM, (C) ,Cu proprietatea ci A> = A . S5 se calculeze (A + I)” ,Vn>1, unde [ este matricea
unitate dinM (C)
OL-1993-Slaj
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Solutie.

Deoarece A si/ comuta la iTnmultire se poate aplica formula binomului lui Newton.

(A+1)' =A4"+CA"" +C A+ +C AL +C A+ 1"

Prin recurentd se obtine 4" =4 Vn>1.

(A+1)' =A+CLA+CiA+..+C7A+C A+ 1 = A(1+C)+Cl +..+C 2 +C) ) +1 =
=A(2"-1)+1.

Remarca.

FiedeM, (C) ,cu proprietatea cd 4> = 14,1 €C . 5§ se calculeze (A +I)n ,¥n>1,undel este

matricea unitate dinM (C) :

Marin Chirciu

Solutie.

(A+1)' = A+ A" CLA+ A ClA+..+ AC A+ C A+ =
= A(1+1"‘2C,1 +ATC L+ ACT O )+I .
Problema634.

Aratati ca sirul (xn) definit prin x, = a si2nx, = <2n —l)xn_1 ,Vn >1 este convergent si sa se

n>0"’

calculeze limita sa.

OL-1993-Caras-Severin

Solutie.
2n-1 2n-3 13 2n—1
AvemXx, =———X,_ |, X, | =———X, ,,..,. X, ==X, =X, =—-— .- a.
2n 2n-2 2 4 2n
- . - 1
Prin inductie matematica= x, = ‘a.
2n+1
Din0<x, = -a siteorema clestelui= limx, =0,
2n+1 "o
Remarca.
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Sa se arate ca sirul (xn )n>1 ,definit prinx, =a > 0Osi (n +l)x

. =NX, ,Vn =1 este convergent si sa se

calculeze limita sa.

Marin Chirciu
Solutie.
_n _n-1 n-=2 _n-3 2 1
Avemx, S T T T N K S N K ST K X S0 X, 5 =0 =
Di ! = lim 0
=——'X,.Dinx ,, =——-a x =0,
n+l n+1 1 n+l I’l+l N30 n

Problema635.

22825. S& se determine functia f : R = R ,derivabild, pentru care

f(x)=x° +]ﬁe”f(x—t)dt ,VxeR.

0

Aurel Chiritd, Slatina, GM 5-6/1993

Solutie.

n integraIaJ.e_tf(x—t)dt facand schimbarea de variabila X —f = obtinem:
0

':fe_tf(x—t)dt =je”‘xf(u)(—du):

O ey

e”_xf(u)du =e_x.|.e"f(u)du .
0
f(x) =x’ +e_xje”f(u)du , care prin derivare da:
0

f'(x)=2x—e_xj.e"f(u)du +e_xe"f(x) < f'(x)=2x—e_x‘|.e”f(u)du +f(x) =

3

= f’(x)=2x—(f(x)—x2)+f(x) = f'(x)sz—lrx2 Sf(x):x?+x2+C.

Din relatia datd in enunt pentrux =0 = f(O) =0.

3

Dinf(x)=%+x2+C§if(0)=0:>C:0.

Deducem ca f(x) = x?+x2 .
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Remarca.

S3 se determine functia / : R — R ,derivabil3, pentru care

X

f(x):x3 +J.e_tf(x—t)dt,‘v’xeR.

0
Marin Chirciu

Solutie.
4

Obtinem f(x) = XZ +x.

Remarca.

S3 se determine functia / : R — R ,derivabil3, pentru care

X

f(x):x”+Ie"f(x—t)dt,VxeR,neN*.

0
Marin Chirciu

Solutie.

n+l n+l

Dinf(x)z:;Jr1+x"+C'$if<0):0:>C=0.Obtinemf(x):nJrl

n

+Xx .

Problema636.

Evaluate

(VarT ) .

S Cm— 0 | —

Math 5/2025

Solutie.

Substitu',cie\/x+l+\/;=t :>t—\/;=\/x+1 :>(t—\/;)2 =x+1 :>t2+x—2t\/;=x+1 =

2t

2_ t2_1 2 4_
:)-\/;:::x: :>dx=t Bldt.
2t 2t

1
Izi( x+1+\/;)14dx:ftl4-Edt:lft”(f‘—l)dt:lf(tls—lllyt:
7 1 2¢ 21 29
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1
1 2 16 12 2\16 12 ) 2{16 12) 2116 12

(\/5)16 (\/g)lz 1[116 1‘2J 1(38 36J 1(1 1}_

1 t16 t12
B E(E_EJ

_136[32 1} 11(1 1} 323 1 -1_3°-23+1 _16768 _524

8 12 812 812 323 3 °

4 3

24 24\4 3

Remarca.

IfneN,n=>2,evaluate:

( x+l+\/;)2ndx,

O Cmm— ) | —

Marin Chirciu
1
3 n 3" (4n-5)+1
Obtinem I( x+1+ )2 x = ( 112 )+ .
2(n* -1)
Remarca.
IfneN,n>2anda >0 evaluate:
3 \
J.(»\/x+a +\/;)2 dx
0
Marin Chirciu

Solutie.

Obtinem j).(\/m+\/;)2ndx = 4(};”_1) [a(n—l)(3”+1 —1)+(n+1)(1—3”’1)] .

Problema637.

Fie sirul cu termenul general

=’N
o'—.-MN

e'“(tg x+tg"x+tg" x)dx n>1.

v : 2
Sd se calculeze llmn(”,/nln —1) ,
n—»0

OL-2014-Valcea
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Solutie.

: :
I, =I "xtg”_lx(l+tg2x)dx+'[e”xtg"xdx =1,+1,.

0 0

% . 5 % . 1 parti - 1 Z % '
11:.([ tg x(1+tg x)dx:.([e (;tngdx =e -;tx 4—J‘

O 0

i i 1 ™=

=—e* —J.e”"tg”xdx:—e“ -1,.
n 0 n

nr nr nrw

1 == 1 = v o
=l =—e*-,=>1+],=—e*si] =1+, 1 =—e* =nl =e* .

1
n n n

i S | Z
22| 2= n 4n
Calculémliﬁmn("f/nln—l)zlimn \/e“ -1 =lime :lime1 =%.

n—>0 n—>0

Remarca.

Fie sirul cu termenul general

o . 2
S3 se calculeze llmn(”\[nln —1) )
n—»00

Solutie.
M
i—1 i—l
. . 2 L ) 4n T
Calculémhmn(”f/nln —1):11mn et —1|=lim =lim =—.
n—o n—o n—o Nn—0 1 4
n n
Problema638.

Q112. Compute

www.mateinfo.ro

N
(e )-;tg xdx =

Marin Chirciu
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lim?& n' n+14 n+1 \/_

o n+l

D.M.Batinetu-Giurgiu, Bucharest, Sclipirea Mintii Nr35
Solution (Marin Chirciu, Octavian Stroe, Pitesti)

n '

n! 1
Using hm("tl/ n +1 - «/_) — ,(Traian Lalescu) and hm£ =—, we have:

n—x0 n e

o) A1)

now g n+l e\le e

Q114. InAABC

T 123 be
Zh—+l— o

a

Florin Rotaru, Focsani, Sclipirea Mintii Nr35

Solution

Folosim z—— 5|Z be ——.

Problema638.

1692.Ifa,b,c >0,a+b+c+2=abc and denotet = ab + bc + ca then

Jt+a@ +t+0° +\t+ <t
An Zhenping, China, Mathematical Reflections Nr.2/2025

Solution.

ZWZZ\/ab+bc+ca+a2 :Za/(a+b)(a+c) AM;MZ(aJFb);(aJrc) =2Za.

It is enough to show thata+b+c+2 =abc :>2(a+b+c)ﬁab+bc+ca.

a+b+c+2=abc<2>(a,b,c):( al , Y R z J
V+z z4+X x+y

z

2(a+b+c)<ab+bc+ca = 2zy+z <Zz-{x'x+y =
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< 22xy(x+y)£2x(x+y)(x+z) < 22xy(x+y)£2x3+2xy(x+y)+3xyz <

3
& Zx +3xyz > ny(ery) ,(Schur’inequality).
Equality occursifandonlyifx=y=z < a=b=c.
Problema639.

1694.1fx,y,z>0,xy+ yz+zx =12 then

\/(4x+y+z)(x+y)(y+z)(z+x) > 2«/§(2x+y+z).
Mihaela Berindeanu, Bucuresti, Mathematical Reflections Nr.2/2025

Solution.

By homogenizing obtain:

(4x+y+z)(x+y)(y+z)(z+x) (nyryz%rzx)(ZererZ)2 S XY +x 22y &

e X (y—z)2 20, equallyifx=0ory=z.
Problema640.

JP.584. InAABC
A. B. C_3 .
Z:cos3 —sin—sin— Z—ZsmA.
2 2 2 16
Marian Ursarescu and Florica Anastase, Romania,RMM 39, Winter 2025

Solutie.
Lema.

InA4BC

Zcos —sm sm£= P I—L .
2 4R 2R

i (1 ——j > —ZsmA vezi identitatea in triunghi: ZSIH A —%

4R 2R

wa 1—— i b & I—LZE < R > 27 ,(Euler).
4R 2R) 16 R 2R 4

Remarca.

InAABC
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Marin Chirciu

Solutie.

Folosind identitatea in triunghi 20053 gsingsing = L(l —éj obtinem:

Euler
Zcossésmﬁsmgzi(l_Lj > ﬁ(l_szﬁ(LLj,
2 2 2 4R 2R 8r 2R 8\r 2R

Problema641.

2

a
Fie sirul (a,) _ definitpring, >0sia,,, =—+a,,Vn>1, undea>0dat.
nz a

. ) a, a, a,
Sa se calculezellm| —+—=+...+ .

e\ 4, a4 a,.

Corneliu Vladoreanu, Pitesti, OL-1996-Arges

Solutie.

Aratam calima, =co.

n—>0

2

2 u . o a
Intr—adevar, sirul (a ) este monoton crescator, deoarece a —a =—=> 0 .
v n ) u>1 n+l n a

Presupunand ca sirul este marginit superior , ar ilnsemna ca este convergent si are limita/ .

2 2

N s o . X a : ! -
Trecind la limitd in relatia de recurentd a,,, =—-+a, obtinem/ =—+1/ < [ =0, contradictie.
a a
2 2
. a, 1 1 a, a, |1 1
a,=—"+a <a, —a =" ———=—- & =a| ———
a a a, a,, a a, a,, a, a,,

) a, a, a, 1 1 1 1 1 1 1 1
obtinem L + 2 4+ =g|| ——— |+| ——— |+.. 4| ——— | |=a| — — |.
a, a4, a1 a a, a, a a, 4, a  a,,

) a a a . 1 1 1 a
Rezulticilim| -+ —=2+...+— |=lima| ——— |=a| ——0 |=—.
e g, a, a e g a a, a,

n+l n+l
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slim| %+ % |4
Deducem ca lim +—=+...+ =—.
n—o0 az a3 a

Remarca.

1
Fie sirul (a, )n>1 definit pring, >0sia,,, = zaﬁ +a,,Vn=>1,unde A > 0dat.

2 2
. . a  a; a,
Sa se calculezellm| — +—=+...+ .
el g, a a

n+l
Marin Chirciu
Solutie.

Avemlima, = .

n—0

; 1, 1 1
n+ n+an<:>_an<:>__ =
A A a a

n n+l j
2 2 2
Obtinema—1+a—2+...+ 4 _y|L-L + 1.1 +..+ LR =1 LR :
a, a, a1 a  a, a, da a, a,., a a,,
. >oal 2 . 1 1 1
Rezultd cd lim a—1+a—2+...+ @, =lmA| ———|=4| —-0 =i.
el a, a a o \a a a, a,

2 2 2
e | ara a, A
Deducem calim| —+—=+...+ =,

a,, =—a

K a2 a3 an+1 al
Problema642.
In AABC
m,+m > [h+=a®.
Bogdan Fustei, RMM 11/2023
Solutie.

1
Fie G, proiectia lui G pe BC = GG, = gha.

2 2
Cu teorema lui Pitagora in AGG, B obtinem GB> = GG} + BG} < (% mbj =BG} J{%h‘lj .
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2 2
Cu teorema lui Pitagora in AGG,Cobtinem GC* = GG} +CG} <> (%m,’] =CG; +(§hﬂj .

2 , (1Y , (1, Yess > (1. 1, Y
=(m,+m_)>,|BG’ + ha +,|CG’+| =h, | > ,[(BG,+CG,) +| =h,+=h, | =
3 3 3 3
"a + ,/a +— h2
4,2 2,9 2 .
Dlng(mb+m )> a +9h =>m,+m, = ,|h +Za , cu egalitate pentrub =c.

Remarca.

1). In AABC

Z(mb +m, )2 >1087°.
Solutie.
Lema.

In AABC
(m, +mc)2 > h’ +%a2.

Lema Neuberg

LHS=Z:(mb+mC)2 > Z(thr aj th Zaz > 27r2+§~36r2=

=27r* +81r* =108r* = RHS .

2).In AABC
zﬂ/mb +m, >31\/S4[1;§ + 72?) )
p
Dezvoltari, Marin Chirciu
Solutie.
Lema.
In AABC

9
2
m,+m, = |h +—a" .
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Lema AM—GM W
LHS = Z\’mb +m > Z h2+ a > 31</H(h02+%a j 3\/‘54[1;;28 7229]
p

=27r* +81r* =108+ = RHS .

Problema643.
1.2502. Ifa,b,c > 0then

a’+b*
+Nab<a+b,

1).

2 2 2
2). 4,%+23/abc <a+b+c.

Lucian Tutescu, Craiova, RMM 43, Winter-2024

Solutie.

2
2 2
1),/” erb + b<a+b<:>[ﬂ/a ;b +\/_J (a+b)

2 2 2 2 2 2 2 2
=4 ;b +ab+2,[4 erb -\/abéa2+2ab+b2<:>24/a erb ~\/a_S¢<:>

a’ +b’ \/_b<a +ab+b2<:>8ab(a +b2) (a +ab+b2)

<4
< at—4a’b+6a’b’ —4ab’ +b* 20 < (a—b)4 >0, cu egalitate pentrua=>.

Egalitatea are loc dacd si numai dacida=b.

2
2 2
2). «/$+2\/abc <a+b+c @£4/%+2\/ab(/’} (a+b+c) &

2 2 2 2 2 2
a +b +c a +b +c
+4 Rlabe + 4] a*b*c* <a* +b* +c* +2ab+2bc+2ca <

3 3
2 2 2
=12 % 3fabe +123 202 <24 +2b* +2¢* +6ab +6be + 6¢ca <>
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2 2 2
a +b +c
&6 — 5 Rlabe +63a*b*c* <a*+b*+¢* +3(ab+bc+ca), care rezulta din:

2 2 2
,a +b”+c
Notez —3 =t§i3abc=x.Dinab+bc+ca233(abc)2 =3x7,

este suficient sa aratam ca:
6t-x+6x7 <31*+3-3x* & 3 +3x7 —60: 2 0 < 3(1—x)” 20.
Egalitatea are loc dacd si numaidacda=b=c.

Remarca.

Ifa,b,c,d >0then

+33abcd <a+b+c+d.

\/a2 +b*+cr+d?
3). y

Marin Chirciu

+3%abcd <a+b+c+d <

\/a2+b2+cz+d2

2
2 2 2 2
[\/a +b Zc +d +3\4/abcd] S(a+b+c+d)2 =

2 2, 2 2 2 2, .2 2
P +b ZC +d +6\/a th+c+d -W+9,4/(abcd)2 Sa2+b2+cz+d2+22ab<:>

4

at+b*+c*+d? >
24 Rlabed +363(abed) <3a* +3b* +3¢* +3d* +8 ab vezi
J ~EEE Yfabed + 36 abed) > ab e

2 2 2 2
Notez\/a T+ +d =tsiabcd =x . Din Zab26{’/(abcd)3 =6+abed = 6x7,

4

este suficient sa aratam ca:
24t -x+36x% <3417 +8-6x° < 127 +12x* —241x > 0 < lZ(t—x)2 >0.

Egalitatea are loc dacd si numaidacda=b=c=d .
Problema643.

Ifx,y,z>0,x+ y+z=3then
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xy+1
Jalil Hajimir, Canada, RMM 5/2020
Remarca.

Ifx,y,z>0,x+y+z=3and A >1then

Z x+A 53

Marin Chirciu

Solutie.

LHS = Z x+i AG \/H x+A \/H(XJrﬂ) (g3=RHS,

xy+A H(xy+/1)

unde36/g((;;:1 >3 [J(x+2)= [T(w+4).

care rezultd din A > 1 si:

1).xyz£1,vezi3=x+y+zz3«3/xyz = xyz <1;

2).ny <3, vezi9=(x+y+z)2 Z3ny = nyS3.
Egalitatea are loc daca si numaidacd x=y=z=1.
Problema643.

In AABCfie D, E, F picioarele bisectoarelor interioare.

Aratati ca

2abc

e = e o) (v )

[4BC].

Mucenic lonescu, Pitesti, Concursul “Dan Barbilian”, Pitesti, 1992

Solutie.
ac ab ab
Cu teorema bisectoarei obtinem BD = , DC = siCE =
b+c b+c a+c
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212

—[cDE]=Ytcp-cE-sinc=L. % 4 Gyoo _4bSNC _ abF
2 2 b+c a+c 2(b+c)(a+c) (b+c)(a+c)
bcF acF

Analog| AEF |=——+——5si| BDF |=——«——.
nalog [ AEF] (a+c)(a+b) sl BDF] (b+c)(a+h)

bcF 2abc
DEF|=|ABC|-|AEF|-|BDF|-|CDE|=F — = F.
[ ] [ ] [ ] [ ] [ ] Z(a+c)(a+b) (a+b)(b+c)(c+a)
Remarca.

Dacd in AABCfie D, E, F picioarele bisectoarelor interioare, atunci:

[DEF] |
[ABC] 4
Solutie.
Lema.

Dacd in AABCfie D, E, F picioarele bisectoarelor interioare, atunci:

[ DEF | _ 2abc
[ABC] (a+b)(b+c)(c+a)’

[DEF] 2abc Cearo Dabe 1
[ABC] (a+b)(b+c)(c+a) " 8abc 4

Remarca.

Dacd in AABCfie D, E, F picioarele bisectoarelor interioare, atunci:

r _[DEF]_ 2R
2R [4BC] 9R-2r

Marin Chirciu
Solutie.
Lema.

Dacd in AABCfie D, E, F picioarele bisectoarelor interioare, atunci:

[DEF] B 4Rr
[ABC] - p>+r’ +4Rr’
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Folosind Lema si inegalitatea lui Gerretsen obtinem concluzia.

Problema644.
InAABC
D 2=y 2ok
Marian lonescu, Pitesti, Concursul "Dan Barbilian”, Pitesti, 1992
Solutie.
Lema.
InAABC
n,+r.=22h,.
Demonstratie.
F F 2F 1 1 4
n+r 22h, & ——+ 22— & — >2-
p—-b p-c a p—-b p—c a
1 1 4 2 2 4 1 1 2
+ 22— + - & + 22— &
a+b+6’_b a+b+0_c a a+c—-b a+b-c a a+c—-b a+b-c a
2 2
2 2
—a2 >— & (b—c)2 >0, cuegal pentrub=c.
2
a —(b—c) a

" Lema

AG
2% 42% > 2420 .27 =2.2 2 > 2.0 = 2% 4 2% >D2.2M

Se scriu si celelalte doua inegalitati analoage si se aduna, de unde obtinem concluzia.
Remarca.

InAABC

Marin Chirciu
Solutie.

Pentrun =0 avem 2=2. Pentrun =1se obtiner, +7, >2h_, vezi Lema.

Lema.
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INAABC 1, +r, 22h,.

LHS =1 +r" 2 (rb;,,rf) 2 (22h1)

:2(2?) —2h" = RHS.

Problema645.

Ifa,b,c >0,abc=1then

2
a+1

Amir Sofi, Kosovo. Mathematics(College and High School) 5/2025

Solutie.

@ +bC>S(Za)2 +(Z\/I;)2 C>S(Za)2 +(33 W)z P90

LHS = > > = >3 =RH.
S=2 a+1 D (a+1) D a+3 p+3 =3 S

2 0 AG
unde 2 +3923 < p>3,vezip=a+b+c>3Jabc =3.
p+

Egalitatea are loc dacd si numaidacd a=b=c=1.
Remarca.

1). Ifa,b,c >0,abc =1 and A >1then

2
ZZ:JI,) 2%'
Marin Chirciu
Solutie.
2 pes(Ya) + b es az+(33\/%)2 2,9
LHS:ZC;:}Z;Z (Z Z):(a(i;/_) Z(Z )Za+3l :§+J;22/1i1 = RIS,
Remarca.

1).Ifa,b,c>0,abc=1 and A >0 then

2
za +ﬂb23
a+A

Solutie.
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aMbcs(za)m(z@)zg(za)w(gsm) S

> > >3 =RHS.
a+A Z(a+/”t) Za+3/1 p+3/1

LHS ="

Egalitatea are loc dacd si numaidacd a=b=c=1.

2).1fa,b,c>0,abc=1 and A =>n=>0then

>3 .
a+A A+1

Za2+nb n+1

Solutie.

LHS =3 +nbis(za)2+n(z@)2S(Za)zm(y@)z _

a+A Z(a+/1) Za+3/1

_p2+9n(;’ n+l
p+31 A+1

=RHS .
Egalitatea are loc dacd si numaidacd a=b=c=1.
3).Ifa,b,c>0,abc=1and0< A <1then

a’t+ib _ 3
A+1
Z a+l1 2( )

Dezvoltari, Marin Chirciu

Solutie.
2 2
LHS:ZGZ_Fﬂ“bC;(Za)z-Fi(Z\/Z)ZC;S(Za) +l(33 /abC) _p2+9/1(;)3(/1+1):

a+l M(a+l) >a+3 Cop+3 2

Egalitatea are loc dacd si numaidacd a=b=c=1.

Problema646.
In acute AABC
S Jandzed3.
p—a
Vasile Mircea Popa, RMM 5/2025
Solutie.
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AM -GM

Z:\/tanA—l 2R r Z\/tanA >
r

3

AMZGM2(2R r 33[71_[ g = 2BR-r) 2R r 6'—HtanA> - ) {)/?7_
:&.6(@)3:M.m 2CRr) 3R \/§E§r6(‘/§:RHS.

Chebyshev 1

» tan4 2> Z

7 7
Remarca.
In acute AABC
a 7 R
Z Jtan 4 > 3\/5— .
p—a 7
Marin Chirciu
Solutie.

Chebyshev 2R AM -GM
> Z\/tanA —l r Z»\/tanA >

1
tan4d = -—
a 3 Z 3 7

AMZGM@'?)S,—HW_ ,—H s 2 R=r) R 7") W_
2R Ji Y 22CR0) [ (2R ") 3" 3R B pus.

r r

Problema647.

2
a
22939, Sirul (xn )n>lverificé inegalitatile 0 <x, <asi (a —xn)an > ? ,VneN,a>0.

Aratati ca sirul este convergent si sd se calculeze limx,, .

n—»0

Mihai Haivas, lasi, GM 1/1994

Solutie.

2 2
a a
0<x, <a=>(x,)  estemarginit,(1). " >(a-x,)x, & (5—)6”] >0.

> 4 2( )x =X, =X, :>( )n este crescator,(2).

n+l —

Obtinem (a - X, )an 1

152


http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2025 www.mateinfo.ro

Din (1) 5i (2) = (x, ), _ este convergent=>(x, ) _ are limitd finita/.

2

2 2
Trecand la limitd in (a—x, )x,., Z%Obtinem(a—l)l 2% = (%—lj S0 l=

CRES

o1 a
Deducem cdlimx, = 5

n—»o0
Problema648.
VI.611. Determinati cel mai mic numar natural care are 1961 de divizori.

Doina Stoica si Mircea Mario Stoica, Arad, RMT-2/2025

Solutie.

Lema.
Numdrul divizorilor luin = p{ p5*...p;" este (o, +1)(a, +1)...(a, +1).
Deoarece1961=37-53 = (o, +1)(a, +1)=37-53 = o, =36,, =52.

v v 36 52
Numarul cdutat este 2™ -3,
Remarca.
1).Determinati cel mai mic numar natural care are 323 de divizori.

Solutie.

Deoarece 323=17-19 = (¢, +1)(a, +1)=17-19 = ¢, =16,, =18.

Numarul ciutat este 2'®-3'%
2). Determinati cel mai mic numar natural care are 1271 de divizori.
Dezvoltari, Marin Chirciu

Solutie.

Deoarece1271=31-41 = (o, +1)( e, +1)=31-41 = o, =30, 1, =40.

Numirul ciutat este 2" -3% .
Problema649.

Ifx,y,z>0,x+y+z=3then
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3 3 3
X +y +z 1
Yy <l

(x2+y2+zz)(x4+y4+z4)_3'

George Apostolopoulos, Greece, Mathematical Inequalities4/2022
Solutie
Lema
Ifx,y,z >0,x+y+z:3thenx4+y4+z4 > +y3+23.

Demonstratie

Cebyshev
Zx > —Zxe -3Zx322x3.
3 3 3 Lema 3 3 3 1
+y + +y + 1 Ul
LHS = 2 2x 2y 4Z TN S T3 2x 2y 3Z 3. 3\ 2 2 ~=RHS,
(x+y+z)(x+y+z) (x+y+z)(x+y+z) x+y+z 3
unde (1) < ;<l S X +y +20 >3, vezi dinZ)c2 Sgs—(ZX)2 21-32 =3
X +y +z0 3 T 3 3
Egalitatea are loc daca si numaidacdax=y =z =1.
Remarca.
Ifx,y,z>0,x+y+z=3then
+l+yn+l+zn+l 1
<-—.
(xn+yn+Zn)(xn+2+yn+2+zn+2) 3
Marin Chirciu
Solutie
Lema

n+2 n+2 n+l n+l n+l

Ifx,y,z>0,x+y+z=3andneNthenx" + " + 2" > x"" 4" 4 7

Demonstratie

Cebyshev

ISR 3 JELELIE) D Sl

n+l n+l
D D 3, ml_RHS

anzerZ < zxnzxnﬂ Zx
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$0s 1

l<:>z:x >3, carerezultadmZx > 3(Zx)2:§-32=3.

unde (1) <

Zx
Egalitatea are loc daca si numaidacdax=y =z =1.

Problema650.

Ifa,b,c,x,y > 0then

) sy

D.M.Batinetu-Giurgiu, Mihaly Bencze, RMM 5/2025

Solutie.
Lema.

Inegalitatea lui Arkady Alt.

If x,y,z,t>0then

(x2 +t2)(y2+12)(22+t2)Z%t4(x+y+z)2.

Arkady Alt ,USA
Solutie.
Avem (x* +£*)(»? +t2)2§t2 ((x+y)2 +12) o (xy—ltzjz 1p (x—y) 20,
4 2 4

t
cu egalitate pentrux =y = T .
2

CBS

= LHS =(x*+2*)(y* +¢°)(2° +t2)Z%t2 ((x+y)2+t2)(t2 +2°) > a (t(x+y)+ez) =
=%t4(x+y+z)2 = RHS .

t
Egalitatea are loc daca sinumaidacax=y=z= T .
2

2 Arkad, 2 Nesbitt 2
Las =T TON (11 QI [ { R N [ Z—
bx +cy 4 bx+cy 4\ x+y 4(x+y)
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Egalitatea are loc pentru a _ b _ ¢ _ atb+c __1 _L
bx+cy cx+ay ax+by (a+b+c)(x+y) x+y 27

a=b=c=x+y=2,a=b=c.
Remarca.

Ifa,b,c,x,y,A>0then

bx +cy 4(x+y)2
Marin Chirciu
Solutie.
Inegalitatea lui Arkady Alt.
If x,y,z,t>0then
3 2
2 2 2 2 2 2 4
X"+t +to ) z2+t ) 2=t (x+y+2z) .
(2 42)( +)( +0)2 20 (ere2)
Arkady Alt ,USA

CBS

LHS =(x*+£*)(»’ +t2)(zz+t2)2%tz((x+y)2+t2)(t2+zz) > %tz (t(x+y)+ez) =

2 Arkad) 2 Nesbitt 2 2
LHS:H( a ]m zy%;ﬁ(z a j > %/12( & J= 212 _Rus.

bx+cy bx+cy Xty 4(x+y)
_ a b c a+b+c 1 Ny
Egalitatea are loc pentru = = = = =—,
bx+cy cx+ay ax+by (a+b+c)(x+y) x+y 2

a=b=c:>x+y:\/%,a=b=c.
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