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INTRODUCERE

Tntr-un interviu dat de matematicianul Radu Gologan, presedintele SSMR , care a
afirmat ca in copilarie era fascinat de numere in sine. De aceea incerca sa numere pana la 1
milion. Dupa cum marturisea, nu reusea niciodata dar, observa in amanunt ce se intampla cu

fiecare numar in parte si cum se pot exprima unele numere mai mari in functie de celelalte.

Incepand de la varste fragede copii sunt Tnvatati sa numere si sa grupeze, reusind astfel sa
realizeze operatiile elementare. Interesant este ca ei tind sa se intreca in obfinerea rezultatelor

cat mai mari, de parcd ar putea atinge infinitul.

Tn continuare voi face referire la anumite tipuri speciale de numere care sunt intalnite de
catre elevi inca din ciclul gimnazial. Ele sunt prezente in diferite probleme date la olimpiadele
scolare si au aplicatii practice in societate pentru a codifica sau a decodifica diferite informatii

cu ajutorul calculatoarelor.
1. Numerele prime

Referitor la infinitatea numerelor prime putem afirma ca un numar n € N,n > 2 se numeste
prim daca, singurii sdi divizori naturali sunt 1 i n. Numarul natural 2 este singurul numar prim
par, iar pentru n > 3, daca n este prim, atunci cu necesitate n este impar (conditie insuficienta
dupa cum se poate dovedi facil in cazul lui 9 care este impar dar nu este prim). S-a pus de foarte

mult timp intrebarea: cate numere prime exista?

Tn anul 1909 au fost editate tabele cu numere prime < 10.000.000, in care se dau cei mai

mici divizori primi pentru fiecare numar natural < 10.170.600 care nu se divid la 2, 3, 5 sau 7.

In anul 1951 au fost publicate tabele de numere prime pana la 11.000.000. Jacob Philipp Kulik
(1793-1863) a intocmit tabele de numere prime pana la 100.000.000 (manuscrisul se pastreaza
la Academia Austriacd de Stiinte din Viena). In finalul lucrarii, in cadrul Anexei 1 prezenti
numerele prime de la 1 la 10.000. C.I. Baker si J.F. Gruenberger au intocmit In anul 1959 un

microfilm care contine toate numerele prime mai mici decat pgggpo00 = 101395301,

Vom nota cu P multimea numerelor prime.
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Teorema lui Euclid. Multimea P este infinita.

Demonstratie. Sa presupunem prin absurd ca, multimea P este finita, P = {p;, p,, ..., P} (Unde
in mod evident p, =2, p, =3, p3 =5 etc.). Vom considera p = p1py ...pn +1 si sa
observam ca p > 1 iar p; +p pentru 1 < i <n. Tinand cont de teorema fundamentald a

aritmeticii va exista un numar prim

g> 1 care sa divida pe p. Cum toate numerele prime sunt presupuse a fi doar p4, ..., p,, deducem
cdq = p; pentruuni € {1, ...,n}, ceea ce este absurd caci, p; t+ p pentru orice 1 < i < n. Deci

P, este multime infinita.

1.1 Numere prime gemene

Daca p si p + 2 sunt simultan numere prime, vom spune despre ele ca sunt gemene. Exemple:

(3, 5), (5, 7), (11, 13), (17, 19) etc.

Tn 1949, Clément [Clément, P.A.: Congruences for sets of primes, Amer. Math. Monthly, 56,
1949, 23-25] a prezentat urmatorul rezultat legat de numerele prime gemene: Pentru n > 2, n si
n + 2 sunt simultan prime daca si numai daci 4[(n — 1)!+ 1]+ n = O(mod n(n + 2)) (din

pacate, din punct de vedere practic, acest rezultat nu are nicio utilitate).
Problema principala este de a decide daca existd sau nu o infinitate de numere prime gemene.

Daca notam pentru X > 1 prin 7, (x) = numarul numerelor prime p astfel incat p + 2 este prim

si p + 2 <X, atunci Brun a demonstrat in 1920 ca exista un numar x, (efectiv calculabil) astfel

P - o 100
Incat pentru orice x > x, si avem 1, (x) < (lg—x;.

Tntr-un articol celebru din 1010 (La serie I . s ..., OU les denominateurs
5 7 11 13 17 19
sont nombres premiers jumeaux este convergente ou finie, Bull. Sc. Math., vol. 43, pp. 100-104

si 124-128) tot Brun a demonstrat ca seria B = ), (% + pﬁ) (unde suma este extinsd dupa

perechile de numere gemene (p, p + 2)) este convergenta sau mulfimea acestor numere gemene
este finitd. Numarul B poarta numele de constanta lui Brun, iar Shanks si Wrench (in 1974) si

Brent (in 1976) au aratat ca

B =~ 1,90216054... .
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Printre cele mai mari numere prime gemene cunoscute amintim 1706595 - 211235 4 1
i 571305 - 27791 + 1 ([38]) casi 665551035 - 289025 + 1 (David Underbakke).

De aici rezulta ca multimea numerelor prime gemene, daca este infinita (lucru neprobat pana

acum), atunci ele se apropie foarte mult unele de altele.

1.2.Numere prime Fermat.
Piere Fermat (1601-1665) a studiat sirul F,, = 2" + 1. Avemdeci F, = 3,F; =5, F, =
17, F3 = 65537, F, = 2294967297 s.a.m.d.

Observand ca termenii sirului sunt relativ primi doi cate doi si ca Fy, F;, F,, F3, F, sunt numere
prime, el a emis conjectura ci F, este prim pentru orice n € N. In anul 1732, Euler a aritat ca

Fs =232 +1 =641 -6700417. Prezentim o demonstratie simpla a faptului ¢ 641 divide Fs.

Notima = 27 sib=5,decia — b3 =2,1+ ab — b* =1+ 3b = 2*. Se obtine ci:
22+1=Qa)*+1)=0+ab—-bYHa*+1=1+ab)a*+1 - a*b*

este divizibil cu 1 + ab = 641.

Pana in prezent niciun numar F, n-a fost identificat ca fiind prim, pentrun > 5.

Observatie. Gauss a aratat ca un poligon regulat cu n laturi poate fi construit cu rigla si
compasul daci si numai daci n este de forman = 2%p,p, - ...+ ps, unde p; sunt prime distincte
din sirul (F)neny (pentru o demonstratie elementard se poate consulta: H.G. Forder,
(Fundamentele geometriei euclidiene”, Editura Stiintifica, 1970). Pand in prezent nu s-a

demonstrat ca exista o infinitate de numere F, reductibile.
Fermat a ajuns la studiul numerelor de forma E, din mai multe considerente.

El a observat ca daca numarul 2™ + 1(m > 1) este prim, atunci cu necesitate m este de forma
m = 2" cun € N. Intr-adevir, daci existd un divizor impar Kk al lui m, atunci m = kt, t € N si
atunci 2™ + 1 = (2H% = (2t + D[2H*T — (2H*2 + ... — 2t + 1] contrazicand faptul ci
2™ + 1 este prim.

Pe de alta parte, tot Fermat a observat ca numerele Fy, F;, F,, F5 si F, sunt prime, iar de aici el a

tras concluzia pripita ca F, este numar prim pentru orice n € N. Numai ca Euler 1-a contrazis,
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aratand ca Fs este compus avandu-1 ca divizor pe 641 (vom vedea mai tarziu cum arata divizorii

primi ai unui numar F,). lata insa rapid o solutie a faptului ca Fs se divide prin 641. Avem:

Fo =22 +1=228(5%+2%) — (5.27)* = 228. 641 — (640* — 1)
= 228. 641 — (640 — 1)(640 + 1)(6402 + 1)
= 641228 — 639 - (6402 + 1)] = 641 - 6700417.

Importanta numerelor lui Fermat a inceput sa creasca datorita unui celebru rezultat al lui Gauss
potrivit caruia un poligon regulat cu n laturi (n > 3) poate fi construit cu rigla si compasul daca
si numai daci n este de forman = 2*p;p, ...p, unde k,r € N, iar fiecare dintre numerele 3 <

p1 < Py < -+ < p, SUNt numere Fermat prime.

Legat de mulfimea numerelor Fermat (F,) ey s€ pun mai multe probleme (nerezolvate inca!):
P1: In sirul (E,),ey existd o infinitate de numere prime?

P2: In sirul (E,),ey existi o infinitate de numere compuse?

Legat de P1 sa amintim ca in afard de numerele Fy, Fy, F,, F3, F, si F5 nu se mai cunoaste un alt

numar Fermat prim!

Legat de P2, sd amintim ca se cunosc peste 100 de numere Fermat compuse (cel mai mare fiind

07000

F,3471 care are un numir de 1 cifre si care se divide prin 5 - 223473 4+ 1). Nu se stie in

schimb daci F,, este prim sau compus.

1.3. Numere de tip Mersene
Definitie. Un numar de forma M,, = 2P — 1 cu p prim se numeste numar al lui Mersenne (sau

numar Mersenne).

O problema interesanta o constituie stabilirea faptului daca un anumit numar al lui Mersenne

este numar prim sau nu.

Exemple, M, =22—1=3, My =23—1=7, Mg=2—-1=31, M, =27 —1 =127

sunt numere prime. In schimb M, 5, M,, M;4 sunt prime.

Observatie. Euler a stabilit (in anul 1750) ca M3, este numar prim; Lucas a stabilit (in anul
1876) ca M;,, de asemenea prim; se stie ca daca p este unul din numerele: 61, 89, 107, 257,
451, 607, 1279, 2203, 2281, 3217, 4253, 4423, 9689, 9941 ,11213 atunci numarul lui Mersenne
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corespunzator este prim. Cel mai mare numar prim cunoscut in mod explicit (in 1994) este M,,,

cu p = 859433, numar ce are, in reprezentare zecimala, 258716 cifre.

Se numesc numere de tip Mersenne, numerele naturale de forma M,, = 2™ — 1. Astfel, My, =
0,M; =1, M, =3, My = 7, M, = 15 etc. In mod evident, daci n este compus, atunci M,, este
compus, astfel ca pentru ca M,, sa fie prim cu necesitate si n trebuie sa fie prim. Cum M;; =
211 — 1 = 2047 = 23 - 89, tragem concluzia ci pentru ca M,, si fie prim nu este suficient doar

can sa fie prim.

Marin Mersenne a trait in secolul al XV1I-lea (1588-1648), insa numerele ce-i poarta azi numele

erau cunoscute inca din antichitate de Euclid.

Din pécate, nu se stie pana azi daca existd o infinitate de numere prime p, astfel incat M,, s fie
prim dupd cum nici daca existd o infinitate de numere prime p pentru care M, este compus.

Unul din lucrurile importante care a impus studiul numerelor Mersenne este acela ca cele mai
mari numere prime cunoscute pana acum sunt de tip Mersenne (se cunosc 42 de astfel de

numere).
Iatd un criteriu care ne permite sa stabilim dacd un numar Mersenne este compus sau nu:
Propozitie Fie p un numar prim, p > 3, astfel incat q = 2p + 1 este prim si

p = 3(mod 4). Atunci q | M, deci M,, este compus.

q-1
Demonstratie. Din p = 4k + 3 deducem ca q = 8k + 7, deci (%) =1,adici2 2 = 1(mod q) >

2971 =1(mod q) > q|2971 - 1.1

Observatie. Din propozitia de mai Tnainte deducem ca:

23| M4, 47 | My3, 167 | Mgs, 263 | M54, 2039 | M40 €tC.
Alte observatii:

1. Nuse stie incd daca existd o infinitate de numere Mersenne M,, cu p prim; cel mai mare

numar Mersenne prim cunoscut este Mgg72593 s1 are 2098960 cifre (a fost determinat in
1999 de Nayan Hajratwala).
1. Cel mai mare numdr Mersenne comupus cunoscut este M, cu p ? 39051 - 2°°%t — 1

(care este prim); acest numar a fost pus in evidenta in 1987 de A. Keller.
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1.4. Numere de tip Fibonacci
Sirul lui Fibonacci: 0, 1,1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597...

Acest sir exemplificat 1si are ca utilitate geometrica aplicatiile In naturd prin realizarea spiralei

ce contine proportii si simetrii perfecte la nivel microscopic si macroscopic. Gratie
aplicabilitatii sirului lui Fiobonacci avem un exemplu pertinent cum matematica intrd in
armonie cu natura. Numerele lui Fibonacci sunt foarte obignuite la flori. Micile inflorenscente
sunt dispuse sub forma unor spirale care merg in sensul acelor de ceasornic si in sens invers.
Numirul de spirale pe fiecare sens este numar Fibonacii. In acest caz, sunt exact 21 de spirale

n sensul acelor de ceas si 34 in sens invers.

sursa youtube

Numim sir Fibonacci sirul (E,) s definitprin F; = F, = 1§i F,.,; = E, + F,,_, pentrun > 2,

Acest sir de numere a fost introdus in anul 1228 de citre matematicianul italian Leonardo

Fibonacci, pornind de la studiul inmultirii iepurilor de casa.

Tinand cont ci ecuatia caracteristici atasatd sirului lui Fibonacci este x2 —x —1 =0 cu

radacinile x; = 1_2—\/3 Sl X, = 1+T\/§’ deducem imediat ca pentru orice n > 1,
By == (af —a}) = L[@ +v5)" = (1-V5)]
V5 2m/5

Urmatorul rezultat contine o serie de proprietati interesante ale sirului (F,);»1.
Propozitie

M Pentru orice m, n > 2 are loc egalitatea F,,,,,, = Fn_1F, + EnFn_1;
(i) Pentru orice n > 1 avem (F,, F,,41) = 1;
(il))  Daca m|n, atunci F, |Fy;

(iv)  Dacan>5si F, este prim, atunci si n este prim.
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Demonstratie.

(i)
(ii)

(iii)

Se face inductie matematica dupa m (sau n).

Presupunem prin absurd ca exista m > 1, astfel incat (E,,, Fype1) =d > 1siil
alegem pe m minim cu aceasta proprietate. Cum F,,,; = F,, + F,,_; deducem
ca d|F,,_4 si atunci (F,_1, E,) = d > 1, contrazicand minimalitatea lui m.

Sa presupunem cam | n, adican=mkcuk>1. Cum E, = Tlg (3 —x) siEy =

- (x" — x™) avem:

\/_

k k
R Bt N G2 1D i G0 _ e meDym | mle)
E, xI"—xI Xt — x L 2 2

_[ m(k- 1)+x2(k 1)] [m(k 2)m+x1x2(k 2)]+ €7

(deoarece din x; + x, = 1 i x;x, = —1 deducem ci x + x{ € Z pentru orice t > 1), de unde

concluzia.

(iv)

Sa presupunem prin absurd ca n nu este prim; atunci n = kt cu k > 3 si din (i)

deducem ca F|F, (cu F, = 2), contrazicand faptul ca F,, este prim. B
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2.Alte cazuri speciale de numere

2.1.Numere perfecte
Un numar natural n se zice perfect daca 0(n) = 2n (adica suma o(n) —n a divizorilor sai

naturali strict mai mici decét n este egala cu n).

Exemple: 6, 29, 496 sunt numere perfecte.

Numerele perfecte au fost studiate inca din antichitate, fiind cunoscute numerele perfecte mai

mici decat 10 000 si anume: 6, 28, 496 si 8128.
Caracterizarea numerelor perfecte este data de:

Propozitie. Daca un numar natural par n este perfect, atunci el este de forma n =

29(29%1 — 1), unde 29%1 — 1 este prim.

Demonstratie. Putem scrie b = 29 - u, unde q > 0 iar u este impar. Numarul n, fiind perfect,

avem o(n) = 2 -n = 29%1 . 4. Dar, conform corolarului 13.9, avem:
o) =0R%-u) =02 -0(w) = 29" -1)-0(u)
Deci:
(291 - 1) -o(u) = 29%1 .y (D)

Cum 29+ — 1 este impar, rezultd ci 2971 |o(u), adici existd un numir natural d astfel Tncét
o(u) =29t1.d . Relatia (1) devine: (29*1—1)-29%1.d =29%1.y4 | de unde
u= 291 -1)-d.

Presupunand ca d # 1, am obtine:
cw)=14+d+ Q4" —-1)+d-RIMT-1)>d+d- (29" —1) =d - 291 = o(u)

Ceea ce este absurd. Prin urmare, d = 2, iar u = 29t — 1 nu admite divizori diferiti de 1 si

29+1 — 1, adica u este prim, iarn = 29 - (2971 — 1),

Observatie. Nu se stie daca exista numere perfecte impare. Se poate arata relativ simplu ca un
astfel de numar ar trebui sa aiba cel putin patru factori primi distincti. Pe de altd parte, se stie

cd un numir perfect impar ar trebui s fie mai mare decat 2%,
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Suficienta (Euclid). Daci n = 2¢(2t*1 — 1) cut € N si 2¢*1 — 1 prim, atunci:

o(n) =c(2t2*t-1)) =029 -0 —1) =1+ 2+ 22+ +2) (1 + (2" -
1)) = (281 — 1)2¢+1 = 2™ adici n este perfect.

Astfel, numerele pare perfecte sunt strans legate de numerele prime Mersenne; cum nu se stie
inca daca exista sau nu o infinitate de numere prime Mersenne, nu se stie nici daca exista sau

nu o infinitate de numere pare perfecte.

Legat de numerele impare perfecte, din pacate nu se stie pana acum nici daca exista astfel de

numere!

Ne sunt totusi date anumite rezultate ale lui Euler, Pomerance, Chein, Muskat, Grun, Touchard

si Perisastri legate de condifii necesare ca un numar perfect sa fie perfect.
Propozitie. Daci 2P = 1,p > 2 este prim, atunci n = 2P~1(2P — 1) este un numar perfect.

Demonstratie. Intr-adevar, daci n = 2P~1(2P — 1), cu a = 2P — 1 numdr prim, atunci, putem

scrie:
a(n) =g(2P7- (2P - 1)) =0 (2P71) -0 (2P — 1)

deoarece numerele 2P~ si 2P — 1 sunt prime Tntre ele. Tinind seama de corolarul 13.9, avem:

p_
o(F ) =142 44271 = % = 2P — 1. Dar, daci q este numdr prim, atunci o(q) =
1+ g, iarin cazul nostru ¢(2P — 1) =1+ (2P — 1) = 2P,
Deci,o(n) =27 - (2P - 1) =2-2P . (2P — 1) = 2n.

Euler a demonstrat o reciproca a acestei propozitii:

Propozitie. Daca X si b sunt numere naturale x > 1,n > 2, astfel incat x™ — 1 este numar

prim, atunci x= 2, iar n este numar prim.

Demonstratie. Din relatia x"—1=(x—1)-(x"1+--+x+1) rezulti cid pentru

X > 2, numarul x™ — 1 este reductibil.
Daca d este un divizor al luin, 1 <d <n, putem scrien =d - m, cu m < 1, iar relatia

2t —1=20m_1=02DO" -1 =(%-1)- (Y™ 1 +... 429 +1)
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Arata ca 2™ — 1 este ireductibil in acest caz. Propozitia este demonstrata.

2.2.Numere pseudo-prime, absolut pseudo-prime si Carmichael

Un numar natural compus n se zice:

i) pseudo-prim daca 2" = 2(mod n);
i) absolut pseudo-prim daca pentru orice intreg a avem a" = a(mod n);
i) numdr Carmichael daci a"™! = 1(mod n) pentru orice intreg a pentru care
(a,n)=1.
Legat de aceste numere, o concluzie este clara: aceste categorii de numere au aparut in stransa
legatura cu mica teorema a lui Fermat (daca p este prim, atunci pentru orice numar intreg a, aP

= a(mod p).
Tn particular, 2° = 2(mod p) pentru orice numar prim p.

Astfel, o intrebare se pune in mod natural: dacin € N si 2P = 2(mod p) (adica n este pseudo-

prim) rezulta ca n este prim?

Pentru n < 300 se stie (inca de acum 4500 de ani de matematicienii chinezi!) ca raspunsul la

Tntrebarea de mai sus este afirmativ.

Numai ¢ pentru n = 341, avem ci 2% = 2(mod 341) pe cand 341 nu este prim, ci compus: 341
=11-31.

Observatii

1. Numerele pseudo-prime mai mici ca 10 000 sunt 341, 361 si 1103.

2. H.Beezer a demonstrat ca exista o infinitate de numere pare ce sunt pseudo-perfecte,
cel mai mic fiind 161038 =2 - 73 - 1103.

3. Existd numere pseudo-prime ce sunt pitrate perfecte precum 10932 si 35112 nu se

stie Inca daca exista o infinitate de astfel de numere.

Legat de numerele pseudo-prime impare, avem urmatorul rezultat:

Teorema Daca n este impar, pseudo-prim, atunci N = 2™ — 1 este pseudo-prim.
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2n1-1
n

Demonstratie. Avem 2™"~1 = (mod n) si deci = k € N, astfel ci:

ON-1_ 1 = 92"2 _ 1 = (zn)Zk —1=("- 1)(2n(2k—1) + on(2k—-2) 4o 1)
= 0 (mod N)

deci 2V = (mod N). ®
Corolar. Exista o infinitate de numere pseudo-prime impare.

Ca exemple de numere absolut pseudo-prime avem pe 561 =3 - 11 - 17 sau 275845 =5 - 17 -
113 In schimb, numarul 341 nu este absolut pseudo-prim, desi este pseudo-prim. Cel mai mic
numar Carmichael este 561; alte exemple sunt: 1105, 1729, 2465, 2821, 6001 sau 8911; cel mai

mare numar Carmichael cunoscut are 1057 cifre.
Nu se stie insa daca exista sau nu o infinitate de numere Carmichael.
Este data urmatoarea teorema de caracterizare a numerelor Carmichael:

Teorema. Un numir compus n = pf 1pg 2 ...p,f"" este numar Carmichael daca si numai daca

sunt Indeplinite urmatoarele conditii:

(1) n este impar;
(i) k>3;
(ili) a;=1sip;—1ln—1pentruoricel <i <k.
Demonstratie. ,,=" Presupunem ca exista 1 < i < k astfel incat a; > 2. Fiea = p1p, ...px +

1 si deci (a, n) = 1. Dacd a™ ! = 1(mod n), atunci avem succesiv:

a™ ! = 1(mod p?) & (p1p; ...Px + D™ ! = 1(mod p?)

S Cp1P1p2 )"+ CRTE (1P - PP+ CRZE (12 - PR
= 0(mod p?) & (n — Dp1p; ...px = 0(mod p?).

Cum (p?,n) = 1, rezultd contradictia p?|p,p- ... Pk deci a; = 1 pentru orice 1 < i < k, adici
n = P1P2 - Pk-

Fie b o radacina primitivd (mod p;) si m = 5. Consideram ecuatia b + Ap; = ym + 1.

1

Deoarece (p;, m) = 1, aceasta ecuatie are solutia (/10, ,uo). Numarul a = b + Ayp; este radacina

primitiva (mod p;) si in plus (a, n) = 1.
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Avem deci a® ' =1(modp;) sin—1=@{p;,—Dc;+1,0<1r, <p;—1. Asadar a”i =
1(mod p;) si cum a este radacinad primitiva, rezultd r; = 0, adica p; — 1|n — 1 pentru orice

1<i<k

Cel putin unul dintre factorii p; este impar si deci p; — 1 este par si, cum p; — 1|n — 1, rezulta

ca n este impar.

Pentru k =2 avem n = p;p,, p; < p,. Fie a 0 radacina primitiva pentru p, si in plus (a, n) = 1.
Din aP?2~! = 1(mod p,) rezulti ca aP1®P2~D+P1=1 = 1(mod p,) si deci aPi~!=
1(mod p,). Aceasta constituie o contradictie, deoarece p; — 1 < p, — 1 si a este radacina

primitiva.

<" Fie (a, n) = 1. Rezultd aPi~! = 1(mod p;) pentru orice 1 < i < k si deci, notind M =
[p1 — 1,p, — 1,...,pr — 1], rezulti a™ = 1(mod p;), 1 < i < k.Cumn = p;p, ... py, rezultd
a™ = 1(mod n). Deoarece p; — 1|n — 1 pentru orice 1 < i < k rezulta M|n — 1 si a1 =
1(modn). W

2.3.Numere triunghiulare

Un numdr se numeste triunghiular dacd corespunde cu numarul de puncte dintr-un
triunghi echilateral umplut uniform de puncre. Spre exemplu trei puncte pot forma un triunghi
prin urmare 3 este un numar triunghiular.Al n-lea numar triunghiular este numarul de puncte

dintr-un triunghi cu n puncte pe latura.
Pentru n € N, al n-ulea numar triunghiular se defineste ca fiind:

_nn+1)

tn S =1+2++n

Iata cateva proprietati importante ale numerelor triunghiulare:

Teorema
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(1) Exista o infinitate de numere triunghiulare care sunt patrate perfecte;

(2) Nu exista numere triunghiulare care sa fie puterea a patra a unui numar natural,

(3) Dacar € Q, siVr & Q,, atunci existd m, n naturale astfel incat r = ttﬂ;

n

(4) Dintre numerele r € Q. cu+r € Q, existi o infinitate care se scriu sub forma r =

t . . . . ) -
tﬂ si o infinitate care nu se scriu sub aceasta forma.
n

2.4 Numarul phi (numarul de aur)

Numadrul phi denumit si numarul de aur este egal cu 1,6180339887... Este o veritabild cheie
ascunsa a universului. Daca desenezi un dreptunghi cu laturile 1 si phi vei avea un “dreptunghi
de aur” cum il numesc artistii, considerat de unii cel mai frumos dreptunghi posibil. imparte-I
in patrat si dreptunghi, iar dreptunghiul mai mic obtinut va fi tot unul de aur. Continuand asa,
vei obtine un model spirala. Aceastd “spirald de aur” este asemanatoare cochiliei unui mic
animal marin, numit nautilus dar, in fapt, cele doud forme nu sunt chiar identice. Cochilia de
nautilius devine de phi ori mai mare, la fiecare jumatate de rotatie, in timp ce spirala de aur
devine de phi ori mai mare la fiecare sfert de rotatie.Dreptunghiurile de aur creeaza o spirala

care se continuad la infinit.

Aplicatie geometrica a Sirulul lul Fibonaci

34

34 34

34

AN

d

8 '3
8]

34 3

Sirul lul Fibonacck: 0, 1.1, 2,3, 5, 8, 13, 21, 34, 55, 89, 144, 233,
377, 610, 987, 1597, 2584, 4181, 6765, 10946

De ce artistii 1l foloseau pe phi?

Acest numar a fost denumit ¢ (phi) fiind considerat incd din antichitate raportul de aur sau
numarul de aur, datorita intalnirii frecvente a acestui raport in lumea care ne inconjoara. Se afla

in raportul de aur oricare doud numere care indeplinesc conditia de mai jos:

a+b_
—=

a—
b_(p
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1++/5
2

Este deasemenea un numar irational calculat dupa formula: ¢ = =1,6180339887...

Leonardo da Vinci si alti artisti europeni din evul mediu au fost fascinati de matematica. Ei
considerau ca formele care il includ pe phi au proportiile cele mai placute vederii si, de aceea,
puneau aceste forme in picturile lor. Se crede deasemenea cd arhitectii Greciei antice se foloseau
de phi 1n constructii. Unii sustin ca forma Pantenonului din Atena se bazeaza pe dreptunghiuri
de aur. Vechii egipteni il cunosteau, de vreme ce Camera regelui din Marea Piramida sta

marturie nepieritoare.

In “Elementele”, Euclid enunti problema:

“ Sa se taie o dreaptd data asa incat dreptunghiul cuprins Intre dreapta intreaga si unul din

segmente sa fie egal cu patratul segmentului ramas.”

1+5

Rezolvarea acestei probleme ne duce la ecuatia x> — x — 1 = 0, cu solutiile ¢ =

. -5 . . . -
sip = %_, dintre care prima este tocmai raportul (numarul) de aur.

Numarul ¢ este singurul numar pozitiv din care, daca scadem unitatea de da inversul lui: ¢ —

1
1=2,
®

Originea sirului lui Fibonacci 1si are sorgintea in problema conceputd de acesta,

problema cu urmatorul enunt:

1. Un cuplu de iepuri adulti reproduc un cuplu de iepuri in fiecare luna. Un iepure nou-
nascut devine adult dupa doua luni. Cate perechi adulte exista dupa n luni?

Din formularea problemei, rezulta ca dupa 1, 2, 3, 4, 5, 6,... luni vor exista respectiv



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - MARTIE 2025 www.mateinfo.ro

1, 1, 2, 3, 5, 8, ... cupluri adulte. Rezulta ca modelul matematic al problemei lui
Fibonacci este determinarea termenului general al sirului: 1, 1, 2, 3, 5, 8,..., definit prin relatia

de recurenta:

Ap = Au_q1 + ap_y, n=>3, a4 =1, a, = 1. Se poate demonstra ca :

1
a, =—-

5

, Yvn=1.

=9 -9
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Art 8000

2. Math Journal
_5-

Marin Chirciu !

Mathematical Journal prezinta o selectie de probleme recente din diverse publicatii de specialitate .

Problema362.

IfX,y,2>0,X+Yy+2z=3then

3
< .
Z\/2x+yz JXY + YZ + 2X

Nguyen Van Hoa, Vietnam, Mathematical Inequalities 2/2025

Solutie.

(€3}
X 2 3 _RHS

Zm 2 X\/m \/Z Z2x+yz \/22x+yz_\/xy+yz+zx

reverse

<2

3 X )
unde 32 2x+yz \/xy+yz+zx Nnd 22x+yz Zyz , Vezi
v v g (X )  (Xy) (Xye) _
2xyz+y*'z® Y (2xyz+y'z®)  6xyz+D ¥t exyz +(3 yz)2 —2Xyz) X
(Xyz) X e, 6

) 6xyz+(D yz)2 -2xyz-3 (Y yz)2 dyr

2x+yz Zyz

2

2x+yz

()

unde1>3_ZLyc> dyi<3 e 3Zyz<(2x)2 = > (x-y) 20

Egalitatea are loc dacd si numaidacdax=y =2z =1.

Remarca.

IfX,¥,Z2>0,X+y+2=3and0< A <2then

! Profesor, Colegiul National ,, Zinca Golescu "Pitesti



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - MARTIE 2025 www.mateinfo.ro

33

Z\//lx+ yz < JA+1)(xy +yz+2x) '

Marin Chirciu

Solutie.

X Jx X
LHS=ZW= \/m \/Z Z/1x+yz \/ZAXerzS
33

< =RHS.
\/(}t +1)(xy + yz+2x)

Remarca.

InAABC

1
1)2 <57

err. +9rr,
Solutie.
Lema.

IfX,y¥,Z>0,X+Yy+2Z=3then

3
< .
Z\/2x+yz JXY + Yz + 2X

r 3r
Se cunoaste identitatea in triunghi Z— =l Z— =3.
I

1

Folosind Lema pentru(X, y,z) [— — —] obtinem: z < —.
érr.+9rr, 9r

2.2,

1
h \/Zhbh +3rh, r\/3rZha '
Dezvoltari,Marin Chirciu
Problema363.

IfX,y,z>0,Xy+Yyz+zx =3then

g
N[

N
IA
N W
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Konstantinos Geronikolas, Greece

Solutie.

Lema.

IfX,y,z>0,Xy+Yyz+zx =3then

P )
x2+3 2\ x+y x+z

Demonstratie.

yz__ yz oy o 1( yz_ .y ]
V43 (K xyryzrax (f(x+y)(x+z)  2\x+y Xx+2z
LHs =Y Zl( y +£]=§:RHS.
«/x+ X+y X+z) 2
Egalitatea are loc daca si numaidacdax=y =2z =1.
Remarca.
IfX,y,z,A>0,Xy+Yyz+2x= A then
> s
X +1 2
Marin Chirciu
Solutie.
yz yz yz 3
LHS = ——— |===RHS.
Z«/X2+ z (x+y x+zj 2
: . - A
Egalitatea are loc daca si numaidacaX=y =2 = 5 .
Remarca.
InAABC
tanEtan— 3
).y 2 <2
) 2
tan® —+1
Solutie.
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Lema.

IfX,y,2>0,Xy+Yyz+zx=1then

yz

VX2 +1

<2
2

B C
Se cunoaste identitatea in triunghi Ztan Etan E =1.

tan B tan ¢
2 2

Folosind Lema pentru (X, Y, Z) = (tan g ,tan g ,fan %) obtinem: Z < g .

cotBcotC 3
2.0 ——
cot? A+1 2

Dezvoltari, Marin Chirciu
Problema364.

PR S
X +4 Jx+11 11

Rezolvati ecuatia

Concursul “Florica T.Campan”, lasi, 2003

Solutie.

Daca |X| a X| >5 = LHS<RHS ,iar X = i\/g verifica ecuatia.

Multimea solutiilor ecuatiei este S = {—\/g, \/g} .

Remarca.
Rezolvati ecuatia:

a) 1 N 1
2 X +7

5
5
Solutie.

Multimea solutiilor ecuatiei este S = {—\/5, \/E} .

1 1

b). + =—,unde 0 < A < 4 este fixat.
K +4-4 X +9-1

Solutie.
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Multimea solutiilor ecuatiei este S = {—\/Z, \/I} .

1 1 1 .
==+——,unde0<A<n’fixat,ne N .

+
\/X2+n2—ﬂ. \/X2+(n+1)2_/1 n n+1

c)Rezolvati ecuatia

Dezvoltari,Marin Chirciu

Solutie.
Multimea solutiilor ecuatiei este S = {—\/Z, \/Z} .

Problema365.

Dacda,be Q: astfel incata® +b? =8n , atunci N se poate scrie ca suma patratelor a doua numere

rationale.
OL-2003-Salaj
Solutie.
a+b) (a-b) a+b a-b
AvemnN=| —— | +| —— | =r?+r/,undel, = eQr,=——¢eQ.
4 4 4 4
Remarca.

a).Dacda,b e Q: astfel incat 2(a2 + bz) =9n, atunci N se poate scrie ca suma patratelor a doua

numere rationale.

Solutie.

a+b) (a-bY a+b a-b
Avemn=(Tj +(TJ =I’12+I’22,under1= 3 EQ,rZZTEQ.

b).Dacd a,b € Q’ astfel incat a’+b® =18n, atuncin se poate scrie ca suma patratelor a dous

numere rationale.

Solutie.

a+b) (a-bY a+b a-b
Avemn=(Tj +(TJ =I’12+I’22,underl=T€Q,r2=TEQ.

c).Dacia,b € Q] astfel incat 2(&2 + bz) =k?n,k e N", atuncin se poate scrie ca suma pitratelor a

doud numere rationale.

Dezvoltari, Marin Chirciu
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Solutie.

a+b) (a-bY s a+b a-b
Avemn:(Tj +(TJ =I"+r,,underl = " eQ,rzzTeQ.
Problema366.

v A A 16 .9 . .
Dacd X € R astfel incat X si X” sunt numere rationale, atunciX € Q .

Mircea Fianu, Bucuresti, OL-2003
Solutie.

Dacdx =0, atuncixeQ.

DacaXx # 0, atunciX = =—eQ.

Remarca.
a). Daca X € R astfel incat x> si X sunt numere rationale, atuncix € Q .
Solutie.

Dacdx =0, atuncixeQ.

Daca X =0, atunciX = =£eQ.
q

Remarca.

Daci X € R astfel incat X° Si x' sunt numere rationale, atunciXx € Q .
Dezvoltari, Marin Chirciu
Solutie.

Dacdx =0, atuncixeQ.

Dacd X # 0, atunciX = =£e
7

Problema367.

Aratati ca
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[11...1—22...2 eN,VneN.
2n n

OL-2003-Brasov

Solutie.

11..1-22..2=33..3*= [33..3* =33..3eN.

2n n n n n

Problema368.

Ifa,b,c > 0then

Gh. Craciun, Mathematical Inequalities 2/2025

Solutie.

LHS =Za—zRa§°”%=ZaS§SZ@= RHS .

Egalitatea are loc daca si numaidacda=b=c.
Remarca.

Ifa,b,c > 0then
a4
)32 ab.

5
2).22_422@.

n+1
3)-Zabn >>'Jab, neN.

Dezvoltari, Marin Chirciu

Problema369.

Ifa,a,,...,a, >0then

PILOILEDILHILE

Nguyen Viet Hung, Vietnam, Mathematical Inequalities 2/2025
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Solutie.

pemYalYa = (Ya)siYaYa = (Ya) = YaYaYaYa
Egalitatea are loc dacs si numaidacia, =@, =...=a,.

Problema370.

Find integersa, b, c,d such that

Ja® +b?+c? +Ja+b+c =d.
Number Theory 2/2025

Solutie.
(a, b, c, d ) _ (36k+1’36k+1136k+1’ 34k+1 + 33k+1) ) keZ.

Remarca.

Aratati cd ecuatia admite o infinitate de numere intregia, b, C:

1)3a’*+2b* ++Ja+2b =c.

Solutie.

(a, b, C) _ (36k+l, 36k+1134k+1 +33k+1)' keZ.

2)%a’+b’> +vJa+b=c.

Dezvoltari, Marin Chirciu

Solutie.
(a, b, C) — (26k+l’ 26k+1’ 24k+1 + 23k+l) ) k c Z )

Problema371.

Ina,b,c,x,y>0

1 81
>
2

(bx+cy)  (x+y)(a+b+c)

D.M.Batinetu-Giurgiu, Claudia Nanuti,RMM-2/2025

Solutie.
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M(Zby](z(bgﬂ[(%z]
bx+cy) B2 a Ya 2.2 2.
81

= - =RHS..

(x+y)’ (> a)

Egalitatea are loc dacd si numaidacd a=b=c.

LHS = Z

Remarca.
Ina,b,c,x,y>0andneN

n+2
1 S 3

2 a(bx+cy)”  (x+y)' (Za)n+l '

Marin Chirciu

Solutie.

1‘3S 9

Pentrun = Oavemz venz
a Za a Za

1 27
Pentrun =1lavem Z > >, Vezi

a(bx+cy) (x+y)D a

1o 9 9 s 27

Za(bx+cy)ZZa(bx+cy):(x+ y)> ab = (x+y)> a*

Pentrun > 2 folosim inegalitatea lui Holder.
Problema372.

Ifa,b,c>0,a+b+c=1then

(3&)2025 27

Z(b+1)(c+1) 16
George Apostolopoulos, Greece, Mathematical Inequalities 2/2025
Remarca.
IfX,y,z>0,X+y+z=1,andneN

Z( (3x) 27

y+1)(z +1) 16
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Solutie
Lema.

IfX,y,2>0,x+y+z=1,then

Demonstratie

3

AM —GM Z()H.l) : 64 1
H(X+1) < {—} =§,cuegalitatepentrux=y=z=§.

LHS — z ) 3nz( X" g > x( X+l)Lema27_RHS

y+1 z+1 y+1)(z+1) [T(x+1) 16

Remarca.

IfX,y,z2>0,x+y+z=1,andA>0,neN,n>2then

Z( 3x)" 27

y+A)(z+4) (34+1)°

Solutie
Lema.

IfX,y,z>0,x+y+z=1,

Demonstratie

(3x)' 27

Folosind Lema obtinem: Z(y+/’t)(z +/1) > (31+1)2 .

Problema373.

Ifa,b,c>0, Z

— then

25a +9 34

abc>1.

www.mateinfo.ro

Marin Chirciu
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Nguyen Minh Tho, Vietnam, Mathematical Inequalities 2/2025
Solutie.

2
3 1 3 b’c? e (> be) _ Y bc’+2abc) a N

2 N _
25a%b%c? +9b’c? Z(ZSazbzc2 +9b202) 75a°h’c? +9) b*c?

34 ~259°+9

3 _ Y bc’+2abc) a
= 2 2 9o 95 bic? & 3(75a%h°c’ +9) b°c’) 234(Y b%c* +2abcy a) <

< 225a%b%c? > 72 b%c? +68acha = 225a’h’c® >7-33 (abc)3 +68abc-3%abc <

<> 75a’b’c? > 75abci/abc <> abc >1.

Egalitatea are loc dacd si numaidacda=b=c=1.

Remarca.
1 1
Ifa,b,c>0,> ———<——and0< A< then
a+4 A+l 2
abc>1.
Marin Chirciu
Solutie.
2
2.2 cs bc b%c? +2abc a
izz 21 :Z zzec 73 2 <Z ) 22222 Z2:2:>ab021'
A+1 a’+ A a’b%c? + Ab’c Z(a2b2c2+ﬂb2c2) 3a’b’c? + 1) b’

Problema374.
Ifa,b>0,a?+b*+14ab > 81then
Ja++b>3.
Nguyen Minh Tho, Vietnam, Mathematical Inequalities 2/2025
Solutie.
Cu substitutia (\/g, \/B) = (X, y) ipoteza se scrie:a” +b® +14ab = x* + y* +14x°y* > 81.

4_ 44 2, 4,2 2.,2™MM 44 22 _
Avem(x+y) =X"+Yy +4xy(x +y )+6x yo > X +y +4xy-2xy+6X°y° =

=x*+y* +14x%y° 281.Din(X+y)4281:> x+y>23=+Ja+vb=3.
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9
Egalitatea are loc dacd si numai dacda=b = Z .

Remarca.
Ifa,b>0,a?+b? +62ab>729then
Ya+3b>3.
Marin Chirciu

Solutie.
Cu substitutia (3/5, 3/6) =(X, y)ipoteza se scrie: a’+b®+62ab=x°+y°® +62x°y* > 729.

AM -GM

Avem (X + y)6 =x*+y° +6xy(x4 + y“)+15x2y2 (x2 + y2)+20x3y3 >

AM -GM

> X4y +6xy-2x°y? +15x°y7 - 2xy + 20x°y°® = x° + y° + 62x°y°.
Din(X+y)62729:> x+y>23=3Ya+3b=3.

27
Egalitatea are loc dacd si numaidacda=b = ? .

Problema375.

Ifa,b,c,d >0,abcd <1then

1
Zab+122'

Imad Zak, Lebanon, Mathematical Inequalities

Solutie.

1 1 1 1 1 1 1 1 1
LHS =) = + + + = + + + =
ab+1 ab+1 bc+1 cd+1 da+1l \ab+1 cd+1 bc+1 da+1
cd 1 da 1 cd 1 da 1
= + + + > + + + =
abcd +cd cd+1 abcd +da da+1 l1+cd cd+1 l+da da+1

=1+1=2=RHS.

Egalitatea are loc dacd sinumaidacda=b=c=d =1.
Remarca.

Ifa,b,c,d >0,abcd =1then
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1 1 1 1

ab+1 bc+1 cd+1 da+1

Marin Chirciu

Solutie.

1 1 1 1 1 1 1 1 1
> = + + + = + + + =
ab+1 ab+1 bc+l cd+1 da+l (ab +1 cd +1j (bc +1 da+1)

cd 1 da 1 cd 1 da 1
= + + + = + + + =1+1=2
abcd +cd cd+1 abcd +da da+1 l1+cd cd+1 l1+da da+1

Problema376.

In AABC

> Wa cscézs.
w,+w, 2

Nguyen Hung Cuong, Vietham, RMM 2/2025

Solutie.

. W, W, W, _ A B C
Tripletele , , si| CSC—,CSC—,CSC— |sunt la fel ordonate.
W, +W, W, +W, W, +W, 2 2 2

Chebyshev Nesbitt & Jensen
LHs = — % cscé ULy Mo g ATEL S 6=3=RHs.
W, + W, 3 W, + W, 2 32

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
m A
1 Z a__csc—>3
m, +m, 2
h A
)Y —2—csc—>3
h, +h, 2
3) & _csc—=>3
2 S, +S
Dezvoltari, Marin Chirciu
Problema377.

Ifa,b,c>1,a+b+c=6then
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Gh. Craciun, Mathematical Inequalities 2/2025

Solutie.

LHs =3~ +1CS(Za)2+9—(Z 9649 45 1o po

(@-1) >a-3 6-3 3

Remarca.

Ifa,b,c>1,a+b+c=6andn e Nthen

22_1 >3(2" +1)
Marin Chirciu
solutie.
C259 18
Pentrun—Oavemz—_G venza S (a1 ?:6.
Pentrun = 1avemz—>9 ve2|2—+z 1 TLMZ&CSZ 4— a)+L=6+3=9.

2 (a-1)

Pentrun > 2 folosim inegalitatea lui Holder.
Problema378.

In acute AABC
1
ZCosBcosC 5§+2HC°S A.

Nguyen Hung Cuong, Vietham, RMM 2/2025

Solutie.

2 B 2
Folosind ZCOS BcosC = BT si HCOS A= pT inegalitatea se scrie:

2, .2 2 2 2
%S% % o

Remarca.
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In acute AABC

1). ) cosBcosC 36_7/1+/1HcosA,1§/1§ 2.

2). > cosBcosC S%+HCOSA.

Dezvoltari, Marin Chirciu

Problema379.
In AABC
, A
D cos A+2) sec? > >1
Nguyen Hung Cuong, Vietnam,RMM 2/2025
Solutie.
r 4R+r1Y
Folosind identitatile Tn triunghi ZCOS A=1+ R Si Zsecz g =1+ Q inegalitatea se scrie:
p
AR+rY AR+TY _R 4R+r1Y
P P 3 R’ 2(2R —r)
Remarca.
In AABC
, A 1
1).) CosSA+A) sec’ —>4 E,iz-.
2 2 2
AT
COSA+— se —2>—
2.2, Z 525
Dezvoltari, Marin Chirciu
Problema380.
Ifa,b > O0then
(a2 +b2)(a3 +b3) < (a+b)(a4 +b4).
Mathematical Inequalities 2/2025
Solutie.
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(a®+b*)(a’+b*)<(a+b)(a*+b*) = a'b+ab* >a’h’ +a’’ < ab(a-b)(a*~b*)20.
Egalitatea are loc daca si numaidacda=>0.

Remarca.

Ifa,b>0andn e Nthen

(a"+b")(a™ +b"*) < (a+h)(a’ +b*").

Marin Chirciu

solutie.
Pentrun = 0'se obtine egalitatea2(a+b)=2(a+b).
Tn continuare fiene N
(a"+b")(a™ +b"*) < (a+h)(a’ +b™") < a*b+ab™ >a™b" +a"h"™ <
ab(a” —b" )(a”’1 —b“’l) >0, deoarece factorii(a” —b“)si(a”’l —b”’l)au acelasi semn.
Problema381.

Solve in N the equation

< |~
+
~N| -

< |+~

Mathematics 2/2025.

Solutie.

_|_

< | =

=%@ (x=7)(y-7)=49,49=1.49=49-1=7.7 .

{x—7=49 {x=56 {x—7=1 {x=8
Cazull). ; Cazul2).

< |k

y-7=1"]y=8 y—7-49"" |y=56"

X=17=17 x=14
Cazul3). Rt .
y—-7=7 y=14

Multimea solutiilor ecuatiei este S = {(8, 56),(56,8),(14,14)}.

Remarca.

Solve in N the equation
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Solutie.

Multimea solutiilor ecuatiei este S = {(12,132),(132,12),(22,22)} .
2). §+— =1 pisa prime number fixed.
Marin Chirciu
Solutie.
Multimea solutiilor ecuatiei este S = {( p+L p(p+1)).(p(p+1), p+1),(2p,2 p)} .

Problema382.

IfX,y>0,X+Yy=8then

=
=

(0 0]
+
2
Wl

Nguyen Hung Cuong, Vietnam,RMM 2/2025

Solutie.

Ix+ yzlxgs X +48—X 2;

8+yxy 3 8+./x(8-x) 3

Fie f (X) = Vx+ V8- x ,0<x<8.'(x)= xfB-x F(X)=0 x=4.

_8+«/X(8—X) 32[2x(8—x)+1/x(8—x)J

Obtinem f'{, X < 4si f'T,X>4iarf’(4):O:> f(X)Z%,cu egal pentrux =4

Remarca.

IfX,y,a>0,Xx+Yy=2athen

\/;+\/§> 2
2arxy 34a

Marin Chirciu

Solutie.
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\/_+\/_ iy x +2a-x o2

2a+\/_ 3\/_ 2a+\/x(2a—x) “3Ja’
Problema383.

IfX,y,Z2>0,Xyz =1then

1
) v v s

X+ X°+1

Rahim Shahbazov, Mathematical Inequalities 2/2025

Solutie.
bc ca ab a’
Substitutia( X, ¥,2)=| —,—,— >l
4 ( y ) (aZ b2 CZJ bC zb303+a2b2c2+a6
a2
6 cs a®+2) bt o
care rezulta dinz a g ) = Z z >1

b’c® +a%h?c?+a° = Z(b3 +ab’c? + ) B Db’ +3a’hc?+ > a’

6 3 3
undeZb%i3;2t§:E+Za6 (i)1<:> D> a®+2> b’ > > b’ +3a%h’c’+) a° <

< Y b’c® >3a’h’c? veziAM-GM.
Remarca.

IfX,y,2>0,xyz=1and0< A <lthen

1 3
D e

XCrxP+A A+2

Marin Chirciu
Problema384.
Ifa,b,c>0,abc =1then
B(Za)2 >9[J(a+1).
THCS 2/2025
Solutie.
Lema.
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Ifa,b,c>0,abc =1then

3[J(a+1)=3(1+> a+y ab-ahc) :3(1+Za+2§+1j: 6+3(Za+2§j <
s(Zarzi)r3(Tarrl)-4(Tar2l) = [Tar=3(Ta+ 2]

lAM -GM

LHS=8(Za)2=8(Zaz+22ab)=8(2a2+22 j 4Z(a rat+= J+122—

U574y 5a a2 +1zz ~12% a+12y = _12(Za+z jez H(a+1)
=9] [(a+1)=RHS.

Remarca.

Ifa,b,c>0,a+b+c=1then

Dezvoltari, Marin Chirciu

Remarca.

in AABC

Solutie.
Lema.

IfX,y,Z2>0,X+y+2z=1 then
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N . r
Se cunoaste identitatea Tn triunghi Z— =1.

3
Folosind Lema pentru (X, Y, Z) = [L , L , Lj obtinem: H(L +lj < (%J .

Dezvoltari, Marin Chirciu

Problema385.

Ifa,b,c>0,a’+b?*+c? =3then

ZaSS

a+bc 1+abc’
Kostas Geronikolas, Greece, Mathematical Inequalities2 2/2020

Solutie.

Z a_ _ 3 ‘:’Z( a _1js 3 _3@2 bc23abc

a+bc 1l+abc a+bc 1+abc a+bc 1l+abc

1 3
& z 5 > , care rezulta din:
a“+abc 1+abc

Z 9 _ 9 _ 9 _ 3
2+abc Z(a2+abc) >'a’+3abc 3+3abc l+abc’

Remarca.

Ifa,b,c>0,a’+b*+c?=3and A >0then

Z a < 3
a+Abc 1+ Aabc

Marin Chirciu
Solutie.
Dacd A =0se obtine egalitatea 3=3.

n continuare fie A > 0.

Z a < 3 @Z a 1)< 3 _3@2 Abc 3/1abc
a+Abc 1+ Aabc a+ Abc 1+ Aabc a+ Abc 1+Aabc
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<:>Z:1>3

a’+abc 1+abc’
Problema386.

In acute AABC,a+b+c¢ =3then:

Gh. Craciun, MathAteler 2/2025

Solutie.

2 ¢ (Xa) o) 3
LHS zcosA>ZcosA> 3 6=RHS, unde(1) ) cos <3
2

Egalitatea are loc daca si numai daca triunghiul este echilateral cu latura de lungime 1..
Remarca.

Inacute AABC,a+b+c=3andneN,n>2

1. >, a’ >6.

COSA
a" 2pY"
2). ). >6| =P 1
Cos A 3
a" 2pY"
5y & .g2e)
cosB+cosC 3
Dezvoltari, Marin Chirciu
Problema387.
In AABC
> 2 .3
Wb + WC
Nguyen Hung Cuong, Vietham, RMM 2/2025
Solutie.
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(Xa)

W, + W, a(w,+w,)  >a(w,+w,) > w,(b+c)

(Xa) (Xa) (Xa) e

2bc A

Z(b+c)ﬁcosE
(Xa)

ZZbCCOS— ZZbc\/ p(p-a) 22\/p(p—a)bc _2\/2p(p—a)2bc=

_(Xa)  (Za) (X)) ya
_2\/p22bc_2p\/2bc a\/Zbc \/Zc \/_ RHS

unde§9f©2a>fmc> >3Zbc<:>z a-— b

Remarca.
In AABC
Z a > 3 neN
W, + W, J3"
Solutie.

Pentrun = 0 se obtine egalitatea3=3.
Pentrun =1se obtine Lema.

Pentru n > 2 se foloseste inegalitatea lui Holder.

Remarca.
In AABC
ab 4 S
> 2—(J§F)2
W, +W, p
Solutie.

Marin Chirciu

Marin Chirciu

(Zao)

=y 5 EV 3 (Xab) _ (Xab)

W, + W,

a(w,+w,)  >a(w,+w,) > w,(b+c)

2bc A
Z(b+c)mcosE
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Do 2 B S
ZZbccos— ZZbc/ p a) 22\/'“ (p—a)be ZJZP(p—a)ZbC

A B 4

unde\/%im\/_QZa>\/_ Zbc<:>(2a)2232bc<:>2(a—b)220

Problema388.

£./0,4444... =§then find p+q.

Mathematics 2/2025.

Solutie.

J0,4444. = 4.2_p, p+q=2+3=5.
9 3 q

Remarca.

fy/0,111... :apthen findp+q-.

Marin Chirciu

Solutie.

{/0,111... f :—:> p+g=1+3=4.

Problema389.

Deterrminati numerele de formaabcd, stiind c& ab impartit la cd di restul31,iara impartit la ab
da restul 2.

lonela Turturean, Satu Mare, OL-2025-Mehedinti

Solutie.

ab=cd - C, +3131<cd
cd =ab- -C, + 2, 2<ab

Folosind teorema impartirii cu rest obtlnem{
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Convinab =31,c, = 0,cd =33,¢, =1. Deducem cdabcd = 3133.

1). Deterrminati numerele de forma abcd , stiind c& ab impértit lacd da restul 23,iarcd impértit la

a_b da restul 5.

Solutie.

Deducem c3 abcd = 2328.

2).Deterrminati numerele de forma abcd , stiind ca ab impartit la cd d restul 97,iara impartit la

a_b da restul 2.
Dezvoltari, Marin Chirciu

Solutie.

Deducem ca abcd =9799.

Problema390.

X* +4y* +162° =48

, then find X* + y* + 2%,
Xy+4yz+2zx=24

IfX,y,ZeRand{

Marocan Math Olympiad.
Solutie.

Se inmulteste prima ecuatie cu 2, a doua ecuatie cu 4 si se scad membru cu membru.
Ob';inem(x—Zy)2 +2(y—22)2 +(x—4z)2 =0 x-2y=0,y-2z=0,x-4z=0 =

= x=16,y"=4,2"=1= x* +y* +2* =16 +4+1=21. Deducem ca X* + y* + z* = 21.
Remarca.

X* + A%y* +n°z* =6k

, then find X%+ y2 + 7%,
Xy +nyz + Ax = 3K

If X, y,ZERand{

Marin Chirciu
Solutie.
Obtinem X* + Yy + 2> = 21.
Problema391.

IfX,y,z>0,Xyz =1then
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3

1+ X+ Xy 1+ X+Xy

P e

Daniel Sitaru,RMM 2/2025

Solutie.
Lema.

If X > 0then

Demonstratie.

Z 1 1 PR S A
1+X+Xy 1+X+Xy 1+Xx+xy 1+x+xy

RHS=> ————=>"

vy vy 1 ngr(zLT’zLHs.

1+x+xy 1+ X+ xy 1+ X+ xy 1+ X+ xy

1+ X+ xy
Remarca.
IfX,y,Z>0,Xyz=1andn € Nthen

Do e

1+ X+ Xy 1+ X+Xy

n

Marin Chirciu

Solutie.
Lema.

If X > 0then

Z#ﬂ.

1+ X+ Xy

RHS =) ————

Xyt -----Z#H()ger(ZLjn:LHs.

1+ Xx+Xxy 1+ X+ Xxy 1+ X+ Xxy 1+ X+ Xxy

n-1

1+x+xy

Problema392.

IfX,y,Z>0,X+Yy+2Z=3then
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Nguyen Minh Tho, Vietnam,THCS 2/2025

Solutie.
Lema.
If X > Qthen
X <33x+17

Jx:8 250

Demonstratie.
2 33x+17)
X 33x+17 X <l ) & 17(x-1)" (38°x+136) > 0.

J17x+8 250 17x+8 " 62500

Lema 33> x+51 .
2y 33T 2. x+51_333+51 3 __ .o
250 250 250 5

X
LHS = ——
Z J17x+8

Remarca.

IfX,y¥,2>0,X+Yy+2z=3and A >0then

X 3
> < .
Ix+4 A+l
Marin Chirciu
Solutie.
Lema.
If X > 0then

X (224+1)x+1

< A
VX+4  2(A+1)VA+1

1),

ema 24+1 3 :
s =X e 3 (22+1)x+1 _(24+1)> x+3 _ (24+1)-3+3 3 _RHS |
Vx+ 2 2(A+1)VA+1  2(A+1)NVA+1  2(A+1)VA+l i+l
X 3
2). <=
) Z x+3 2
Marin Chirciu
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Solutie.
Lema.
If X > 0 then
X . 7x+1
Jx+3 16
Demonstratie.
X TXHL L 49xt 96X +43x+320 < (x—1) (49x+3)>0
Jx+3 16
Lema 7Y X+3
LHS - Z Z7x+1 2. X+3 _7-3+3 _2_3 e
X+3 16 16 16 2
Remarca.
In AABC
1 1
1. <=
3r(r+r) 2r
Solutie.
Lema.
IfX,y,2>0,X+Yy+2z=3then
Y =<3
x+3 2
Se cunoaste identitatea in triunghi Z Z

3r 3r 3r
Folosind Lema pentru(X, Y, Z )— [— — —J obtinem: Z
l’ + I’

Problema393.

www.mateinfo.ro

Marin Chirciu

Dezvoltari, Marin Chirciu
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Ifa,b,c > 0then

3 2
Tyer}
JBMO-ShortList 2002
Solutie.
Lema.
Ifa,b,c > 0then
S—szZJra—b

Demonstratie.

a®_ a?

?ZFﬂi_b = (a+b)(a—b)2 >0, cu egalitate dacia =b.

a.3 Lema a2 a2
LHSZZF > Z F+a—b :zF:RHS,cuegaIpentrua=b:C
Remarca.

Ifa,b,c > 0then

a* a’
1). ZFZZF'

n+2

n+l
2) Z%Zzab—n,nEN

Dezvoltari, Marin Chirciu

Solutie.

Lema.

Ifa,b,c >0 andn e Nthen

2 n+1
an+
—>
bn+1 bn

+a-b.

Demonstratie.

an+2 n+l
—>—+a-be (a—b)(a“*l - b"”) >0, deoarece factorii au acelasi semn.
bn+l bn
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Problema394.

Dacda,b,c >0 si n>0 si se demonstreze ci

(na+b+c)2 . (nb+c+a)2 . (nc+a+b)2 <3(n+2)2
7 n+4

na’ +(b+c)2 nb? +(c+a)2 nc’ +(a+b)
Marin Chirciu, Pitesti, IneMath 2/2025
Solutie.

Datorita omogenitatii putem luaa+b+c=1.

((n-1)a+3) <3(n+2)2
na’+(3-a)° n+4

(2n3 +16n2 +40n +32)a3 —(4n3 +28n2 +48n)a2 +(2n3 +8n%—24n —96)a+4n2 +32n+64>0

Inegalitatea se scrie Z

& (a-1)°[(2n* +16n° +40n+32)a+4n* +32n+64|>0 <

= 2(n+4)[(n+2)2 a+2(n+4)}(a—1)2 >0. Egalitatea are locdacd a=b=c=1.

Problema395.

If X,¥,Z2>0,X+Yy+2z=3then

3D X +9xyz 22> x*D xy.
Solutie.

Omgenizand inegalitatea se scrie: 32 x* +3xyzz X > 22 XZZ Xy <
3D x*+3xyzy x=2) xy(x2 + y2)+2xy22x SN

< 3D X +xyz) x> 22xy(x2 +y2),care rezultd din2)_ x* 22xy(x2+y2).
Ramane sa ardtam ca:

Zx4+xy22x22xy(x2+y2)© DX Exyz X=X Xy - Xyz) X <>
o Y x 2y x= D X xy.

Folosim pgr -Method.

Notdim P=X+Y+2=3,=Xy+YyZ+2X,I = Xyz.

Avem > x* = p®-2qsi Y x" = p* —4p’q+4q9° - 2pr.
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Inegalitatea z x* + 2xyzz X2 z Xzz XY se scrie:

(p*—4p’q+49*—2pr)+2pr>(p*-29)q < p*-5p°q+60° >0 <

= ( q)( p’ —2q)20, care rezulta din(p2 —3q)20$i(p2 —2q)>0,vezi
p2

p*-3
= (z X)2 > 32 Xy = 3( > 2( . Egalitatea are loc daca sinumaidacax=y=2z=1.
Remarca.

If X,y,2>0,Xx+Yy+2=3and A >0then

Zx“wlxyzZ%ZxZny.
Marin Chirciu
Problema396.
In AABC
e Dae |
ww, 9\<~a)’
Dang Ngoc Minh, Vietnam, Mathematical Inequalities 2/2025
Remarca.
In AABC
1 18r
> .
ZWbWC_sz
Marin Chirciu
Solutie
3 1 = 1 1 Z(a+b)(a+c)_ 1 3 (a+b)(a+c)
Wy We 2ac cosE-—zab cosE 4abe acosEcosg 4-4Rrp p(p-b) [p(p-c)
a+c 2 a+b 2 272 | —— ab
1 3 (a+b)(a+c) ! 5 (a+b)(a+c) .
4. . . 4. 1 -
VAR 1, [(PD)(pme) ARy Ja [(p-b)(p—c)
Jabc a abc
1 a+b)(a+c 1 a+b)(a+c
. Loy 1( )(_b) - Z( 1)( a):
p \/g(p )+(p—c) 4-4Rrp D 72
p\/abc 2 Jabc 2
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2bc
1 Z\/E(a+b)(a+c) Zb+c(a+b)(a+0) _ e g (arb)(are)
~ 2-4Rrp? a 8Rrp’ a ~ 4Rrp? a’(b+c)
_ 4Rrp z a+b (a+c) =lz(a+b)(a+c)>l.ﬁ= 18r
~ 4Rrp? b+c) p a’(b+c) p Rp Rp’
Problema397.
In AABC
m, +W, +h, S%(l+cscgj(R+4r).
Dang Ngoc Minh, Vietnam, Mathematical Inequalities 2/2025
Remarca.
Lemal.
In AABC
m, SE(HCSCéj.
2 2
Lema2.
In AABC
( A B—Cj
=| CSC— +SeC r.
2 2
Lema3.
In AABC
h, =(1+cscécos B_er.
2 2
Lema4.
In AABC

W, +h, < 2(1+ cscgjr .

Folosind Lemele de mai sus obtinem:
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LHS =m, +w, +h, < g(u csc§j+2r(1+ cscgj = %(M cscgj(R+4r) =RHS.

Remarca.
In AABC
R A
m <—|3+ ) csc— |.
Z a 2( z 2)
Marin Chirciu
Lema.
In AABC
m, sE(Hcscéj.
2 2
Demonstratie.

Panaitopol R(a+b+c i i
. Rp _R(atb+c) R 1, bre R 1+2RS|nB+_2RS|nC _
a 2a 2 a 2 2Rsin A
cosB_C
B@M)B —2 <Rl L :B(1+cscéj.
2 sin A 2 sin 2 2 sin 2 2 2

2 2

Folosind Lema obtinem:
>om, < R 1+cscéj:5(3+2cscé

2 2 2 2
Remarca.
In AABC

A
Z(wa+ha)32r(3+2cscg)
Marin Chirciu

Lema.
In AABC

w, +h, < 2(1+ cscg)r :
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Folosind Lema obtinem:

D (w,+h,)< ZZ[].—I—CSC?)I’ =2r[3+chc§j

Problema398.

If X,¥,2>0,Xxy+Yyz+2x=12then

Marin Chirciu,IneMath 2/2025

Solutie.
Lema.
If y> Othen
1 S 7-2y -
y2 +2 18

Demonstratie.

21 > -2y S 2y Ty +4y+4>0 & (y—2)2(2y+1)20,cu egalitate pentruy = 2.
y +2 18
x  Lema 7-2y 1 s0s 1]
LHS = > —=—(7 -2 > —(7-6-2-12)=1=RHS.
Zy2+2 X 18 18( ZX ny) 18( )

Am foIositZXZG,vezi(Z:X)2 Z3ZXy=3~12:36 = ZXZG.

Remarca.

If X,¥,2>0,xy+Yyz+2x=12and0< A <4then

X 6
IR
y'+4 A+4
Marin Chirciu
Solutie.

Lema.

If y>0and0<A<4then
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1 A+l2-4y

2

yo+A (ﬂ+4)2

Demonstratie.

1 A+12-4y
y +a4 (ﬂ,+4)2

LHS =" X Lga2xl+12_4y: ! ((ﬂ.+12)2x—42xy)2

yi+ 4 (2+4)"  (2+4)
1 2((/1+12)-6—4.12)=6(“42):  _Rus.
(A+4) (A+4) A+4
Remarca.
In AABC
«/§tané
DY —=2>1.
6tan? — +1
2
Solutie.
Lema.
If X,Y,Z2>0,Xy+YyzZ+2x=12then
S >t
y +2

www.mateinfo.ro

& 4y° —(A+12)y* +4Ay+16-4220 & (y-2)" (4y+4-1)20.

SOS

Folosind Lema pentru(X, Y, Z) = (2\@ tan g ,24/3tan g .24/3tan %j obtinem:

2\/§tané \/§tané
Y2 ley 231

12tan®* —+2 6tan® —+1

2 2
Remarca.
> J3cot A g
“~6cot’ A+1

Problema399.

Dezvoltari, Marin Chirciu
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In AABC
a’ . a+b+c
2 12ci—a? B
Nguyen Van Hoa, Vietnam, Mathematical Inequalities 2/2025
Remarca.
In AABC
y—2
1). >6r.
\J2b% +2¢? —a?

Marin Chirciu

Solutie.

2 2
2 cs a CBS a
LHS :Z a > (Z ) > (Z ) —
Japte2ct-a® - Y2t e2ct-at\[3Y) (20 420" -a?)
2 2 Leibniz 2 2 Cosnita&Turtoiu 9
__(2p) e ApT _Aptoemiesieb2.20Rr o oo
B3X & 3or? OR
2). > a Z(E] i,neN,nzz.
Jan?+2c?-a> U3/ R

Marin Chirciu

Solutie.

Hs =Y & " (Xa) ¢ (Xa)
Jabteac-at YT e2ct-a’ 323 (202 + 20t -a?)

(2p)" e (2p)" _ (2p) _(2p)”:(g)“1:RHs_

Tytfagya  3t.3RE 3R FR 3

Problema400.

If X,Y¥,Z2>0,Xy+Yyz+2zx=K then

Gh.Craciun, Mathematical Inequalities 2/2025
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Solutie.
X X X X X AM-GM
LH8= = = = —_—— S
Z\/x2+k Z\/x2+xy+yz+zx Z\/(x+y)(x+z) 2 X+y X+12
XX
MM~ X+y Xx+z 1 X X 1 +y 1 3
< —F == + =—» —===—-3=—=RHS.
Z 2 2[2x+y Zx+z} 2Z +y 2 2
. ‘. - k
Egalitatea are loc dacd sinumaidacaX=y =27 = E
Remarca.
In AABC
tan —
).y 2 sg
tan® —+1
Marin Chirciu
Solutie.
Lema.
If X,¥,2>0,Xy+Yyz+2x=1then
> X 3
Vi +1 2
. . - ) B C
Se cunoaste identitatea in triunghi Ztan Etan > =1.
tan —
Folosind Lema pentru(x, y,z)= tané,tanE,tanE obtinem: Z—2S§
2 2 2 5 A 2
tan® —+1
2
Z)Z cot A s§
Jeot? A+1 2
Marin Chirciu

Problema401.

Solve in real numbers the equation:
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(m—&)(1+m)=7x.

Bahadur Heydarov, Math 2/2025

Solutie.

Domeniul de definitie al ecuatiei este [0, 00) .

(m_&)(um):n .
&5 (VX7 X )(Vr T+ ) (L7 = Tx(Vr T 44
= 7(1+\/m):7x(\/E+\/§) = 1+\/W: x(«/m+«/;) =

S 1+ +TX = XX+ 7 + XX & X+ X —xfx+7 =x/x -1 <
& VX +TX = XX +7X :(J;—l)(x+ x+1) =

< X +7x(1—\/§)=(\/§—1)(x+\/;+1) = (1—\/;)(\/x2+7x+x+\/§+1):0 < x=1.

Deducem cd X = leste solutia unica a ecuatiei.
Remarca.

Let A > Ofixed. Solve in real numbers the equation:
(\/x+/1 —ﬁ)(l+\/x2 +/1x):lx.

Marin Chirciu
Solutie.

Deducem ca X =1este solutia unica a ecuatiei.

Problema402.
In AABC
W, 33
2 b+c~ 4
Nguyen Hung Cuong, Vietnam,RMM 2/2025
Solutie.
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2bc A
W +Cos AM -GM

LHS :zb_:c => b+l§+c 2 :Z(bibz)z cosg < Zi—t;cosg =

Remarca.

In AABC

> w, (b+c)<9V3R%.
Marin Chirciu

Solutie.

LHS =>"w, (b+c)= 2—bccos— b+c) ZZbccos ZZbJ )
b+c 2
2 3 AM-GM 4 p(p—a)+jbc
:ZZJp(p—a)bc:Z-ﬁz,/p(p—a)ibc < ﬁz 5 =

3(p?+r” +4Rr)] 2 7p°+3r*+12Rr _

(pra Zbcj L 4 B 4

_7p?+3r’ +12RrGerretsen7(4R2+4Rr+3r )+3r® +12Rr _ 28R’ +40Rr +24r° _

243 - 23 23

2(7R? +10Rr +6r2) euer 97 R2
( ) ever 27R .

BN e

Problema403.

If a,b,c,d e R, abcd =1then
H(a2+1)2(a+b+c+d)2.
Pham Kim Hung, 2006, Mathematical Inequalities 2/2025

Solutie.

LHS :H(a2+1):(1+a2+b2+a2b2)(1+cz+d2+c2d2):
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=1+> a’+ > a’b’+ > a’h’c® +a’h’*c’d? AM;M 1+> @+ > a’h’+ 4:1/1_[a2bzc2 +1=
=1+Za2+Za2b2+4+1:6+Za2+Za2b2(21)(a+b+c+d)2=RHS,

unde :6+Za2+Za2b2(§(a+b+c+d)2 o 6+y a’+y ab’>)a’+2) ab o
<6+ a’h?>2>ab < Z(ab—l)2 >6.

Remarca.

If a,b,c,d e R,abcd =1and A >0 then

3

1). H(a2 +ﬂ) > %(Za)z +A*+(22 +1)2.
Remarca.

If a,b,c e R,abc =1then

(a+b+c) +5.

Wl

2). H(a2 +1)2

Solutie.

GM &CS

LHS = 1_[(a2 +1) =a’b’c’+y a’b’+ > a’ 1M 3Ra'b'c’ +%(Za)2 1=

1
:5+§(Za)2 = RHS

Remarca.

If a,b,c,d > 0then

3.]T(a*+1)=]J(a+b).
Dezvoltari, Marin Chirciu

Solutie.

: 2 2 2 2 )
Folosim (a +1)(b +1) > (a+ b) & (ab —1) >0, cu egalitate pentruab =1.
Se scriu si celelalte trei inegalitati anoloage si se inmultesc membru cu membru.

Problema404.

In AABC
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Nguyen Hung Cuong, Vietnam,RMM 2/2025

Solutie.

LHS:zmb+mc(QZ\/EJ“\/E:Z\/EJF\/E:ZV+ZAMZGM6:RHS,
r, r, Jr X

undem, = rbrc,vezimazﬂfp(p—a):\/ﬁ.

Remarca.

In AABC

SIS 3(440).

Marin Chirciu
Problema405.
If X,¥,Z2>0,xyz=1then
5

ZX >1.

X+y+1

Konstantinos Geronikolas, Greece, Mathematical Inequalities 2/2025

Solutie.

M=y " (XX X __p S1=RHS,

X+y+1 = 3D (x+y+1) - 33(22x+3) 27(2p+3)

p 5 ()

undem21<:> p°—27p-8120 < (p-3)(p*+3p°+9p*+27p+27)20 <

& p =3, care rezultd din p:ZXZ33 Xyz =3.

Remarca.

If X,¥,2>0,xyz=1andn e N,n>2then

1. X
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Marin Chirciu

Solutie.

tHs =y X "% Ex (XN P 1-RHs,

xty+l = 33 (x+y+l) 37 (23 x+3) 37(2p+3)

Remarca.

! 3

2).), X > A>0.

X+y+4 A+2

Marin Chirciu
Solutie.

o e (N () T

Xty+a | 3Py (x+y+Ad) 37(22x+31) 3(2p+34) A+2’

Problema406.

In AABC
DI RASE N
a

Nguyen Hung Cuong, Vietham,RMM 2/2025
Solutie
Lema.

In AABC

ZrbHc:B-

a r
Remarca.

In AABC

27r? r +r. 27R?
1). <) b << )
= 2 a  4F

27R

€<

2
54r gZhb+h < .
a 2p

Rp
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Solutie
Lema.
In AABC

Z h, +h, _2p

a R
Zh+h Zr+r
Dezvoltari, Marin Chirciu

Problema407.

Solve in integer numbers the equation:
x*(y-1)+y*(x-1)=1.
Math 2/2025
Solutie.

Cu substitutia(a, b) = (X—l, y—l) ecuatia se scrie(a2 + 2a+1)b+(b2 +2b +1)a =1l
< (a+b+4)(ab+1)=5.
Scriind5:1~5=5-1:(—1)-(—5) =(—5)-(—1) obtinem:

Jfals;

a+b+4=1 a+b=-3
. =
ab+1=5 ab=4

'{a;bb:li:ls < {aa;izol < (a,b)e{(0.1),(L0)} = (x.y)e{(L2).(21)};

o (ab)e{(-6.1),(L-6)} = (x,¥)e{(-5.2).(2-5)};

3) a+b+4=-1 a+b=-5
| ab+1=-5 ab=-6

, fals;

a+b+4=-5 a+b=-9
4). =
ab+1=-1 ab=-2

Multimea solutiilor ecuatiei este S = {(1, 2) , (2,1) , (—5, 2) , (2, —5)} .
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Remarca.

Solve in integer numbers the equation:
X2 (y+1)+y* (x+1)=1.
Marin Chirciu
Multimea solutiilor ecuatiei este S = {(~1,0),(0,-1),(0,1),(1,0)}.

Problema408.

46.1fX,y,z>0and M e Int(AABC)andd,,d,,d, are the distances of the point M to the sides
BC,CA, AB, then

2.3
X a
2 26F.
(y+z)'d,
D.M.Batinetu-Giurgiu, Mihaly Bencze, RMM 2/2025

Solutie.

xa? \’ x L) )
23 w23’ _Z(y+zj (;S[Zy“a J TsinZtsifas(Z\/gF)

y+z)2da:z(y+z)2-ada_ ad, ~ Ylad, 2F

LHS = Z(

=6F =RHS .

Am folosit mai sus inegalitatea lui George Tsintsifas: ZL a?> 2\/§F Si Zada =2F.
Y+12

Egalitatea are loc daca si numai dacé triunghiul este echilateral siM =1 .
Remarca.

IfX,y,z>0andM € Int(AABC)andd,,d,,d are the distances of the point M to the sides
BC,CA, AB, then

x%a’
1). — - >32F%.
Z(y+z)2da
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Dezvoltari, Marin Chirciu

Problema409.

MA271.If a,b,c > 0then

9

= +2y — <=
Za b+c<2

Daniel Sitaru, Crux Mathematicorum 5/2024

Solutie.

1 1 =1(2a a) 9 (Sa) 9
LHS:EZa Zb+c 3 +2'Z(b+c): 6 +2'ZZa:

2 @) 2 @)
:p—+9>g_RHS undep—+9>9 =2 —27p+54>0<:>(p—3)2(p+6)2
6 p 2 6 p 2

Egalitatea are loc dacd si numaidacd a=b=c=1.
Remarca.

If a,b,c>0,a+b+c>3and A <4then

1 3
2H ) —>Z(1+2).
Sat iy 3(2+2)
Marin Chirciu

Problema410.

If X,y,2>0,X+Yy+Z=1then

D Ax+yz<2,

Panagiotis Danousis, Greece, MathAtelier 2/2025

Solutie.

AM -GM

LHS =) \/x+yz :z\/x(x+y+z)+yz :Z\/(x+y)(x+z) <

AM;;M sz(xm = %Z4X = ZZX =2 =RHS ,cu egalitate pentrux=y =2 = % ,
Remarca.
In AABC
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1). >\, +rr <643r.

Solutie.
Lema.

If X,¥,2>0,x+y+2z=1then

D ox+yz<2,
jobtinem: >, <643r.

. rrr
Folosind Lema pentru(x, 'z Z) =l =0
ra I’b rc

r
Se cunoaste identitatea in triunghi Z— =1.
I

a

2). > Jrh, +hyh, <643r.

www.mateinfo.ro

Dezvoltari, Marin Chirciu

Problema411.

Calculate

j“‘ cost at

1
21+t

Jose Luis Diaz-Barrero, JOZSEF WILDT INTERNATIONAL MATH COMPETITION2017

Solutie.

Fie |l integrala de calculat.Cu schimbarea de variabildt = —X obtinem:

1 1
I:ICOS(_f)(—dx):I cos; dx=_|'7rx'colsxdx=.[ ”t'coftdt.
& 1% ‘a1+—£ 2 14X 2 14t
7Z-X

a a T
cost t.cost
Obtinem | + | :I 1dt+j7z 0

21zt 2 legt @

Din 21 =2sina deducemca | =sina.
Problema412.

If X,¥,2>0,Xx+y+2z=1then

a
dt = jcostdt =sint|", =sina—sin(-a)=2sina.
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Nguyen Hung Cuong, Vietnam,RMM 2/2025

Solutie.

Holder

1 1 Yorioy
LHS :H(X+—J > [%/xyz + J 2(;) = RHS, unde (1) rezult3 din:
y

3IXyz

1
Functia f (X) =X+—,0< X <1este strict descrescitoare pe (0,1) .
X

AM -GM
Avem 3[Xyz S%,veziﬂxyz < X+§+Z =%.

Dinf(x):x+§¢$ix—>§/xyz = {xyz g%: f(f’/xyz)z f(%jzgz

3

1 10
>

o3

= JxXyz + ,(1). Egalitatea are loc daca si numaidaca X=y=2= 5 .

Remarca.

If X,y,2>0,X+Yy+Z=1and A >1then

)

Marin Chirciu
Solutie.
A Holder 2 Y oraiey

LHS:H[X+VJ > (W+WJ z( 3 ] =RHS.
Remarca.
In AABC

1).H(L+r_bjz(£j‘°’.

b r 3

Solutie.
Lema.
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If X,¥,2>0,Xx+y+2z=1then

N . r
Se cunoaste identitatea Tn triunghi Z— =1.

rrr ror 10\’
Folosind Lema pentru(X,Y,z)=| —,—,— |obtinem: —+2 2(—)
( y ) (r I, rj II[@ rj 3

a c

2). H[h—:+h—:jz(%f

Dezvoltari, Marin Chirciu

Problema413.
In AABC
(b2+C2)3 N 483'\/§r9
z a - R4 .
Zaza Mzhavanadze, Georgia,RMM 2/2025
Remarca.
In AABC
(b2 +C2)3 AF )
~— 2 >24| — | .
Nt
Solutie.
b2 42 8 o 3 3, 3
Z( - ) AMZGM Z(Zt;c) =8z(b;) AMZGM8-33 H(b;) :243’(abc)5 _
35 5
5 Carlitz
~24-(abc)z > 24(%)” =24(%)2 _RHS .
Remarca.
In AABC
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Marin Chirciu
Solutie.
(b2 +c? )n AM-GM (ZbC)” (bc)" AM-GM (bc)" o]
A gy L > 233 [ =27 -33(abe) T =
IR R Y e 15 =2 aif(abe)
32n-1 2n-1
2n-1 Carlitz 2 3 2
=2" -3(abc)T > 2" B(EJ =2" 3(£j =RHS.
N 5
Problema414.
In AABC
[T(@-cosA)=]]cosA.
Nguyen Hung Cuong, Vietnam,RMM 2/2025
Solutie.
2 2_(2R+1)’
Folosind identitatile in triunghiH(l—COS A) = 2rR2 siHCOSA:%inegalitatea se
2 p’—(2R+r)
scrie: r 52 P ( 5 ) & pzS4R2+4Rr+3r2,(Gerretsen).
2R 4R
Remarca.
In AABC
3(2rY 5 1
1). =| — | —=XZ 1-cosA)+]| |cosA<L=—.
3R e TTacos ) Teosas
3
2).§ 2r +lﬂléHcosAle(l—cosA)s1(/1+1),0£/1£§.
20R 4 8 2
Dezvoltari, Marin Chirciu
Problema415.

Ifa,a,,...,a, >0 then

>Nn.
1+a’

Yary



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - MARTIE 2025 www.mateinfo.ro

Nguyen Viet Hung, Vietnam, Mathematical Inequalities 2/2025

Solutie
Lema.
If X > 0then
X 1
—+ =1,
2 1+x°

Demonstratie

X
_+ 7
2 1+Xx

>l o XX -2 +x>0 < X(X—l)2 >0, cu egalitate pentrux =1.

LHS ——Za1+z

1+a1 2 l+a

Z(ﬁ+ ! Z]Lga21=n= RHS .

Egalitatea are loc dacd si numaidacd &, =a, =...=a, =1.

Remarca.

1
Ifa,,a,,...,a, > E then

Marin Chirciu
Solutie
Lema.
1
If X > —then
2
4
3X+ 529,
1+x

Demonstratie

3X+

~>5 < X' -5 +3x-120 < (x—l)2(3x2+x—1)20,vezix>£.
1+x 2

jLeﬁaZs 5 = RHS .

25n:2[3a1+

1+a1
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Egalitatea are loc daca si numaidacd &, =a, =...=a, =1.
Remarca.
In AABC
3r
b z t2 I’ +9r2 -
Solutie
Lema.

IfX,Y,Z >0 then

_ZX+Z

www.mateinfo.ro

Dezvoltari, Marin Chirciu

1+ x?

Folosind Lema pentru(X, Y, Z) [i,i EJ obtinem:
ra r-b rc
3r 3r
>3
Z z r +9r
I’T
3r 2h?
2). —+ >y —2 ->6.
-2 h, 2 h? +9r?

Problema416.

Ifa,b,c>0,abc =1 then

bc ab+bc+ca
>
Zaz(b+c)_ 2

Gh. Craciun, Mathematical Inequalities 2/2025

Solutie

LHS = ——— = b+c => b'e” (Zbc)z (Zbc):%Zbc:RHs.

a(b+c) Za b+c) 2> hc

Remarca.

Ifa,b,c>0,abc=1and A >0 then
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bc ab+bc+ca
1). >
)Zaz(b+&c) A+1

Solutie

=Y % _¥% (bZCZ o (Xbe) _ (Zee) L Sbe=RHs.

a’(b+4c) “~a(b+Ac) Za(b+/lc) (A+1) Zbc A+1

2.3 n+1(l;c+ o) ,1+1£Z3bcj

Dezvoltari, Marin Chirciu

Solutie

O 3 N 0 S V3L

LHS:Za"”(b+,1c) a™(bc) (b+ac) “a(b+ic) ~ F)a(b+ic)

B 1 b

3 (A+1)) be 3H(2+1

Problema417.

Show that 3" +2™% ne N, is divisible by 7.

Geofrey Campbell, Classical Mathematics 2/2025
Solutie
B 42M? =3.9"+4.2" =(3-9"-3-2")+3-2"+4-2" =3(9" -2")+7-2"se divide cu 7
deoarece(9n —2”)3(9—2), vezi(an —b“)?(a—b) ,a,beZ.
Remarca.
Show that5"™™ + 22 ne N, is divisible by 9.

Marin Chirciu

Solutie

520 4 2412 _ 505" 1 4.16" = (5.25n —5-16“)+5~16” +4.16" =5(25n —16“)+9-16” se divide
cu9 deoarece(25n —16”)5(25—16) , vezi(an —b")E(a—b) ,a,beZ.
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Problema418.
In AABC
4y a° +15[ [ (b+c-a)< (3 a)".
Nguyen Minh Tho, Vietnam, Mathematical Inequalities 2/2025
Solutie.

Folosind identitatile Tn triunghi:

Za3 =2 p( p®—3r’ —6RI’),siH(b+C —a) = 8r?p inegalitatea se scrie:
4-2p(p®—3r* —6Rr)+15-8r°p<(2p)’ < 6Rr 212r’ < R > 2r,(Euler).

Remarca.
In AABC
27Za3+272H(b+c—a)£(/1+3)(Za)3,2,2%.
Marin Chirciu
Solutie.

Folosind identitatile in triunghi Zas =2 p( p*—3r’— 6Rr) $iH(b +Cc— a) =8rp.
Problema419.

IfX,y,2>0,X+Yy+Z=1then

Sy <2

X+yz 2
George Apostolopoulos, Greece, Mathematical Inequalities 2/2025
Solutie
Lema.

IfX,y,2>0,X+Yy+Z=1then

3 <.

X+yz

Demonstratie
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—: —y B — <
2 x+yz Z\/ (x+y+z +yz Z\/ (x+y) x+z) 2 X+Y X+12 :

AM -GM 1 1
< —(L+i]=—-3=g,cuegalitatepentru y =L,X+y+Z:1.

2\ X+y x+z) 2 X+Yy X+12

Folosind Lema si z yz < %, vezi Z yz < 1(2 X)2 = 1(l)2 = % obtinem:

Lema
LHS =Y y2 3" |2 s%-g:%:RHS.

X+Yyz
Remarca.
In AABC
1., M < §.
re,+rr, 2
Solutie
Lema.

IfX,y,2>0,X+y+2z=1then

D> oyzy, yz s%.

X+ Yz

r
Se cunoaste identitatea in triunghi Z— =

ra
) rrr o, 3
Folosind Lema pentru(x,y,Z) —,—,— | obtinem <-—.
rrr re,+rr, 2
rh 3
2). ). a2 <=
I’ha + hbh 2
Dezvoltari, Marin Chirciu
Problema420.
In AABC
b+c
> cos(B- C) —.
2 a

Nguyen Hung Cuong, Vietnam, RMM 2/2025
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Solutie.

p® +r?+2Rr —2R?

Folosind identitatea in triunghi ZCOS( B —C) = R

obtinem:

p?+r?+2Rr-2R’ Gerretsen4R2+4Rr+3r +1?+2Rr - 2R2
2R? 2R?

LHS = cos(B-C)=

2 2 Eyler AM-GM
_2R +6R2r+4r R +3R2r+2r 2™ 1 b+C_RHS
2R R 2 a

Remarca.

In AABC

1). (_sin A)2 s%+% b%:.

Solutie.

2 2_
Folosim Zsin Azgsiz b;—C _Pp +;Rr 2Rr '

2).(ZsinA) +6/1<_ ﬂZﬂ l<,1<%

Dezvoltari, Marin Chirciu

Problema421.

If X,¥,Z2>0,X+Yy+2z=3then

1 32
> < +—.
y2+22 Xy+YyzZ+2X \/E
Marius Stanean, Zaldu, Mathematical Inequalities 2/2025

Solutie

= ()2 3
ah Z\/ Z{YHZ y+z -2 [T(y+2) Zyz N

=RHS,

undeJ_Z X+Y) X+Z)(1> 3J_ @ Z(x+y)(x+z)(1> 1
[1(yv+2) ZVZ 2 [T(y+2) Zyz 2

Folosim pgr -Method.
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Notdim p=X+Y+Z=3,=Xy+YZ+2ZX,I =XyZ.

Avem Y (x+y)(x+2z)=p’+q,[[(y+z)=pg-r.

p°>3q,p=3=9>30 < q<3.

2

q223pr,p:3:>q229r<:>rs%.
2 2
Inegalitatea (1) se scrie: P +q£§+1,p:3<:> 9+9 S§+1,rﬁq— =
pg—-r q 2 3qg—-r q 2 9
9(9
= 9+q2 S§+l ( +q)Sq_'_G<::>qzé3q<:>C|S3,vezimaisus.
qg° q 2 27— 2
30——
9
Remarca.
In AABC
py L R
)
2| 5+
rb rc
Solutie
Lema.

If X,y,2>0,X+Y+Z=3then

1 < 3

1
2(y? +2%) T Xy + yz+zx+§'

Se cunoaste identitatea Tn triunghi Z— =l » —=3
ra ra
3r 3r 3r 1 9R
Folosind Lema pentru (X, Y, Z) = (—,— , —J obtinem Z <
ra rb rc

Dezvoltari, Marin Chirciu
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Remarca.

www.mateinfo.ro

If X, y,z>O,x+y+z:3and3£/1£§then

2

1 < A +9—21.

2(y2+22)_xy+yz+zx 6

Marin Chirciu
Problema422.
InAABC
B
Z a b+c a F
George Apostolopoulos, Greece, Mathematical Inequalities 2/2025
Solutie
Lema.
In AABC
12 > 2
a\b+c—-a b+c
Solutie
é b+:—a 1MGZMH i b+02a 1— b+C,cu egalitate pentrub_lrc_a =l< b+c=2a.
a
LHs =Y = Ty 22, 0 9 _ovmer 9 B i
a b+c a b+c z b+c ZZa 2p 3/3R R
Remarca.
InAABC
Z 9R
a b+c a 4rp
Marin Chirciu
Problema423.
In AABC
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A
tan —
Y2
sinB+sinC
Nguyen Hung Cuong, Vietnam,RMM 2/2025
Remarca.
In AABC
tan': R
1).1<y — & <
) Zsin B+sinC 2r
A
1 taHZE 1
2).—< <—.
2R b+c 4r
coté? R
3.3 ——£& _<3.—,
) Zsin B+sinC 2r
coti‘5
B2y 2.3
2R b+c 4r
tanA R coté
5.y —2 <~ 2
sinB+sinC 6r sinB+sinC
Solutie.
A ) A
3 tan > p*(8R®—3Rr)+Rr(4R+r)" cot> R(p®+5r®+8Rr)
= Sl =
sinB+sinC p*(p*+r°+2Rr) "“~sinB+sinC  r(p®+r’+2Rr)
tan'g R cot':
6). —e<L——=
) z b+c 6r b+c
Dezvoltari, , Marin Chirciu
Solutie.
tan A 2 cot A
Fdoﬂmzz E’Zlf(SR—3r)+r(4R+r) 922 5’: p® +5r° +8Rr
b+c 2p*(p*+r*+2Rr) T “b+c  2r(p’+r’+2Rr)
Problema424.
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In AABC

2) a’b>3abc+) ab®.

Imad Zak, Lebanon, Mathematical Inequalities 2/2025

Solutie.
2 a®>3abc+Y ab? < > (a-b) (b+c-a)20.
Problema425.

If a,b,c >0, ab+bc+ca=2abc then

Nguyen Hung Cuong, Vietnam, RMM 2/2025
Solutie.

P 2o

ab+bc+ca abc-b _ ab+bc+ca
>1<:> z = z > IS
a+b 2abc a(a+b) 2

a(a+b)

, vezi:

b’c _ ab+bc+ca b%c? ab+bc+ca
> >
S L) 2 O Xoan) 2

V

s e o (T _(Sw
c(a+b)  Dlc(a+b) 2> bc

Remarca.

1 3
= EZbC . Egalitatea are locdacd a=b=c= 3

If a,b,c >0, ab+bc+ca=2abcandA>0then

b 2
>
Za(a+ib)_ﬂ+1'

Problema426.

1686. Ifa,b > O then.

X2 —ax+a? +Vx2—bx+b? >+Ja? +rab+b? ,¥xeR.
Mircea Becheanu, Canada, Mathematical Reflections 1/2025
Solution

Using Minkowski‘inequality we have :
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LHS =¥ —ax+a? +x* bx+b2\/(2_x) (azf] \/[X‘zjz (bﬂ

J((_j(_j] (28,08 ] - a0y + a0y &b s

2 2 2 2
a a3
with equality for 2 -2 X = _a
X—E b\/§ a+b
2.2

Remark.

Ifa,b>0and te (O, %)then.

X2 —2axcost +a® +/x? — 2bxcost +b? > /a2 — 2abcos2t +b? , VxR .
Marin Chirciu
Solution.

Using Minkowski‘inequality we have :

LHS = /x2 —2axcost +a2 ++/x? — 2bx cost +b? =\/(acost—x)2 +(asint)2 +\/(x—bcost)2 +(bsint)2 >

2\/((acost—x)+(x—bcost)) (asmt+bsmt \/cos t(a— b) +sin t(a+b)

acost—x asint 2ab

= \/a2 —2abcos 2t +b? = RHS, with equality for & X=——cCost.
x—bcost bsint a+b
Problema427.
In AABC
4
a_2 > E F.
m 3
D.M.Batinetu-Giurgiu, Claudia Nanuti, RMM 2/2025

Solutie.

LHS:Z;—}CZS(%Q J;;? Za > 4\/_F—TF RHS .
4
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Remarca.
InAABC
Z?r: _4(%jn_l neN,n>2
b
Marin Chirciu
Solutie.

za_zn”"'z"” (>2°) _ (>a’) _4 (ZaZ)‘l' (4J'F) - (%Tl.

m; 3n_22 m; -2 §Za2 3

4
Problema428.
In AABC
Y2 e
m, 3
D.M.Batinetu-Giurgiu, Claudia Nanuti,RMM 2/2025
Solutie.

LHS=Za i(za) (Za) Za_ 4 43F =28 F _Rus.

2 = 2
m; > m Zz J3
Remarca.
InAABC
Z?r: _4(%jn_l neN,n>2
b
Marin Chirciu
Solutie.

a2 Holder (Za ) (zaz)n 4 ) n_1|—>vv 4 t(4F "t
Z ms 2 3~ zzm 3”’2§Za2 T gt (Za ) 2 F(4\/§F) —4(ﬁ] )
4

Problema429.

In AABC
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ZCOtA>i-

a?  4F

D.M.Batinetu-Giurgiu, Claudia Nanuti,RMM 2/2025

Solutie
Lema.
In AABC
¥ cotA  P°+p*(r®—12Rr)+ p’r?(8Rr—r®)—r(4R+ r)’
a’ 2R P’ -

cotA  P°+p*(r’—12Rr)+ p’r®(8Rr—r?)—r*(4R+r)’
a’ 32Rrp’

2

p? [ p*(p*+r®—12Rr)+r’(8Rr - rz)]— r*(4R+rY

32R%r®p®
3
B 1 5 ) ) ) ) r3(4R+r) Gerretsen
- SRS [p (p ir —12Rr)+r (8Rr—r )}——pz >
Gefgse" 60R? —81Rr +18r° Eief 24R? 3
- 32R%rp " 32R%rp  4rp’
Remarca.
In AABC
cotA 3R?

1). < .

D3 a®>  32r'p

3 cotA 3R®

2).—<y ——<——.
4rp a 32r'p
Dezvoltari, Marin Chirciu

Problema430.

If a,b,c,d >0, a>+b*+c?+d? =4then

480 19

> a_ . <=,
Ya+15 D a+60 2

Kunihiko Chikaya, Mathematical Inequalities 2/2025
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Solutie.

Lema.

Ifa,b,c > 0then

a 63a+1
\/a+15 128
Lema ()
:Z a N 480 z Z63a+l 480 63 0+ 1 2. 480 <E—RHS
(‘/a+15 Za+60 128 Za+60 128 32 p+60 2

63 1 480 ©19
+—+
128" 32 p+60 2

p <4 ,vezi p=ZaC§S«/4Za2 =J4-4=4.

Remarca.

& 21p*+856p—3760<0 <> (p—4)(21p+940)<0 <

If a,b,c>0, a>+b?+c? =3then

Z a N 126 <£
Ya+7 Da+2l” 4
Marin Chirciu
Solutie.
Lema.
Ifa,b,c > 0then
a_ . 63a+1
Ja+7 48
Lema (€]
LHS = Z 126 Z 23a+1 126 B 23 1 126 Z_ RHS |
Ja+7 Za+21

+ =—p+—+
da+21 48" 16 p+21 4

23 1 126 (1) 27
unde— p+

8P 16" p+21 4

& 23p? +162p-693<0 <> (p—3)(23p+231)<0 <> p<3

CBs

vezip = Za< 1/32:& =+/3-3 =3. Egalitatea are loc dacd si numaidacda=b=c=1.

Remarca.

If a,b>0, a2 +b® =2then
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a b 12 5
+ + <—.
Ja+3 +b+3 a+b+6 2
Marin Chirciu
Solutie.
Lema.
Ifa,b,c > 0then
a 7a+1
Ja+3 16

12 LemaZ:7a+1 12 7 1 12 (1)5

LH -
> Z\/a+ > a+6 +Za+6 6" 8" p+6 2

=RHS,

1, 12 @5 .
<2<:>7p +4p-36<0< (p-2)(7p+18)<0 < p<2,veii

7
unde—p+

16" 78 pr6

CBS
p= Za < 1/22:&12 =+/2-2 =4 . Egalitatea are loc dacd si numaidacda=b =1.
Problema431.

In non-isoscel AABC

D.M.Batinetu-Giurgiu, Daniel Sitaru,RMM 2/2025
Solutie
2)\2
2 M_QFZ 2\2 )
LHS = Zm -9F CS 3 _1 (Zma) —27F Chegshev

S _33F S -33F 3 Y m-3/3F

(Zm ~3V3F (> m? +3V3F) _ > m? +343F 1w 33F +3,3F
> 'm? -3J3F - 3 B 3

= 24/3F =RHS.

OOIH

Remarca.

In non-isoscel AABC

> mi"-3 J3) Fr - .
ij(B\/fu)F zn(«/éF) ,neN .
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Marin Chirciu
Solutie.
Pentrun =1se obtine egalitatea 1=1.

n continuare fien > 2.

_ZmZ“—S( )FnHo;,er(zms) -3(+3) F* 1 (Xm) -7 (B 3) F?

3n1
Ym-3J3F S m?-33F 3”‘1 Ymi-3J3F
oy (TmE-aver)((Zme) e (m) e (aBF) )
BEE 3 m?-3(3F -
:(ij)+(Zm§)3n~13\/§F+...+(3\/§F) & (3\3/_2:) (B R

Problema432.

If a,b,c>0,H(a2+ab+b2)=27then

l_I(a2 +b2)H(a+b)264.

Nguyen Hung Cuong, Vietham, RMM 2/2025
Solutie.
Lema.

Ifa,b,c > 0then

[(a2 +b2)(a+b)]2 2(a2+ab+b2 j

4 3

Lema

LHs? =] (a2 +b?) T (a+b)’ =TT (a® +b?) (a+b)’ H (a2+ab+b2)3 =

(;gj 27° =16° = (43)2 = RHS? . Egalitatea are loc dac3 si numai dacia=b=c=1.

Remarca.

1).1f a,b,c>0,]](a’ +ab+b?)=27then
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I_I(a2 + bz) >8.
Solutie.

2 2 2 2
a“+b° _a“+ab+b
5 > 3 = (a—b)2 > 0,cu egalitate pentrua =b.

Lema

2 8
LHS =]](a*+b%) = Hg(a2+ab+b2):§-27=8=RHS.
2).1f a,b,c>0,a’*+ab+b? =3then

[1(a®+b*)=8.

Solutie.

2 2 2 2
a“+b° _a“+ab+b
> > 3 = (a—b)2 > 0,cu egalitate pentrua =b.

LHS =H(a2+b2)Le§aH§(az+ab+b2)=%-27=8= RHS .

3).If a,b,c >0,a*+ab+b?=3then

> a?=3.

Solutie.

a’+b? >a2+ab+b2
2 3

= (a—b)2 >0,cu egalitate pentrua =b.

Lema

1 12 12
LHS =Zaz =§Z(a2+b2) > 525(32+ab+b2)=525‘3=3= RHS .

Problema433.

If X,y,2>0,X+Yy+2Z=1then

5(x3+y3+z3+xy+ yz+zx)+3xyz 2%.

www.mateinfo.ro

Marin Chirciu

Marin Chirciu

Nguyen Hung Cuong, Vietham, RMM 2/2025

Solutie
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Folosim pgr -Method.
Notdm p=X+Y+2=1,0=Xy+ YyZ+2ZX,F = XyZ.

Avem x° +y® +2% = p*-3pq+9r=1-3q+9r.

www.mateinfo.ro

7
Inegalitatea se scrie: 5(1—3q +3r +q)+3r > 3 < 44 27r 215q, care rezulta din inegalitatea lui

Schur p*—4pq+9r>0,p=1=1-4q+9r>0=r>

49-1
9

>150 < 39 <1, vezi3q< p*=1.

49-1
Rimane s3 aratdm cd: 4+ 27 - qg
Remarca.

If X,y,2>0,x+ y+z=1andﬂ,£§then

+12

1). Z(x3 + yz)+lxyz >4

Remarca.
2). ZZ(XS + yz)+3xyz >1.
Remarca.
In AABC
rP r?) 3r* 7
1.5 ) —+— [+ —>—.
) (Z r’ raer p> 3
Solutie
Lema.

If X,¥,2>0,Xx+y+2z=1then

5(X°+y°+2° + Xy + yz+2x) + 3xyz zg.

r
Se cunoaste identitatea in triunghi Z— =1.
I

a

Dezvoltari, Marin Chirciu
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2 2
rrr r 3rr 7
Folosind Lema pentru(X, y,z)z[— — —j obtinem: 5[2 3 j+—22—.
r, L r

r,orr p° 3
Remarca.
In AABC
r* r? 3r2 _ 7
2).5 +—2>—.
) (Zhj h hbj p2 3
Dezvoltari, ,Marin Chirciu
Problema434.
In acute AABC
- 4
D avysinA> 3 p.
Vasile Mircea Popa,RMM 2/2025
Solutie
Chebyshev sinA<l 1 p>2R+r
LHS => aysinA > 1 ay JsinA > —ZaZsm A—% g >
p>2R+r
N E.Zp.ZR” J2p 5, 4 p=RHS.
3 R 3 3
Remarca.
In acute AABC
. 2pY’
Y a"JsinA>2 3 neN.
Marin Chirciu
Solutie

sin A<l p>2R+r R+2r
Pentrun =0se obtmeZ\/SInA>2 vemZ\/SInA > ZSIn A— > >2.

R

n continuare fiene N .

Chebyshev sin A<1 Holder n >2R+r
LHS =) a"sin A S 1 a"y JsinA > —Za D sinA > %3(2::)) -%p >

3
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p>2R+r n n n
S }3(§BJ.ZR+r>[EE).2:2(EEJ;:RHs,
3 3 R 3 3

Problema435.

Solve in real numbers the equation:

VXx=2—-4—x=2x>-5x-3.
Chuyen Toan, Vietnam, THCS 2/2025

Solutie

Domeniul de definitie al ecuatiei este [2, 4] . AmplificaAnd cu conjugata avem:

N S e SO VRN Gt bl Gint) BIPYCI N O

X—2+4-X

2(x-3)
X—2+4—x

& =(x-3)(2x+1).

2

X=2++4—x
2 2

<A2<5<2x+1,2<x<4,vezi: 1 ———

IX=2++/4-x IXx=2++/4—x

= 2X+1 ,fals,deoarece

Obtinem(x—3)=0 < X=3sau

<J2,2<x<4.

Deducem cd X = 3este solutia unica a ecuatiei,
Remarca.

Let A > 2 fixed. Solve in real numbers the equation:

VX=A+1-VJA+1-x=2X"+(1-24)x- 1.
Marin Chirciu
Solutie
Deducem cd X = A este solutia unica a ecuatiei,
Problema436.

Ifa,b,c>0,a+b+c=3then

9 4 13
4 4 4_"_S 2 2 2"
a’+b*+c* 3 a“+b"+c

Vasile Cartoaje, Mathematical Inequalities 2/2025
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Solutie

Folosim pgr -Method.
Notim p=a+b+c=3,g=ab+bc+ca<3,r=abc.
Avemx =Y a’=p’-29=9-20 = 3<x<9, (1) vezi0<q<3.

Holder

da'daya > (Za) _x3:>Za42X33,(2).

@) (3)
LHS = 94 ﬂg%+ﬂ:8_3+ﬂ<§_RHs
dYat 3 x¥ 3 x* 3 x
9
(3)
undeg%rg<E 4X3—39X2+24330<:>(X—3)(9—X)(4X+9)20,\,ezi33)(39'(1)_
X X

Egalitatea are loc dac si numai daci(a,b,c) e {(1,1,1),(3, 0,0),(0,3,0),(0,0, 3)} :

Remarca.
27
Ifa,b,c>0,a+b+c:3and/127then

A 1< A+3

Marin Chirciu

a*+b*+c*  a’+b*+c?
Solutie
Folosim Pgr -Method.
Notim p=a+b+c=3,g=ab+bc+ca<3,r=abc.
AvemX =Y a’=p°-20=9-20 = 3<x<9, (1), vezi0<q<3.
Holder X3
da'daya > (Za) _x3:>Za423,(2).
®) (3
LHS =<2 +1< A 41292 1243 _pys
> a X X3 X
9
3)
unde%+1<—i +3 3—(/1+3)x2+9/1s0c>(x—3)(x2—/1x—3/1)S0,veziAZZTZsi
X3 X
3<x<9,(1).
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Remarca.
In AABC
1 13
1). S +12< 5.
P Y
r r?
Solutie
Lema.
Ifa,b,c>0,a+b+c=3then
4 94 4 +ﬂ£ 2 13 2
a'+b"+c¢” 3 a“+b“+c
) . N ~ F 3r
Se cunoaste identitatea in triunghi Zr— =1 Zr— =3.
a a
3r 3r 3r 1 13
Folosind Lema pentru(a,b,c)= —,—,— |obtinem: 7 +12< >
r, b I r r
Yo 2o
ra ra
13
2). +12< .
P
h h
Dezvoltari, Marin Chirciu
Problema438.
Solve in real numbers the system:
X
——t—t—=—
y 2 Yz
1 1
_iiY
y X X
1 z
—_ .t =—
zZ Xy

Marin Chirciu, Mate 2/200/25

Solutie

AvemX,y,zeR’".
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1 x y z Xy+yz+2x  xX2+y*+7°
_@ =

1
Adunand ecuatiile obtinem—+—+—=—+—+
X Yy zZ yZ IX Xy Xyz Xyz

e

o Xay+=xy+yz+x < (x=y) +(y-2) ' +(z-x)’ =0 & x=y=1z.
Multimea solutiilor sistemului este S = {(/1,/1,/1)‘& € R*} .

Problema439.

Ifa,b,c>0,a+b+c=3then

3
a®+b*+c?

4
24b?+c®

1
+=<
3 a

Vasile Cartoaje, Mathematical Inequalities 2/2025

Solutie

Folosim pgr -Method.
Notim p=a+b+c=3,g=ab+bc+ca<3,r=abc.
AvemX = a’=p’-20=9-20 = 3<x<9,(1),vezi0<q<3.

CBS

Yadaz (Zaz)2 =x’= > a zéxz, (2).

(2) (3)
LHS = 33+1£ 3 +1=%+1Sﬂ:RHS,
>a> 371, 3 x* 37 x
3

©)
unde—2+%£ﬂ o X -12x+27<0 & (X—3)(9—X)20,vezi 3<x<9,(1).
X X

Egalitatea are loc dac si numai dacs(a,b,c) e {(1,1,1),(3, 0,0),(0,3,0),(0,0, 3)} :
Remarca.
ifa,a,,..,a,=0,a +a,+..+a, =Nthen

n+1

IA

>
+
S|

Imad Zak, Lebanon

Solutie
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2
ex=Ya = YaYa = (Ya)) =x'= Tal2 -

(Ta) -Ya =Y a8,20 =n"-x20=x<n’.

DinX>nsix<n®>=n<x<n?,(2).

n 10n 1 n® 10n+1
LHS =+ =< = =0 2 0P pyg,
ad n X n X n X
n
2 ®)
unden—2+1£—n+l<:>Xz—n(n+1)x+n3SO<:>(X—n)(n2—x)20,vezinSXSnz,(Z).
X n X

Egalitatea are loc dac3 si numai daca (8,,8,,...,a, ) = (1,1,---,1) ,(n,0,...,0) si permutrile .
Remarca.
Ifa,b,c>0,a+b+c=3and A >9then

A 1< A+3

a’+b’+c®  at+b’+c”
Marin Chirciu
Solutie
Folosim pgr -Method.
Notim p=a+b+c=3,g=ab+bc+ca<3,r=abc.
AvemX =Y a’=p°-20=9-20 = 3<x<9, (1), vezi0<q<3.
CBS 3
Za32a>(2a) =x"= Y a2
Obtinem:
©) ©)
LHS =2 1< 2 1321248 Ry
> a 1. X2 X
3
®
unde3—/1+l</1—+3 X*—(A+3)x+31<0 & (x=3)(A-x)20,vezi4>9, 3<x<9, (1).

X2 X
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Egalitatea are loc dacd si numai daca (a, b, C) = (1,1,1) .

Remarca.

Ifa,b,c,d >0,a+b+c+d =4and A>16 then

www.mateinfo.ro

A A+4
3 3 3 3-'_1S 2 2 2 2"
a+b’+c’+d a‘+b“+c°+d
Marin Chirciu
Solutie
) CBS 2 G
FieX=).a =>>ada> (Zaz) :x2:>za321,(1)-
2
cs a 2
X=Za22(z ) :4—:4:>x24.

4 4
(Za)Z—ZaZ:Zab>O:>42—x>O:x<16.
Dinx>4six<16 = 4<x<16, (2).

(1) ®)
LHS = Z 412 % 41224 1 A% _pys
D a X X X
4
)
unde@ﬂsﬂ@ X*—(A+4)x+42<0 < (x—-4)(A1-%) 20, vezi 1>16,4<x<186,
X X

Remarca.
In AABC

1). %4—13%.

3 2
3r ZF 3r zr—z

Solutie
Lema.

Ifa,b,c>0,a+b+c=3then

9 1< 12

al+b®+c®  at+b?+c?

Solutie
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r 3r
Se cunoaste identitatea in triunghi Z— =le Z— =3.
I

a a

) 3r 3r 3r _ 1 4
Folosind Lema pentru(a,b,C): r—,r—,r— obtinem: 1 +1< 1"
a C 3 - 2 -
b 3r er 3r er
Remarca.
In AABC
2) 1 1 +1< 4 1
3 2
3r <] 3r e
Dezvoltari, Marin Chirciu
Problema440.
Ifa,b >0 then find max of
_ab+b?
a’+b®’
Lee Chan Lye,Vietnam,Math Olymp 2/2025
Solutie
c_abtb®  pTTE el 1 v G 1 1 42+
a2 ) ) - = - - ’
a'+b’ A’ el 4, 2, ) (t+1).i_z 2J2-2 2
2 t+1
b + t+1

cu egalitate pentrut+1:ti1 & (t+l)2 2 ot+l=2 ot=2-1 %:\/5_1_
+

2+1 a
Deducem ca maxE= 5 pentru B = ﬁ—l.

Remarca.

Let A > Ofixed. Ifa,b > 0 ,then find max of

_ ab+b?
a’+Ab*’

Marin Chirciu
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NA+1+1 a
Deducem ca maxE=T pentru b =JA+1-1.

Problema441.

L479.1fa,b,c >0,a+b+c=3then

a?+b?+c? a*+b*+c
3 3 3+
a’+b’+c 15

Marian Cucoanes, Marius Drdgan, Recreatii Matematice 1/2025
Solutie

Folosim pgr -Method.
Notim p=a+b+c=3,g=ab+bc+ca,r =abc.
Avema’+b*+c®=p°-29q=9-2q,a° +b*+c* = p®-3pg+3r=27-8q+3r.

Inegalitatea se scrie:

9-2q +9—2q

< 5 < 60° <36+ 0+ 2qr +9r, care rezults din inegalitatea lui Schur:
27-8q+3r 15 5

P —4pq+9r>0,p=3= 27-120+9r>0 < 9-4q+3r20 = r> 42

Din6g° <36+0q+2qr+9rsir >

este suficient sa aratam ca:

607 336+q+2q~4q3_9+9-4q3_9 = 10g?~21q-27<0 & (q-3)(10g+9) <0 &

1 1
& <3, veriq< = p?==-3=3.
g vezi( 3p 3

Remarca.
Ifa,b,c>0,a+b+c=3then

a?+b?+c? a*+b*+c? -

1). + <1+
) a+bd+c? y)

,A212.

2) a2+b2+c2+az+b2+c2<5
"at+bd+ct 12 4
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ab+bc+ca a’+b?*+c?
= 5+ <l+—,1>6.
a’+b’+c A

ab+bc+ca+a2+b2+c2 .3
Cad+bi+ct 6 T2

ab+bc+ca a*+bd+c?
—— 5+ <1l+—,1227.
a-+b“+c A

5).

ab+bc+ca a*+b®+c® 10
6. 5— >+ <=.
a“+b“+c 27 9
2 2 2
.al:2)+b(2:+c?+a +b” +cC £1+§,/126.
a“+b“+c A A

ab+bc+ca+az+b2+c2 .3
a®+b?+c? 6 T2

8).

Dezvoltari, Marin Chirciu

Problema442.

IfX,¥,2>0,x+y+z=1

1). Zy >1.

Solutie

LHS = Zyz zyz >3 x=L=RHS,

2 2.1
undez ;Zx o D Y2 = xyz) X, vezi Y a’ =) abpentru(a,b,c)=(xy, yz,2x),

2). Z[{(ZJ >3"" neN.

Dezvoltari, Marin Chirciu

Remarca.

In AABC
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Solutie
Lema.

IfX,y,2>0,Xx+y+z=1

www.mateinfo.ro

ra
rrr r 1
Folosind Lema pentru(X, y,z)= —,—,— | obtinem Z >,
ronor nror
Remarca.
In AABC
h 1
2). a_>_
) Zhnhc r
Dezvoltari, Marin Chirciu
Problemad43.
Calculate
z
) .
sin x
_[ - 50X
o (sin x+cosx)
Elton Papanikolla,Math Olymp 2/2025
Solutie
3 sin x 2% cost 2 cost
I=[— s = [—————(—dt) = [ ————t
o (sinx+cosx) = (sint+cost) o (sint+cost)
2
Obtinen
3 : 3 7 3
sin x COS X Sin X +cos X 1
I+I:I : 3dx+I - 3dX:I - 3dx:j - >ax .
2 (sin X +cos x) o (sin x+cosx) o (sin x+cosx) o (Sin x+cosx)
. - 1
Sa caIcuIam:-[ - ax..
2 (sin x+cosx)
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3 3 t=197 1 1 111
J‘ - 1 2dX=I 1 dXZI 1 'Zdtzzj. 2dt2:2. 1 :2.32
> (sin x +cos x) 5 1+sin2x 214 2t 1+t° g (t+1) t+1/0 2
1+t?
3 :
Rezultd 2l =1= | 21. Deducem cd j . S x 3dle.
2 o (sin x+cosx) 2

Problema444.
IfX,ye (0, zj then

2

4 9 25
— = >

sinx  CcosX /2

Panagiotis Danousis, Greece, MathAtelier 2/2025

Solutie
2
4 9 ¢c (2+3 0 25
LHS =—+ > ( ) >—=RHS,
SiNX COSX SiNX+COSX /2
2
2+3 @ 25 ) ) CBS -
unde.(—)Z— & SINX+C0SX <~/2, vezisin X +cosx < \/2(sm2 X-+C0s” ) =2, cu
SiNX+COSX /2
) sinx CoSX T
egalitate pentru =— & X=—,(1).
1 4
49 s (243) 2 3
Egalitateatn——+ > — are loc pentru —— = —— ,(2).
sinX COSX Sin X+ CoS X sinx COSX

Din (1) si (2) rezulta ca egalitatea nu poate avea loc.

Remarca.

IfX,ye(O,%) sia,b >0 then

a2 b _(a+tb)
+ > .
sinx cosx /2

Marin Chirciu

Solutie
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2 2 2 2
LHs— & b < (a+b) (;)(a+b)

_ S N ~RHS
SinX COSX SiNX+COSX /2

(a+b)2 <>1>(a+b)2

= sinx+cosxs\/§,vezi

undae —; =
sinx+cosx /2
. CBS : sinx CcoSX Vs
SiNX+CoSX < \/Z(sm"' X+C0s” X) =2, cu egalitate pentru T e X= .
2
o a  b® s (a+h) a b
Egalitateatn——+ > — are loc pentru —— = —— (2).
sinXx COSX SinX+CosX sinx  COSX
Problema445.

Solve in real numbers the equation:

4x+80+4x+255=7.
Panagiotis Danousis, Greece, Math Atelier 2/2025

Solutie

Domeniul de definitie al ecuatiei este [—81,00) .

Avem T (‘/X+80 + (‘/X+ 255 =7, cu egalitate dacd si numaidacd x =1.
Deducem ca X =1 este solutia unica a ecuatiei,
Remarca.

Leta,b > 0 fixed. Solve in real numbers the equation:

Yx+a* 1+ 4x+b*-1=a+b,
Marin Chirciu

Solutie

Ecuatia are sens pentruX+a* —1>0six+b* -1>0.

4 4 . . . «
Avem T 4/X+a —1+4/X+b —1=a+Db, cu egalitate daci si numai daci x =1.
Deducem ca X =1 este solutia unica a ecuatiei,
Problemad46.

Solve in real numbers the equation:
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MateMaraton 2/2025

Solutie

Domeniul de definitie al ecuatiei este[2,0).

- 1
Avem T 3Jﬁ =——1 , cu egalitate daca si numai daca X = 2

Jx-1
Deducem ca X = 2 este solutia unica a ecuatiei,

Remarca.

Leta >1and A € R fixed. Solve in real numbers the equation:

Marin Chirciu

Solutie

Domeniul de definitie al ecuatiei este[/l +1,00) .

[ray) 1
Avem T a7 = ﬁ J , cu egalitate dacd sinumaidacax =4 +1
X_

Deducem ca X = A +1este solutia unicd a ecuatiei,

Problemad47.
In AABC
,A (RY
4sz}m-as(?j.
George Apostolopoulos, Greece, Mathematical Inequalities 2/2025
Solutie
In AABC

2r , A R
1).5——< Y sec” —<2+—.
) R 25 2 r
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Solutie.

A p
Folosim identitatile Tn triunghi: Zsecz

Problema448.

InAABC

Solutie.
Lema.

If X,¥,Z,t>0then

Solutie.

Avem(X2 +t2)(y2 +t2)2

2
2). 4(2—R—1j <> esc? g < 4{R——1J
r r

3). 3Zsec Ag > csc?

NI>

Dezvoltari, Marin Chirciu

4R +r A +r?—8Rr
%5,2%622 pT
81
f41)>—F2,
H(ma+ )> 4

D.M.Batinetu-Giurgiu, Mihaly Bencze, RMM 2/2025

(x*+t2)(y* +t°)(2° +t2)2%t4(x+ y+2)°.

Arkady Alt Inequality

3 1,V 1
20y o) o gt | <Gty =0

CBS

= LHS :(x2+t2)(y2+t2)(22+t2)2%t2((x+ y)2+t2)(t2+22) > %tz(t(x+ y)+tz)2 =

:%t4(x+y+z)Z:RHS.

Egalitatea are loc daca si numaidacaX=y=2=

Nk
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Folosind Lema pentru(X, Y, Z,t) = (m; mg, m? ,1) obtinem:

LHs =TT (m¢ +1)Le§na—(2m) W%(SﬁFf:%FZ:RHS,

cu egalitate pentrum? = m? = m? - = a—b—c—i
a — b T c_\/_ — M= :
2 NeNA

ij——Za 2 — 4\/_F 3\/_F 5|Za >4\/_F ,(lonescu-Weitzenbock).

2
Egalitatea are loc daca si numai daca triunghiul este echilateral de latura \/7 .
32

Remarca.

InAABC

[T(m +1)22747(3F2)”,n eN.

Solutie.

27
Pentrun = O inegalitatea se scrie8 > T , evident, cu strict.

n continuare fiene N .
Lema.

If X,¥,2,t>0then

(x2 +t2)(y2 +t2)(z2 +t2)2%t4(x+ y+z)2 .

Folosind Lema pentru(X y,z,t)=(ma ,mb ,mc ,1) obtinem:

LHS = H(m4”+1)Le>ma—(zm2") > ( (J’F)) ; 2 (3F2)" =RHS .

. 2n 2n 2n
cu egalitate pentrum;” =m;" =m; :T < a=b=c= .
2 3

www.mateinfo.ro

Marin Chirciu

Arkady Alt Inequality
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-t
4n

Egalitatea are loc daca si numai daca triunghiul este echilateral de latura \/§ .

Problema449.

If a,b,c >0 then

H(a+b3)2 abc] J(a+b).

Nguyen Hung Cuong, Vietham, RMM 2/2025

Solutie.

Rearrangement

LHs=](a+b’) > [](a+a®)=abc]](a® +1)=abcl_[\/(a2+1)(1+b2)cgS
> abcl_[,/(a+b)2 =abc] J(a+b)=RHS.

Egalitatea are loc dacd si numaidacda=b=c=1.
Remarca.

InAABC

[T(a+b*)>13824r°.

Marin Chirciu
Solutie.
Lema.

If X,¥,Z>0then

H(x+ y3) > xyz] J(x+Y).
Folosind Lema pentru(X, Y, Z) = (a,b,C), a,b, ¢ lungimile laturilor AABC obtinem:
Lema Gerretsen
[T(a+b%) = abc] J(a+b)=4Rrp-2p(p*+r®+2Rr)=8Rrp’(p’+r*+2Rr) =
Gerretsen

> 8Rr-27r? (16Rr 54?4 2Rr) —8Rr-27r2 (18Rr —4r2) -

Euler Euler

:8Rr-27r2-2r(9R—2r) > 8Rr-27r*-2r-8R=128R*-27r" > 128-4r*-27r* =13824r°

Rezults [ [ (a+b°)>13824r°.
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Egalitatea are loc daca si numai daca triunghiul este echilateral cu latura de lungimel.

Remarca.
InAABC
, 4F Y
) [T(a+b )28-[$j
Solutie.
Lema.

If X,¥,Z>0then

H(x+ y3)2 xyz[ [(x+y).

Solutie.

Folosind Lema pentru(X, Y, Z) = (a,b,C), a,b, € lungimile laturilor AABC obtinem:

H(a+b3) > abc[J(a+b) > abc-8abc =8(abc)” > 8-

Na

Lema Cesaro Carlitz (4|: js

Egalitatea are loc daca si numai daca triunghiul este echilateral cu latura de lungimel.

2) l_I(ra + rb3) > 4Rrp*
Solutie.

Lema.

If X,Y,Z>0then

H(x+ y3) > xyz] J(x+Y).
Solutie.
Folosind Lema pentru (X, Y, Z) = (ra, I, I, ) obtinem:

Lema

+r) > el [(r, +r)=rp®-4Rp> = 4Rrp*.
a b a'b'c a b

2
Egalitatea are loc daca si numai daca triunghiul este echilateral cu latura de IungimeT .

Remarca.

www.mateinfo.ro
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In AABC
3y [T(h, +1¥) = (28r2)".
3 2 A4
4) H(ma My ) =8r'p Dezvoltari, Marin Chirciu
Solutie.
Lema.

If X,¥,Z>0then

H(x+ y3) > xyz[ [(x+Y).
Folosind Lema pentru(X, Y, Z) = (ma, m,, mc) obtinem:

Lema

[T(m,+my) = mmm[T(m,+m,)=rp* -8rp* =8r°p*.

2
Egalitatea are loc daca si numai daca triunghiul este echilateral cu latura de Iungimeﬁ .
Problema450.

IfX,y,2>0,X+y+2z=3then

> 21 >1.

Xy*+2
Imad Zak, Lebanon, Mathematical Inequalities 2/2025

Solutie

ny +2 Z( Xy’ izj%[3_zxy);yi2jAM>GMl[ r]
(3__2)(3 jAM_GM;[ Zy +2ny ;(3__ y+2XyJ

1 1 1 1
5(3—§(ZX)ZJ=E(3—§~3ZJ=1= RHS . Egalitatea are locdacax=y=z=1.

Remarca.

InAABC
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Solutie

Lema.

IfX,y,2>0,X+y+2z=3then

Xy’ +2
r 3r
Se cunoaste identitatea Tn triunghi Z— =l ) —=3.
ra ra

3r 3r 3r 1
Folosind Lema pentru(X, Y, Z) =| —,—,— | obtinem: ZT 2
r, 27r L9

a c

2
ra r-b

1
2.2 575 =L
—+2
h,h?

a
Dezvoltari, Marin Chirciu
Problema451.

IfX,Y,2>0,X+Yy+Z=3then

X )
ZFZZX .

Dragojlub Milosevici, Mathematical Inequalities 2/2025

Solutie

Avem > x? :(ZX)Z—Zny:SZ—Zny:Q—Zny.

Inegalitatea se scrie:

2

ZX—3>9—Zny<:>ZX—3+Zny>9 It di X—3+2xy> S
o V2 29, care rezultd din v 2

, Vezi
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zh3 _3rzh2 :

Problema452.

if(a,) ,,a,, >a’ +; vn > Othen

n>0’ “n+l =

>a ,n=>0.

n+5 —

Solutie

n+1

1
Scriem ipoteza & >a +5 ,n—>nn+ln+2,n+3,n+4.

. 2 2 2
Obtinem, &, 2 a, +g ’ an+2 = an+1 += 5 183 2 ani2 +§' Ay 2 st

3 3 3 2 2 2
X X AM -GM X AM -GM 3X gx
— +2XY=—5+XY+XYy > 3#——x xy =33Yx° > = .
y y y y+xy y Yy = \/; X+14+41 x+2

3
Remarca.
In AABC
. ﬁ>3 1
)Zbg_rzhj.
a a
Solutie
Lema.
IfX,Y¥,Z2>0,X+Yy+Z=3then
3
2
> 52y
. . o Rwil 3r
Se cunoaste identitatea in triunghi Zr— =le Zr— =3.
a a
3r 3r 3r 1
Folosind Lema pentru( X, Y, Z —,—,— | obtinem: >3r —.
P (x¥.2)= [g I rJ 23 Ezﬁ

www.mateinfo.ro

Dezvoltari, Marin Chirciu

g ’ an+5 2 an+4

2001 USA TST

1
51
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care prin sumare conduc la:

a,+a ,+a ,+a ,+a .>a +a

n+1 n+2 n+3 n+4 n+5 — n+1 n+2 n+3 n+4

1
2 ra,+alral +5-g:>

2 2 2 2 2
> =a,tq,ta e, a4, -3, 38,;8,, +1=

2 1 2 1 2 1 2 1
= @~ &g +Z +H A, —a,t Z a3t Z g~ t Z =
1Y’ 1Y’ 1Y’ 1Y’
= (aml _Ej +(an+2 _Ej +(an+3 _Ej +(an+4 _E] 20 ’

cu egalitate pentru.a,,; =a,,

Remarca.

n>0’ “n+l

1
if(a,),.,,a 2a§+§,‘v’n20then

2
an+92anln20'

Solutie

n+l —

o » 1
Scriem ipoteza @ >an+§,n—>n,n+1,n+2,...,n+9.

1
Egalitatea are loc pentrua,; =a,,, =...= 8,5 = E .
Problema453.
Ifa,b >1then
1 N 1 > 2 '
1+a 1+b 1++/ab
Solutie
1 1 2
>

1+a+1+b ST o (2+a+b)(1+\/£)22(1+a)(1+b) o

& 2\ab ++/ab(a-+b)>a+b+2ab < 24ab(1-+ab)+(a+b)(Vab-1)20 <

www.mateinfo.ro

Marin Chirciu

Putnam-2007
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= (a+b)(x/£—1)(a+b—2)20,vezia,b21. Egalitatea are locdacda=b =1

Remarca.

Ifa,b,c>1then
1 9

zl+a23+2@'

Marin Chirciu

Solutie
Lema.

Ifa,b>1then
1 N 1 S 2
1+a 1+b 1+ab’

Folosind Lema avem 1 + 1 >
1+a 1+b 1++/ab

si sumam.

Problema454.

Solve in real numbers the equation:
3y (5Y
F+|=| +|=| =3.
5 9
Vassilis Demetraskos, Greece, MathAtelier 2/2025
Solutie

X X AM—-GM X X X X
LHS =3* +(§j + § > 3313 § (E =3=RHS, cu egal dacs 3" :(gj :(§)
5 9 5 9 5 9

Deducem cd X = 0 este solutia unica a ecuatiei,

Remarca.

Letl< a < b fixed. Solve in real numbers the equation:

au{ﬂj +(£j =3.
b a’

Marin Chirciu
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Solutie

Deducem ca X = 0 este solutia unica a ecuatiei.

Problema455.
In AABC
(a®+2)(a’b? +2)(b%*c* +2) > 144F?,
D.M.Batinetu-Giurgiu, Claudia Nanuti,RMM 2/2025
Solutie.

AM -GM

LHS =(a?+1+1)(a’h® +1+1)(b%c* +1+1) > 3%a’-1.1-3Ya’? 1.1-3¢b%c* -1.1=

34
4 carlitz 23 2 2
=27%/a’b’c* =27(abc)z > 27(£] = 27(£j =27 16; =144F? =RHS .

g NG

Egalitatea are loc dacd si numai dac3 triunghiul este echilateral de laturdl.

Remarca.
In AABC
(an+z)(anbn+z)(bnczn+z)zz7(%n,ne N,
3
Marin Chirciu
Solutie.

Pentrun = O se obtine egalitatea 27=27.

in continuare fiene N .

LHS =(a" +1+1)(a"" +1+1)(b"c?" +1+1) MM e 1.1.33a" 1.1-34b"c® 1.1 =
320 )
2n Carlitz 4F 23 4F
= 273a®p?"c?® =27(abc): > 27| 2= =27 —= | =RHS.
(abe) (ﬁJ (ﬁ)

Problema456.

InAABC

> (a’b? +1)(b’c* +1) > 64F 7
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D.M.Batinetu-Giurgiu, Claudia Nanuti,RMM 2/2025

Solutie.

2
Cu inegalitatea CBS = (a2b2 +1)(1+ b2C2> > (ab + bC) ,cu egalitate pentruab®c =1.

LHS = Z(azbz +1)<b202 +1)C§S Z(ab+bc)2 CZS (Z(ab; bC))2 i (Z%ab)z Gogon

Gordon (2 . 4\/§F )2

> T=64F2=RHS.

Egalitatea are loc dacd si numai dac3 triunghiul este echilateral de laturdl.
Remarca.

In AABC
> (a’b?+4)(b%c* + 1) 2 644°F*, 2> 0.
Marin Chirciu

Solutie.

2
Cu inegalitatea CBS = (a2b2 + l)(/?, + bzcz) > /1(ab + bC) ,cu egalitate pentruab’c =1 .

B - - cBS ,CS (Z/l(ab+bc))2 B (ZZZab)Z Gordon
LHS = >"(a’b*+4)(b*c*+ 1) 2 Y A(ab+hc) > 5 = S

2
Gordon (22 . 4\/§F ) R
> — 2 =64A°F°=RHS.
3
Egalitatea are loc daca si numai daca triunghiul este echilateralde latura \/Z .
Problema457.

Tmpértind numerele 89 si 49 la acelasi numér natural nenul N obtinem resturile 8 si respectiv 4.
Determinatii .

Mate2/2025

Solutie

89=n-c +8 {81=n-c1

Folosin teorema Tmpartirii cu rest obtinem & .
bart ' {49=n-cz+4 45=n-c,
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Deoarece N >8obtinemn=9.
Problema458.

IfX,Y,Z > 0thenin AABC

3

xa
> 4F
Z(y+z)h,Sl '

D.M.Batinetu-Giurgiu, Claudia Nanuti,RMM 1/2025

Solutie.
xa’ 1 X
LHS = _ Ll X el
z (y+z)h Z(y+z)ah z (y+2)- 2F ~y+1
4 cs
L X g Ly(xeyvrz ) Lf20@ o e
2F y+1z 2F y+12 2F| y+z

TR S e S L]

4 2182 N 2
:%(Za +23 a% —Za4j‘ 1 2y’ -Yat 1 162F _AF — RHS

2 2F 2 T2F

Egalitatea are loc daca si numai daca triunghiul este echilateral siX=Yy=12.

Remarca.

If X, ¥,Z > 0then in AABC

2 2
z’;b : >3_2r(44o *_37R’).
+

Marin Chirciu

Solutie.

2.2
LHS:ZXbZ ¢ _Z(—+1 1};2 ¢’ Z(w ] Zyxfz Zb2c2>

V+12 V+12 Y+12

oo (0] e (0 o (0
S LR S Y LE e 3
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2abc) a—> b*? 2-4Rrp-2p- p’ ( p® +2r? —8Rr)— r’(4R+ r)2
- 2 - 2

p*(24Rr—2r° - p*)—r* (4R +1)’ Gertan (16Rr —5r*)(24Rr —2r* —4R? —4Rr —3r*)—r* (4R +1)’
2 - 2

16R —5r)(20Rr —4R? -5r*) —r (4R +r)’
( J - )-r(4R+1) :%(24r3—188Rr2+324R2r—64R3)E2|

=r

Egerﬁ(lszor3 11IR°) = 3—r(440r3 ~37R®) = RHS.
2 2

Egalitatea are loc daca si numai daca triunghiul este echilateral siX=Yy=12.

Problema459.

S:L24.336. Rezolvati in multimea numrelor reale ecuatia
log, (6" +1) =log, (7" -1).
Cezar Ozun, Daneti si Gabriel Tica, Craiova,SGM 12/2024
Solutie.

I 6" +1)= X — X _
AVem|097(6x+1)=|Og6(7x_1):t:> 097( +) t {6 +1=T' {6 +1=T7"

= X t:> t X =
Ioge(7x—1):t 7"-1=6 6+1=7
=St=Xx= |Og7(6x+1)=X<:> 6 +1=7" < x =1solutie unic, vezi6* +1=7" <

6

6 X l X . . X 1 X .
= 7 + 7 =1si functia f (X) = 7 + - , X € R este strict descrescdtoare.

Deducem c3 ecuatia admite solutia unica x =1.
Remarca.

Leta > 1fixed. Solve in real numbers the equation:
log,, (a* +1) =log, ((a+1)X —1) .
Marin Chirciu

Solutie.
Ecuatia admite solutia unica X =1.

Problema460.
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In AABC
16
drat> p*F?.
AR+r
D.M.Batinetu-Giurgiu, Claudia Nanuti,RMM 1/2025
Solutie.

Se aplica inegalitatea lui Chebyshev pentru tripletele la fel ordonate (l’a, | rc) Si (614, b4,C4) .

Cretyshe | _4R4rg  SAR4T (>a?) W AR+ (av3F)

LHS=>'ra* > 52%234 TZa 2 3 3 =

. 2 Doucet
4R +r 16-3F :4R+|’16F2 > iszzzRHS
3 3 3 AR +r
Remarca.
In AABC
> ora’ >(4R+ r)(M—%j ,neN.
Marin Chirciu

Solutie.

Pentrun = 0 se obtine egalitatea Y I, =4R+T

4J3F

Pentrun =1se obtine Zraaz > (4R + r) , vezi inegalitatea lui Chebyshevsi inegalitatea

Ionescu—WeitzenbockZ:a2 > 4\/§F .

Pentrun > 2 se foloseste inegalitatea lui Holder.

Problema461.

InAABC,AB< AC ,E e (AC), Fe (AB), M este mijlocul lui BC , N este mijlocul lui EF si AD
este bisectoarea unghiului A, D €(BC) . Daca MN || AD artati ci FB = EC .

Petre Batranetu, Galati, MateMaraton 2/2025
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Solutie(Gh.Duca)

Fie Q simetricul lui F fatd de M = BFCQ este paralelogram= FB =CQ ,(1).
A
MN || EQ = «CQE :E = EC =CQ,(2).

Din(1)si (2) = FB=EC.

Solutie(Alin Cretu)

FieFG||AD| EH ,G,H €(BC) = GM =MH = BG =CH ,(1).

BF BAT"CA CE BF CE

Din = = = = =
BG BD CD CH BG CH

— BF =CE,(2).

Din(1)si (2) = BF =CE.
Problema462.

U465. Let N be an odd positive integer. Prove that

I(X—l)(X—Z)...(X—n)dx =0 .

Nguyen Viet Hung, Vietnam, Mathematical Reflections 6/2018
Solution.

Folosim rezultatul ajutator:

a
Daca f :[—a,a] — R ,a >0 este o functie continua si impara, atunci I f (X)dX =0.

—-a

Cum Neste impar, punemn =2k +1, k e N . Trebuie sa aratam ca:

| = 2Tl(x—l)(x—Z)...(x—k —1)...(x=2k)(x—2k -1)dx =0.

1

Cu schimbarea de variabilat = X —k —1 obtinem:

| = j‘(t+ K)(t+k-1)..t..(t—k+1)(t—k)dt = jt(tz —kz)(t2 —(k —1)2)...(t2 ~1)dt =0,

Deoarece functia f (t) =t(t2 — kz)('[2 —(k —1)2)...<t2 —1) este impara.

Problema463.



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - MARTIE 2025

www.mateinfo.ro

1) Fie x,yeCastfel ?ncét§+X=1. Aratati ca
y X

x 2020 2020
(—j +(lj +1=0.
y X

Srinava Raghava,RMM 1/2020

Solutie.
1

Noténdézz avem lesi §+X=1 sescriez+—=1<22-72+41=0< 2°=-1,z#-1.

y X 27y X Z

2020 2020 2020 2019 673
M, =(1] +(lj +1=72% +(lj +1:z«22°19+1(1j +1=z~(z3)673+1(i3j +1=
y X z z\ z z\ z
=2 () () =2 () S (1) 4l=—z- T 41=141=0=M, .
z z

2) Fie x,yeCastfel ?ncét§+X=1. Aratati ca
y X

X 3n+l 3n+l
[—J +(lj +1=0,undene N, n impar.

Yy X
Solutie.
X y 1. x vy . 1 2 3
Notdnd —=zavemZ==si —+Z=1sescriez+—=1<2"-2+1=0<=72°=-1,z#-1.
y X z27y X Z

3n+l 3n+l 3n+l 3n 3n
Msz(ﬁj +(lj +1=23"+1+(1J +1:z-23”+1(1] +1=z-(z3)n+l(%j +1=
y X z 2\ z 7\ z

2 (1) 4 (1) 1= (1) (z+1]+1=(_1)" (~1)+1=(-1)" +1=M,.

z

X
3) Fie x,yeC astfel ?ncét—+X=1. Aratati ca
y X

X 3n+l 3n+1
(—j +(lj =1,undeneN,n par.
y X

Solutie.

1
Noténdﬁzzavemlzlsi£+X=15escriez+—:1<:>ZZ—Z+1=0<:>23:—1,Z¢—1.
y X 27y X z

3n+l 3n+l 3n+l 3n 3n
g A e 3T
Yy X z Z\ Z Z\ Z



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - MARTIE 2025 www.mateinfo.ro

y

4) Fie x,yeC astfel ?ncét£+—=1§i n e N. Calculati

y X

X 3n+l 3n+l
SRR
y X

Solutie.
1
Noténdizzavemlzlsi 5+X=15escriez+—=1<::> 22-741=0<= 2*=-1,z#-1.
y X 27y X Z
3n+l 3n+l 3n+l 3n 3n
3] et e 4T
y X z zZ\ z zZ\ z
no 1 n n 1 n n 1,n=par
=z2-(-1)" +=(=1)" =(-1)"| z+= |=(-1)"1=(-1)" = .
(0 43 = (3 ]y a-ay = R

5) Fie X, y e C astfel Tncét£+lz—1§i n e N. Calculati

y X
3n+l 3n+l
CR0s
y X

Dezvoltari, Marin Chirciu

Solutie.
1

Noténdizz avem lesi 5+X=—1 sescriez+—=-1<22+72+1=0< 2° =1,z #1.

y X zZ y X Z

3n+1 3n+l 3n+1 3n 3n
o] A e A i 43

y X Z z\ z z\ z
n 1 n n n
@)+ - (z+—]=(1) 1-1
Z Z

Problema464.

1) If Ae Mn(R),A3 =2A’ +7A+41_then find
Q =det( A’ -3A+3l,).

Marian Ursarescu, Romania,RMM, Spring 2021

Solutie.(Adrian Popa)
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Ipoteza

Avem (A’ —3A+31 )(A+1)=A*=2A 31 = (2A°+7A+41 )-2A"+3I, =

=TA+71,=7(A+1,).
Trecand la determinant in egalitatea matriceala: (A2 -3A+3l, )(A+ I, ) = 7(A+ In), obtinem:

det[ (A*—3A+31,)(A+1,)|=det[7(A+1,)] <

det(A2 —3A+3In)'det(A+ I,)=7"det(A+1,), de unde pentrudet( A+ 1) # Orezult
det(A*~3A+3l,)=7".Tn concluzieQ =7".

2) If AeM, (R),A’=(a-1)A’+(a+b)A+bl, si det(A+1,) = Othen find
Q=det(A*-aA+al,).

Marin Chirciu

Solutie.

Ipoteza

(A*-aA+al,)(A+l,)=A+(1-a)A’+al, = ((1-a)A*+(a+b)A+bl )+(1-a)A’+al, =
(a+b)A+(a+b)l, =(a+b)(A+1,).

Trecem la determinant in egalitatea matriceaIé\:(A2 —aA+ aln)(A+ )= (a+b)(A+ )

det| (A’ —aA+al,)(A+1,)|=det[(a+b)(A+1,)] <

det(A2 —aA+aIn)-det(A+ |n):(a+b)" det(A+1,), de unde pentrudet( A+ 1) = Orezults
d(-)t(A2 —aA+aIn)=(a+b)".Tn concluzieQ:(a+b)n.

Problema465.

1) MH-66. Let a,b,C,d be the roots of equation X* +6x° + 7x* +6x+1=0.
Find the value of

7-2a 7-2b 7-2¢c 7-2d
+ + + )
l1-a 1-b 1-c 1-d

Jose Luis Diaz-Barrero, Barcelona, Spain, Arhimede, Spring 2019

Solutie.

7-2a 7-2b 7-2¢ 7-2d w7-2a 5 1
Avem E = + + + = =>»12———[=8-5) —,(1).
vem E = T Y e T g o 1oa Z[ a—lj 2™
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Consideram polinomul
P=(1+x)"+6(1+x)’+7(1+x)" +6(1+x)+1=x* +10x> + 31x* + 42x + 21, care are

radacinilea—1,b-1,c-1,d -1, de unde i —42 =-2,(2).
a-1 21

Din (1) si (2) obtinem E = 8—52% = 8—5-(—2) =18.
a_
Solutie alternativa.

X* +6x3 +7x° +6x+1:(x2 +x+1)(x2 +5x+1), etc.

Remarca.

2) Let a,b,c,d be the roots of x* +3Ax> +(34+1)x* +3Ax+1=0.

Find the value of

3i+1—la+3A+1—ﬂb+3i+l—lc+3ﬂ+1—id
1-a 1-b 1-c 1-d

Marin Chirciu, Pitesti, Romania

Solutie.
Avem
31+1-4a 3i+1-Ab 3i+1-Ac 31+1-Ad 3/1+1 /1a 2/1+1
l1-a 1-b 1-c 1-d
1
:41—(za+n§§——1,uy
a_

Consideram polinomul P = (1+ X)4 +3A4 (1+ X)3 +(32, +1) (1+ X)2 +34 (1+ X)+1:

4 +(4+31) x3 +(7 + 21) x? +(6 +181)X+(3+9/1) , care are radicinilea-1,b-1,c-1d -1,

1 1 1 1 1 S, ~—(6+184)
de unde, cu relatiile lui Viete avem t+—t—t—="2=——72=-2 (2).

I =
a-1 x %X X X S, (3+94)
Unde S, =—(4+31),S, =(7+2/1),S3 =—-(6+181),S, =(3+9/1) sunt sumele lui Viete.

L

Din (1) si (2) obtinem E = 42,—(2/1 +1)Z —1

=4i—(2/1+1)-(—2)=82,+2.

Problema466.

Sedd a =1si a,,, =a,+a,+mn,vm,n=>1. Calculatia,, .
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Math4/2020

Solutie.

Lema.

3) Sedd a =1sia,,, 6 =a,+a,+mnvm,nz=1.Aratatica
a,,=a,+n+1,vnx>0.

Demonstratie.
Punand m = lobtinem concluzia.

Varianta. Inductie matematica.

. A , n(n+1)
Folosind Lema si sumand obtinem a, =1+2+...+N= — de unde &,,, =5050.

Remarca.

1) Sedd a =1sia,,, =a,+a, +mn,vm,n=1.Calculatia, .
Solutie.

Lema.

2) Sedd a =1sia,, =a,+a,+mn,vm,n=1.Aritatica
a,,=a,+n+1,vn=>0.

. o . n(n+1)
Folosind Lema si sumand obtinem a, =1+2+..+ N=——7-.

. (2a Y
1) Seda a =1sia,,=a,+a,+mn,vm,n>1. Calculati Ilm( = |-
n—o0 n
Dezvoltari, Marin Chirciu
Solutie.

Lema.

2) Dacd a =1sia,, =a,+a,+mn,vm,n=1,atunci
a,,=a,+n+1,vn=>0.

Demonstratie.

n(n+1).
2

Folosind Lema si sumand obtinem a, =1+2+...+n=
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- (2a,)" . (n+1) . 1Y
Avem lim > =lim|l— | =lim|1+=| =
nN—o0 n n—o0 n n—oo n

Problema467.

1) Let @,beR.Find the necessary and sufficient condition on a,b such that

1%{\/(x+1)(x+ a—i—l) +abe

exist(having a finite limit value).

2) Express the limit value F obtiened in (1) as a function in a.
3) Findtherangeof F .
Kunihiko Chikaya, Enjoy Solving Mathematics 2/2022

Solutie.

1) f(x)=\/(x+l)(x+a_i_lj+abx:x (1+%j\/[1+ﬁ}+abx.

Se da factor comun X si se obtine conditiaab+1=0.

1 2
2) Se obtine limitaF ==+ si foosindab +1=0rezultd F - _aravs 2+a+1 .
2 a-b-1 Z(a —a+1)
a’+a+l 1-a’

3) Se studiazd functia F (a) = definitd pe R .Avem F'(a) =

2(a’-a+1) 2(a2—a+1)2'

intocmind tabelul de variatie al functiei F rezultd ¢ multimea valorilor functiei F este:

13 1
F(IR)=|=,—|—-<=".
(R) {6 2} {2}
Problema468.

1) Dacd @,b sunt numere reale care verifics relatiile

T . T T
a-cos——b-sin— =cos—
20 20 10

b-cos£+a~sin£:25in£
20 10

2 2
aritati c3 %/(a+b) +§/(a—b) =2.
Doina si Aurelian lonescu, Toplita,RMT 2/2020

Solutie.
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V4
Notand % = X sistemul din ipoteza se scrie:

a-cos X—bh-sin x =cos2x
a-sinx+b-cosx=2sin2x

CosXx —sinx COs2X  —sinX s

AvemA =] | = A=l =3C0SX—2C0S” X si
SinX  COSX 25In2X  CcOS X

COSX COS2X a=3cosx—2cos® x

0~ b=3sinx—2sin*x

) i =3sin x—2sin® x, de unde:
sinx 2sin2x

a-+b = (3cosx—2cos®x) +(3sin x—2sin® x) = (cos x +sin x)’ si

a—b=(3cosx—2cos*x) - (3sin x—2sin’ x) = (cos x—sin )’

{’/(cosx+sin x)6 +§/(cosx—sin x)6 = (cos x+sin x)2 +(cosx—sin x)2 =
=(1+sin 2x)+(1—sin 2x)=2.

Remarca.

2) Dacda,b si X sunt numere reale care verifica relatiile
a-cosx—bh-sin x =cos 2x
a-sinx+b-cosx =2sin2x’

si Z este numir complex, Z =3/a+b +ii/a-b, calculati |2|.

Solutie.
cosx —sinx Cos2x —sinx _—
AvemA=| . =1,A,=|_ . =3C0SX—2C0S” X si
SINX  COSX 2sin2Xx  CoS X
COSX  COS2X a=3c0s X —2cos> X

o =1 . . =3sin x—2sin® X, de unde: . -
sinx 2sin2X b =3sin x—-2sin° x

a-+b=(3cosx—2cos® x) +(3sin x—2sin® x) = (cos x +sinx)’ si

a—b =(3cosx—2cos®x)—(3sin x—2sin’ x) = (cos x—sin x)° .

Z= %/(cosx+sin x)’ + i%/(cosx—sin x)’ = (cos x+sin x)+i(cosx—sinx), de unde
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7| = |(cos x +sin x) +i(cos x —sin x)| = 1/(cos x + sin X )’ + (cos x—sin x)* =
|2 =( )+i( =4 )

= \/(1+sin 2x)+(1-sin2x) = V2.

3) Dacda,b si X sunt numere reale care verifica relatiile
a-cosx—bh-sin x =cos 2x
a-sinx+b-cosx =2sin2x’

si Z este numar complex, z=3/a+b +i3/a—b, determinati X astfel incat z" =1+i,neN".

Dezvoltari, Marin Chirciu

Solutie.
COSX —sinx COS2X —sinx .
AvemA =] | = = . =3C0SX—2C0S” X si
SinX CcosSX 25In2X  CcOS X
COSX COS2X a=3cosx—2cos® x

®“lsinx  2sin2x

=3sin x—2sin®x, de unde: {

b=3sinx-2sin®x
a-+b = (3cosx—2cos®x) +(3sin x—2sin® x) = (cos x +sin x)’ si

a—b=(3cosx—2cos*x)—(3sin x—2sin’ x) = (cos x—sin )’

z :i/(cosx+sin x)3 +i§/(cosx—sin x)3 :(cosx+sin x)+i(cosx—sin x).
Scriind numerele complexe Z sil+i avem:Z :\/E{COS(Z—X)HSIH(Z—XH si
1+i=+2] cosZ+isinZ |.
[cosf i
EcuatiaZ" =1+1 se scrie:
\/En cosn Z—x +isinn Z—x =\/§ cos£+isinZ =
( ) 4 4 4 4

(ﬁ)n cosn(%—xj:\/ﬁcos%
= tann[%—szlc n(%—xj=%+kﬂ, keZ.
(\/E)nsin n(%—xj:\/ﬁsin%

T n kKr
Obtinemx=—-—-—keZ.

4n n
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Problema469.

1) Dacia,b sunt numere reale astfel incata® +b® +ab =3, determinati minimul si
maximul
P=a'+b*-ab.

Vietnam Book, Posted Imad Zak

Solutie.

3+<’:lb=(<’:l+b)2 20$i3—ab=(a—b)2 >0, deci—3<ab <1 sinotandab = x avem -3 < x<1.
P=a4+b4—ab:(a2+b2)2—2a2b2—ab:(3—ab)2—2a2b2—ab:(3—x)2—2x2—x=

=—x?2—7x+9.

Studiem functia de gradul al doilea f (X) =—Xx"-7x+9,-3<x<1.
AvemV _—b,ﬂ = _—7,§ ,_—7<—3<1,f(—3):21,f(1):1,
2a 4a 2 4 2

Rezults: 1< f(x)<21,3<x<1.

n final minimul lui P este 1 si este atins pentruab =1 ,iar maximul lui P este 21 si este atins pentru
ab=-3.

2) Dac#a,b sunt numere reale astfel incata” +b® + ab = 3, determinati minimul si
maximul
P=a*+b*+1ab,undelecR.

Marin Chirciu

Solutie.

3+ab:(a+b)2 20$i3—ab=(a—b)2 >0, deci—3<ab <1 sinotandab = x avem —3<x <1,
P=a'+b*+lab=(a’ +b2)2—2a2b2+/1ab=(3—ab)2—2a2b2+/1ab:(3—x)2—2x2+1x=
=—x*+(A-6)x+9.

Studiem functia de gradul al doilea f (X)=-X*+(A2-6)x+9,-3< x<1.

-b —-A A—6 A2=121+72
V| —,— |= , ,F(-3)=18-31,f(1)=1+2,
Avem [2a 4aj ( 2 4 j ( ) ()
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Distingem cazurile:

Cazull). Daca A1 <0 =

/-

6 <-3<1=A1+2<f(x)<18-31,-3<x<1=> 1+2<P<18-31.
Cazul2).Daca 1 =0 =

A0 31— 2<f(x)<18,-3<x<1= 2<P<18.

Cazul3).Dacd 0< A <4 = -3< <-1<1=

2 2
= 18-34< f(x)s%,—33x31:18—3/13P3w_

Cazul4). Daca 1 =4 =
A—6
T:—1<1:> 2< f(x)<10,-3<x<1=2<P<10.

Cazul5). Dacd 4<1<8 = —3<%<—1<1:>

2 2
=18-34< f(X)SW,—ssxﬂ:m—%sPsw.

Cazul2).Dacd 1 =8=
A—6
—3<T=1:> f(-3)<f(x)<f(l),3<x<1=-6<f(x)<10 -6<P<10.

Cazul1). Dack 2>8=> —3<1< =0 — £(-3)< f(x)< f(1) -3<x<1=

=18-31<f(X)<A+2,-3<x<1=18-31<P<1+2.
n concluzie:
). Dacs A <0 = 1+2<P<18-34.

2_
). Dacs0<A<8 = 18-31<p < —12A+72

). Dacd A >8=18-31<P<A1+2.

Problema470.
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1) Calculate the limit

fim 21+ X+ 204+ X +...+2 n2+x—n(n+1)

x—0 X

Tom P, MathOlympiads, 8/2020

Solutie.

Avem:

n

’ 2
IimZ\/1+x+2\/4+x+...+2 n’+x-n(n+1) 22 NK*+x-n(n+1)

=lim = =
x—0 X

x—0 X

) 2 = n Jk? +x -k
=1lim = lim —* :ZZIm—:
x—0 X x—0 X =1 Xx—0 X

n 2 2 n n n
N [ L. S ) of PR S ) S

2) Calculate the limit

Iim[lim 214+ X + 244+ X +...+24/n? +x—n(n+1)}

n—o| x—0 X

Solutie.

21+ X+ 24+ X +...4 2 n2+x—n(n+1)

Calculdm mai intai limita de functie: lim

x—0 X —

o, k2 +x—k? o, 1 1 1 1 1 1
=2)"lim =22 lim——e—=2> — =Y Z =1+ >+ .4,
kz—i‘“ox(\/k2+x+k) kz_;‘“‘)\/k2+x+k a2k i3k 2 3 n

. 01 .1
Apoi calculdm limita de sir IIm[ZEj =Ilim ZE =00,
k=1

n—o0 nN—o0
k=1 =

3) Calculate the limit

Iim[lim 2J1+ X + 244+ X +...+24/n? + X —n(n+1)

Inn

n—ow| x—0 X

Solutie.
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2V1+ X+ 24+ X +...+2Yn* +x—n(n+1)
Calculdm mai intai limita de functie: lim

x—0 X

k2 n n n
—Zle _xk =22Iim;=2 1. %=1+%+%+...+1.

Hox(\/k2+x+k) a0 k2 +x+k a2k I n

Apoi calculdm limita de sirlim (Z% —In nj =y,unde ¥ € (0,1) ,7=0,577..., 7 se numeste

n—oo k=1

constanta lui Euler

4) Calculate the limit

n—ow| x—0 X

Iim{lim 21+ X + 238+ X +...+23n* + x -n(n+1)

Solutie.

. o o 2 x+ 28+ x +..+ 2¥n* +x —n(n+1)
Calculdm mai intai limita de functie: lim =

x—0 X

_2y 1

Kl G

n n 2 2
Apoi calculdm limita de sir lim 2y 1 =Elim zi = 37[— .
3 36 9

n—oo

5) Calculate the limit

Iim[lim 281+ x + 2¥2° + x +...+ 2¥nP + x —n(n+1)

,peN,p>2.

n—wo| x—0 X

Solutie.

. o 2 x4 2V2P 4 x++ 240" +x—n(n+1)
Calculdm mai intai limita de functie: lim =

x—0 X

1 51 2<% 1
=2) lim =2 ==
ZHO\/(kp+x i +k\/ kp+x C ket ‘;pkp pékp_l

Apoi calculdm limita de ,sirlim(g k:'I’-_1] :Elimz L
Pk

nN—oo
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51
Pentru calculul: !LF)DOKZ; o se face discutie dupa p .

-1
Pentru p:2avem|ImZ—:oo
n—oo k—lk

1 g
Pentru p=3avemlim) —="—
p n%w; k2 6

Dezvoltari, Marin Chirciu

Problema471.
Se considerd sirurile(Xn )nzl (Y, )nZl definite prinX, =0,y, =1,

Sy Ot Wy i unde aybic,d >0, cuad #be.
a+b c+d

n+1

a) Aratati ca sirul (Zn )nZl definit prin Z, =y, — X, este o progresie geometrica.
b) Presupunand cd ratia  a progresiei geometrice(Zn )nZl este subunitara, aratati ca sirurile
(Xn )nzl ,(yn )nzlsunt convergente si au aceeasi limita.

Marin Chirciu, Analiza Matematica, Editura Tiparg 2004, Problema114/202

Solutie.

ad —bc (y-—x)= ad —bc ,
(a+b)(c+d)"™" " (a+b)(c+d) "

} . . _ ad —bc
Deducem ca (Zn )nZl este o progresie geometrica cu ratia( = (

a+bﬂc+d)’u)

a) Avem: Z,;=VYo1~Xn=

b) Obtinemz, = Zlqnfl zl-qm1 = q”’l ,unde ( este dat de (1).
ax, + by,
a+

. . -1 . -1 N N
Din z, =Y, —X,si Z,=Q" obtinemy, =X, +q" ", care inlocuit in X, = conduce la

b .
X, =X, +—bqn ' iar apoi dand lui N valorile1, 2,3...,n =1 si sumand rezult3
a+

b 1-q" _ b 1-¢"
a+b 1-q a+b 1-q°

b
X = —(1 +..+0"")=0
) &+a+b(+q+q +..40")=0+

b 1-q"
Cum am presupus ca( € (0,1) rezulta ca sirul (Xn )nzl, X, = ﬁ 1_qq este convergent si
. b 1 . ad —bc o b(c+d)
lim X, =—- si inlocuind = ———————rezulta ca lim X, =—7——"—.
osco a+b 1-q (a+b)(c+d) n—>co ac + 2bc +bd
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Folosind Y, = X, + qn_1 ,q€ (0,1) si (Xn )nzl este convergent rezulta ca (yn )n21 este convergent si
limy, =limx, +0, adicalimy, =limx, .
n—oo n—oo n—oo n—o0
Problema472.
1) Ifa,b,c,d >1then

b®+c®+d?
Zlogamz4.

lonut Florin Voinea, RMM 11/2020
Solutie.

Lema

IfX,Y,Z > 0then

XC+yi+28 S X+y+z
X*+y*+z22 3

Demonstratie.

X +y+ 7 JXFy+z

Ty 3 @3(x3+y3+z3)2(x2+y2+22)(x+y+z)<:>

& 2<X3 + y3 + 23) > ny(x+ y), care rezulta din sumarea inegalitatilor X+ y3 2 Xy(X+ y) &

(x+y)(x— y)2 > 0 sj analoagele.

3 3 3 Lema
Ms =>"log, %Lz > log, #Agﬂ > log, /bed = %Z:Ioga (bed ) =

= %Z(Ioga b+ log, a) > % 12 =4=Md . Egalitatea are loc daci si numaidacda=b=c.
Remarca
2) Ifa,b,c,d >1then
4 4 4
> log, % >4,
Marin Chirciu

Solutie.

Lema

IfX,Y,Z>0then
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x4+y4+z4>x+y+z

X+y*+z2° 3
Demonstratie.
Avem:

X +yt+zt S X+y+z
X+y*+2 3

& 3(x+y +2)2 (X +y + ) (x+y+2) &

= 2(X4 + y“ + 24) 2 Z Xy(X2 + yz), care rezulta din sumarea inegalitatilor

x* +y* 2xy(x2+y2) IEN (x—y)(x3—y3)20.

Ms =Y log, 20 +4 50 b+c+d >"Y log, Yfbed == >3 log, (bed ) =

b +cd+d®

H

1
3Z(Iogab+logb a)>=-12=4=Md . Egalitatea are loc dacd si numai dacda=b=c.

00

3) Ifa,b,c,d >1then

bn+1 +Cn+l +dn+l
Y log, ——————=>4,neN.
b" +c" +d

Dezvoltari, Marin Chirciu

Solutie.
Lema

IfX, ¥,z >0then

Xn+l+yn+l+zn+l>x+y+z
X"+y"+2z" 3

Demonstratie.

Xn+1+yn+1+zn+l>x+y+z

ayar 3 <:>3( X" 4y +z”+1)2(x”+y“+z”)(x+y+z)<:>

= 2(Xn+1 +y™ 4 Zn+l) Z(x”y+ xy”), care rezulta din sumarea inegalitatilor

Xn+1+yn+12Xny+Xyn P (X_y)<xn_yn)20.

n+1 n+l N+l [ ema
Ms=ZIogab b“+cc“ +ddn 2 Zlogaw > > log, bed = Zlog (bed) =
+c"+
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H

1
3Z(Iogab+logb a)>=-12=4=Md . Egalitatea are loc daci si numai dacda=b=c.

00

Problema473.

1) Evaluate the indefinite integral:

I( e 1 dx .

e* +1)\/eX +e " +1

Reus Shoemacker,Polar Pi, 4/2021

Solutie.

Cu substitutia€” =t obtinem:

j( 1)f/x_idx 2arctanve* +e* +1+C .
e*+1)Ve'+e*+1

2) Evaluate the indefinite integral:

e" -1
dx .
J‘(eX +1)\/eX +e 4+ §

Marin Chirciu
solutie.
Cu substitutia€® =t obtinem:
J- e* -1 i dx:_[ t—l_ %ZJ. t—1 _ dt —
(ex+1)\/m (t+D)Vt+t+a ¢ t(t+1)m
- -1 SR
:j N dt:j t = j(uzil;dfk)uzzjuzf;—k'

2
(t+1)"VE* + 0t +t (t+i+2) t+i+k

Distingem cazurile:

du
Cazul 1). Dacd2—A >0, atuncij arctan

! —+C
u+2x\/— J2- '

du -1
Cazul 2). Dacd2—-A =0, atuncij—2 =—+C .
u u

Cazul 3). DacéZ—X<0,atunci'[ > =
U"+iA—-2 2Jr-2

du 1 |u-va-2
In +C .
ju+VA-2|
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. e* -1 —2
, dx = ——+C, A =2,
In flnaldeducemj(ex+l)m X \/m
|\/e +e 7 +h —vA |
Jx 2 ‘\/e +e + A+ A - ‘

+C,A>2

Problema474.

1) Ifa,b,care the dimensions a cuboid with the diagonal d then

3 3 3
a> b’ ¢
d<,[—+—+—
b ¢ a
Neculai Stanciu,RMM 7/2021
Solutie.
Lema
Ifa,b,c >0 then
a3 3 3
—+—+—>a’+b*+c%.
b ¢ a

Demonstratie.

I Lot L EES R S 2

Folosind Lema si @ +b® +¢® = d?in paralelipiped obtinem concluzia.
Egalitatea are loc daca si numai daca paralelipipedul este cub.

2) Ifa,b,care the dimensions a cuboid with the diagonal d then

3 3 3
ds\/2a+2b L2
b+c c+a a+b

3) Ifa,b,care the dimensions a cuboid with the diagonal d then

g \/(X+1)a3 L (urDb®  (a+1)e?

b+Ac c+Aa a+Ab

,undeA >0.

4) Ifa,b,care the dimensions a cuboid with the diagonal d then

5 5
d< 4314_&4_3&
C a
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5) Ifa,b,care the dimensions a cuboid with the diagonal d then
6a®> 6b° 6c°
dsd + +

b+c c+a a+b’

6) Ifa,b,Care the dimensions a cuboid with the diagonal d then
3(A+1)a® 3(A+1)b> 3(A+1)c’

dgd( a3+ )b 3(i+1)c

b+2Ac c+Aa a+Ab

,undeA >0.

7) Ifa,b,care the dimensions a cuboid with the diagonal d then

7 7 7
dgﬁgi_kﬁ_kgi.
b c a

8) Ifa,b,Care the dimensions a cuboid with the diagonal d then

7 7 7
dgdwa L l8b’ 18’
b+c c+a a+b

9) Ifa,b,care the dimensions a cuboid with the diagonal d then
9(r+1)a” 9(A+1)b" 9(A+1)c’
ie J (:+D)a” 9(-+1)b” 9(n+1)

deA>0.
b+Ac c+Aa a+\b s unde

10) Ifa, b, C are the dimensions a cuboid with the diagonal d andh e N then

2n+1 1 2n+1

n-1,2n+1 n-1 n
dS2€/3 i S
b C a

11) Ifa,b, ¢ are the dimensions a cuboid with the diagonal d andn € N then
n-12n+1 n-1jy2n+1 n-1.2n+1

ZC/2-3 at™™ 2.37p 2.3
b+c c+a a+b

d<

12) Ifa,b, ¢ are the dimensions a cuboid with the diagonal d andn € N” ,A = 0then
2£/3n1 (7» +1) a2 . -1 (X +:I_)bszrl ) -1 (K +1)C2n+l
b+Ac c+Aa a+\b

d<

Dezvoltari, Marin Chirciu
Solutie.

Lema

Ifa,b,c>0 andneN",A > Othen

2n+1 2n+1 2n+1
a b c

+ + >
b+ic c+ia a+ib 3" (r+1)

(az—rbz—rcz)n.
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Demonstratie.

2n41 822 c>s (Z a2 )n+1 @ (z a’ )Ml 1

>

2 ba+ AC p3 a(b+ic) 3-(A+1)D ab 3H(h+1)D &’ B 31 (% +1) (Zaz)n :

Folosind Lema si a’+b’+c*=d%n paralelipiped obtinem concluzia.
Egalitatea are loc daca si numai daca paralelipipedul este cub.

Problema475.

UP.455. If A,B €M, (R)suchthat AB+BA=0, then
det(A*+A®+B%)>0.

Marian Ursarescu,RMM11/2018

Solutie.

Avem(A+B)’ = A’ + AB+BA+B? = A*+0, +B? = A’ + B

Inegalitatea se scrie det(A“ + A% 4+ BZ) = det(A4 +(A+ B)Z) >0, care results din:
Notand A> = X si A+B =Y avem XY =YX si rimane s3 aritim ci:

det(X 2 +Y2) >0, problem3 binecunoscuts.

intr-adevardet (X * +Y?) =det[ (X +iY)(X —iY)]=det(X +iY)det(X —iY)=
=det(X +iY)det(X +iY)=det(X +iY)det(X +iY)=|det(X +iY) 0.
Remarca.

IfA,BeM,(R)suchthat AB+BA=0, then
det( A*" + A®+B?) 20,

Marin Chirciu

Solutie.

Avem(A+B)’ = A>+ AB+BA+B? = A’+0, +B? = A’ + B

Inegalitatea se scrie det(Azn + A% 4+ Bz) = det(AZ” +(A+ B)2)2 0, care result3 din:
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Notand A" = X si A+B =Y avem XY =YX si rdmane s3 ardtdm ca:

det(X 2 +Y2) >0, problem3 binecunoscuti.

Problema476.

Solve for real numbers the equation

Pham Van Tuyen, Vietnam, THCS 1/2022

Solutie

Domeniul de definitie este D =(0,0) .

’ 3
Cu substitutia X+; =t < x*+3=xt*> & x*+7 =xt’ +4, ecuatia se scrie:

2
= XU ot(x+1) = xtP+4 e X -2t (x+1)+4=0.
2(x+1)

2
Ecuatia de gradul al doilea in are solutiilet € {2,—} .
X

Dint=2 = x+§:2 & x+§:4<:> X*—4x+3=0 < X€{1,3}_
X

3 2
pint =2 = Xt- == x+§:i2 & X +3x-4=0 = (x-1)(x*+x+4)=0 & x=1,
X X X

Multimea solutiilor reale ale ecuatiei este S ={1,3} .

Remarca.

LetO <n< 4. Solve for real numbers the equation

n xX*+n+4
Xt—=o——
X 2(x+1)

Marin Chirciu

Solutie

Domeniul de definitie este D = (0,00) .
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n
Cu substitutia 1/X+— =t X*+n=xt’ < X*+n+4=xt’+4 , ecuatia se scrie:
X

2
t= Xt +4 PN 2t(x+1):xt2+4<:> xt2—2t(x+1)+4:0_
2(x+1)

2
Ecuatia de gradul al doilea in are solutiilet € {2,;} .

n n
Dint=2 = x+;=2<:> X+—=4 < X*—4x+n=0< x,=2+4-n.

X
AvemX , =2%+y4-neD.
2 n 2 n 4
Dint=== [X+—== & Xx+—=— < X’ +nx-4=0.
X X X X X

Pentru ecuatia de gradul al treilea x> +nx—4=0 folosim Formulele lui Cardano.

Reamintim formulele lui Cardano pentru ecuatia de gradul al treilea X3+ px+q=0.

Discriminantul este A = —(4 p’+ 27q2).

DaciA = —(4 P+ 27q2) < 0, ecuatia are o singurd radacina reald

3

2 3 2
XlzJ_—q—l- q—+£ +#j— q——l-p— si X,;,€C-R.
2 4 27 2 4 27 ’

T cazul nostru p =N, q =4, A =—(4p* +27¢?) :—(4n3+27-(—4)2) =-4(n’+108)<0,

deciecuatiaareosingurérédécinéreaIéX1=3_—q+ q -— —q «/
2 4 7 2
—(-4 4V 2 (-4 _4¥ ? 3 3
=3 ( )+ ( )+n—+3 ( )—\/( )+n_:32+"4+n_+32_ 4+l
2 4 27 2 4 27 27 27
n’ n’
AvemX, =32+ ,|4+— +32—,/4+—= €D.
27 27

Multimea solutiilor reale ale ecuatiei este:
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3 3
S ={2-a-n2+a-n g2+ [a+ L 432 4+
27 27

Problema477.

Find all tripIes(a,b,C) satisfying the system of equations

a+b+c=3
22420420 =7,

278420 = 3
4

2022 Spain Mathematical Olympiad

Solutie
4 b3 1 1 3 2 +2° 3 7-2° 3 7-2° 3
Avem2 +2 =—<:>—a+—b=—<:>—b:—<:>—b=—<:> . =—
4 2 2 4 2°2 4 2°° 4 27 4
6 2 6 )
@7—2c:§<:> 7—t=?<:>t —7t+6=0, cusolutiile t, =1sit, =6.
Cazull).
. a+b=3
t, =1 << 2°=1< c=0.Rezolvdm sistemul b
2°+2°=6

2%=x

2°+2"=6=22+2""=6 & 2a+%:6 & x+§:6<:> X* —6x+8=0, cu solutiile X, =2

X
siX,=4.
x=2o22=2oa=1=>b=2=(ahbc)=(120).
X,=4 < 2®=4< a=2=b=1=(a,b,c)=(210).

Cazul2).

a+b=2-log,3

t,=6 < 2°=6 < c=log, 6 =1+log, 3.Rezolvim sistemul b
2°+2° =1

2°=x
22420 =1 224 2%%32 -1 o 2""+34a =1l X+3i:1<:> 3x*—3x+1=0, care nu are
. X

solutii reale,(veziA =-3<0).
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Multimea solutiilor sistemului este S = {(1, 2,0),(2,1, 0)}

Remarca.

Find all triples(a,b,C) satisfying the system of equations:

a+b+c=4
2242+ 2° =11,
20420

1).

Solutie

Multimea solutiilor sistemului este S = {(1, 3,0),(3.1 0)} :

a+b+c=A+1
28 422+ 2¢ =2 +3, A >—1fixed.
r-a b _ oAl
) 27427 =241

Dezvoltari, Marin Chirciu

Solutie
Multimea solutiilor sistemului este S = {(1,7».0),(7»,1,0)} :

Problema478.

UP577. Evaluate

Hm{dmf+3n+2}

N—0

Nguyen Viet Hung, Vietnam, Mathematical Reflections-2021

Solution

We have{\/4n2 +3n+2} —Jan?+3n+2 —[\/4n2 +3n+2} .

From2n <+/4n°+3n+2 <2n+1 result[\/4n2 +3n+2:| =2n.

We have{\/4n2+3n+2} _Jan?+3n+2-2n.
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2 A2
Iim{\/4n2+3n+2}=lim( 4n2+3n+2—2n)=lim an+3n+2-4n" _

e N >0 J4n? +3n+2 +2n -
2
3 -
. 3n+2 . ”( +nj 3 3
=lim =lim = =—.
e JAn? +3n+2+2n " 3 2 2+2 4
nl,J4+—+—5+2
n n

Conclusion: lim {\/4n2 +3n+ 2} =

n—o0

Nlw

Remarca.

Let A € N fixed. Evaluate

lim{Jnn? +(20.-1)n 1.

nN—0

Marin Chirciu
. 2n-1
Conclusion: lim {\/?LGz + (2% —1) n +1} =—
n—ow 27\’
Problema479.
Calculate
Iimcos(n-\/4n2 —n) .
N—o0
Elton P, Mathematical Olympiads 11/2022
Solutie.

2 g2
AvemCOS(m/4n2—n):COS(Zn—n\MnZ—n):COSTE(Z—\an—n):COSn[—Arn an +nj:

2++/4n°—n
__n__
n£2+ 4—1J
V" n

] 1
Rezult3 c3 lim cos(n\/4n2 - n): .
n—oo ’2

n 1
—> CO0S— =—f.

N

=COST

n
=CoSn| ———
£2n+\/4n2—nj

Remarca.

Let A > Ofixed. Calculate
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Iimcos(m/4n2 —kn) .

nN—0

Marin Chirciu

Solutie.

v 2 _ g2
cos(n 4n’ —Xn) = cos(2n—m/4n2 —xn): cosw(Z—M): cos,{wJ -

2++/4n% —An

AN An AT
=COST \/ > :COSTE—X—)COS—
2n++/4n°—2An n[2+ 4_]

n
Rezults célimcos(n\/4n2—n)=cos}%.
Problema480.
ifa,b>0,a+b=1then
a? b? 5
—+—+ab>—.
b a 4
Greece 2025
Solutie.
2 bZ 5 s s -~ omogenizare
S+ tab>> o 4(a*+b°)+4a’h’ >5ah <
b a 4

N 4(a+b)(a3 +b3)+4a2b2 >5ab(a+b)’ < 4a*—a’h—6a%h’—ab’+4a* >0 <

1
& (a—b)2 (48.2 + 7ab+4b2) > 0. Egalitatea are loc dacd si numai dacia=b = 5

Remarca.

Ifa,b>0,a+b=1then

2 2
1). a—+b—+lab21+i,0sﬂs16.
b a 4

Solutie.

2 2 i
a b omogenizare

&Y ab>14 2 o a(a74b7)+42a%? > (A4 d)ab o
b a 4
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o 4(a+h)(a’ +b°)+44a%? > (1+4)ab(a+b) <

4a‘ - 2a’h+2(A-4)a’h’ - Aab® +4a* 20 = (a-b)’[4a”+(8-1)ab+4b* |20, vezi
0< <16, care asigurs[ 42° +(8—1)ab+4b* | >0 dinA=(8-1)" —64=4" 162 <0

aZ 2

2). —+b—+16ab25.
b a

Dezvoltari, Marin Chirciu

Solutie.

2 2 omogenizare
%+—+16ab25 & (a%+b°)+4a’h’ 25ab <
a

& (a+b)(a*+b°)+4a%?’ >5ab(a+b)’ < a‘—4a’h+6a’h? —4ab*+a* >0 <
4 1
< (a—b) >0. Egalitatea are loc daci si numai dacia =b = 3

Problema481.

VII.603. Ifa,b,c>0,a+b+c=2then

3
Za—zg >4,
b“~a
Aurel Dobosan, Lugoj, RMT 1/2025

Solutie.

ab a’wb L
2—2—24 = Z—Z—ZaZS, care rezultd din :
b“~a b“~a
3 3 3 2
Holder
LHS:z%ZEZa > [ 3%2&} :23:8:RHS,cuegaIdacéazbZCZE.

Remarca.

Ifa,b,c,A>0,a+b+c=Athen

Marin Chirciu

Solutie.



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - MARTIE 2025 www.mateinfo.ro

a3 b 2 a3 b 3 v -
ZFZEZ/I & ZFZEZaZl , care rezultd din :

a3 b Holder ’ . l
LHS:ZFZEZ 23——(:1 = RHS,cuegaIdacaa=b=C=§.

Problema482.

E:17108.1fa,b,c > 0 then

Z4a2+b2+c2 - b+c
2a’+bc a

George Florin Serban, Braila, GM 1/2025

b+c b ¢ 4a® +b® +c? b ¢
Din ) —= —+— |, inegalitatea este echivalentdcu ) ————— < —+—,
a Z(c bj g 2 2a” +bc 2 c b

. 4a*+b*+c® b ¢
care rezulta din————— < —
C

T o bc(4a’ +b? +¢*)<(2a” +be)(b* +¢*) =

= 4a2bc£2a2(b2+c2) =N 0£2a2(b2+c2 —2bc) = OsZaZ(b—c)z,cu egal pentrub=c.

Remarca.

Ifa,b,c > 0then

2 2112 2 2
1)'24/1a +Ab°+cC <zb+/lc,/120.

2a®+bc a
Solutie.
b+ A%c A ¢ 42a% + A°b* +¢? A% c
Din Z - = Z(—+—] inegalitatea se scrie Z 2;_2 +bC+ < Z(TJFB} ,

2 22 2 2
41a :’1 b” +c 3’1 b+£ P bc(4ia2+12b2+cz)§(2a2+bc)(/12b2+cz) o
2a° +bc c b

7

& 42a’be <2a’ (A°b* +¢*) < 0<2a’(2°b* +¢* - 24bc) < 0<2a’ (Ab—c)’

cu egal pentruib =c.

Egalitatea are loc dacd si numaidacda=b=csiA=1.
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a’ b? C

2

2). —; +— +— £9+E+E.
2b°+ca 2c°+ab 2a“+bc a b ¢

Dezvoltari, Marin Chirciu

Solutie.

b a a’ a
Din ) —= > —,inegalitatea se scrie <> -,
Z a Z c z 2b% +ca Z c

2

a
care rezultd din <Z & ca<2b®+ca < 0<2b?, cuegal pentrub =0, fals.
Cc

2b* +ca
Inegalitatea este stricta.
Problema483.

Solve the system

(x+y)" —3xy =325
X+y+x3+y®=8150

Sanong Huayrerai, Mathematics 2/2025

Solutie.

{ (x+y)2 —-3xy =325

X? —xy+y® =325 X? —xy+y? =325
= &
X+Yy+x>+y*=8150 (x+y)(1+x2—xy+y2)=8150 (

x+y)(1+325)=8150

{Xz _xy+y2 =325 { xy =100 N (X, y) c {(5, 20),(20,5)} .

(x+y)=25 X+y=25

Multimea solutiilr sistemului este S = {(5, 20), (20,5)} .

Remarca.

Let A > O fixed. Solve the system

(x+ y)2 —3xy =137
X+y+x° +y* =51(1+134%)

Marin Chirciu
Multimea solutiilr sistemului este S = {(/1, 41),(4/1, /1)} .

Problema484.
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29030. Rezolvati in R: ecuatia:

X+ g 3. 2—x4+6x3—10x2+6x—8

Mihaela Berindeanu, Bucuresti, GM1/2025

Solutie.

9 AM -GM 9
3. 2—x4+6x3—10x2+6x—8 _ X+; > 2 X'; -6 = 3. 2—x4+6x3—10x2+6x—8 >6 <

4 3_ 2 .
o 27N 5 9 o X 46X —10x2 +6X—82>1 < X' —6X° +10x* +6X+9<0 <
2
< (x-3) (x2+1)£0 o x=3.
Deducem cd X = 3este solutia unica a ecuatiei.
Remarca.

Rezolvatiin R, ecuatia:

16

1) X4 — = 8—x4+8x3—17x2+8x—15
X

Marin Chirciu
Solutie.

l AM -GM 1
8—x4+8x3—17x2+8x—15 _ X+—6 > 2 X'—6 -8 — 8—x4+8x3—17x2+8x—15 >8
X X

e X 48X —17x% +8x-15>1 < x* —8x3 +17x* —8x+16<0 <
o (x—4)2(x2+1)£0 & x=4.

Deducem ca X = 4 este solutia unica a ecuatiei.

2). X +/1_2 _ (21)—x4+21x3—(/12+1)x2+2/1x—22+1

A > l fixat..
X 2

Dezvoltari, Marin Chirciu

Solutie.

4 3 (,2 2 2 2 AM-GM 2 x4 23 (2241 X2 42 A% A2
(21)4 +2&x—(ﬂ +1)x +2Ax-A4 +1=X+/1— > o /X-l—=2/1:>(22,) 24 (/1 1) 2A%-2 122&@>
X X
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PN —x4+2/1x3—(,12+1)x2+2,1x—,12+121 PN x4—2/1x3+(/12+1)x2—2,1x+/12 <0 &

PN (x—/l)z(x2+1)£O@ X=A.

Deducem cd X = A este solutia unica a ecuatiei.

Problema485.

2 2
29033. Arataticida” +a’ +a ¥ >3 ,pentruoriced, X,y € R,a>1si determinati cazurile de

egalitate.

George Stoica, Canada, GM 1/2025
Solutie.
LHS —a“ +a” 12 > 3Ya” 2" a™ =3Ya" Y 23 RHS

&
, :
unde3Va* 'Y 23 o x2 —Xy+Yy® >0, cu egalitate pentruX =y =0 .

Problema486.

Ifa,b,c > 0then

Z 5a 2\/5
J

27(b* +¢?) + 21hc
Neculai Stanciu, Buzau, RMM2/2025
Solutie.

5a’ 53 a)2 0

+2]bc Za\/27 24c? +2]bc a\/27 +2]bc

LHS =" \/27

@

>/3=RHS

unde 5(2-2) SN 5(3a) 2\/§Za\/27(b2+cz)+21bc,vezi CBS:

Za\/ZY(b2 +cz)+ 21bc

Za\/27(b2 +cz)+ 21bc = Z\/g\/ﬂa(bz +c2)+ 21abc C;S \/Zaz<27a(b2 +02)+ Zlabc) .
Remarca.

Ifa,b,c > 0then
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a 3

> , A=1.
Jb2+c?+bc VA+2

Solutie.

2
LHS = a a’ S (23) S 8 _RHs,

Z\/b2+c2+/lbc :za\/b2+c2+ibc - Za\/b2+c2+/lbc CJA+2

2
unde (Za) > 8 o /1+2(Za)2232a\/b2+02+ﬂbc,vezic35:

za\/b2+c2+;tbc JA+2

CBS

> ayb? +c? + Abc =Z\/5\/a(b2 +¢)+ Aabe < \/ZaZ(a(bz +c2)+ﬂabc) :

a
1) LI -}
Vb? +c?+bc
Dezvoltari, Marin Chirciu
Problema487.

S.L25.21. Rezolvati in numere reale ecuatia:

3YX+Y+248-x+.,/6-y =14,

Maria Elena Panaitopol, 1985,SGM 1/2025

Solutie.

Domeniul de definitie al ecuatiei este0 <X <8,0<y<6.

CBS

LHS =3\/x+y +2/8—x+/6-y < \/(32+22+12)(x+ y+8-Xx+6-y)=14=RHS

cu egalitate pentru

*/X;y =‘/82_X =*/61_y o (xy)=(45).

Remarca.

Fiea,b,c,n,k >0,a +b® + ¢ = n +K fixate. Rezolvati in numere reale ecuatia:

a\x+y+bvn-x+cyk—y =a’+b’+c’.

Marin Chirciu
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Solutie.

Domeniul de definitie al ecuatiei este0< X <n,0<y<Kk.

CBS

LHS =ay/x+y +byn—x+ck — y<:J@f+b2+cﬁ(x+y+n—x+k—y):

a?+b?+c’=RHS,

\/x;ylenb—x \/k Y o (xy)=(n-b2k—c?).

cu egalitate pentru

Problema488.

$:E25.41. Rezolvati in numere intregi ecuatia:
X2y +xy? —2x—2y—xy=1.
Eugen Popa, 1965,5GM1/2025
solutie.
XY+ Xy’ —2x—2y—xy =1 < Xy(x+y)-2(x+y)-xy=1< (xy—2)(x+y-1)=3.
Avem3=1-3=3-1=(-1)-(-3)=(-3)-(-1).

xy—2=1 Xy =3

= (xy)<{(23).(31)}.

X+y—-1=3 X+Yy= 4

Cazull

.
L
»

Cazul2).
X+y-1=1

Cazul3).

>{
|

xy—-2=-1 Xy =1
X, y)=(-1-1).
x+y—1:—3cj{ = ()= )

Cazul4).{ W-a==3 { V= () ef(-11),(1-1)).

X+y-1=-1
Multimea solutiilor ecuatiei este S = {(1, 3),(3.1),(-1-1),(-11),(1, —1)} .

Remarca.

Fie P numar prim dat. Rezolvati in numere intregi ecuatia:
X2y +xy? +(1- p)x+(1-p)y—xy=1.

Marin Chirciu
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Solutie.
X2y +xy? +(1-p)x+(1-p)y-xy =1 xy(x+y)+(1-p)(x+y)-xy=1<
o (xy—p+1)(x+y-1)=p.

Avem p=1-p=p-1=(-1)-(-p)=(-p)-(-1).

Xy—p+1=1 Xy=p
11). X, 1, (P, 1)
CaZU1){X+y—1=p Q{x+y=p+1:>( y)E{( p) (p )}

Xy—p+1= Xy=2p-1
Cazul2). y=p+2=p = y=2p ,ecuatia X2—2X+2p—1=0,A=2(1— p)<0,fa|s.
X+y-1=1 X+y=2

Xy—p+1l=-1 Xy=p-2
Cazul3). X, -1,2-p),(2-p,-1);.
- ){x+y—1=—p <:>{X+y=1—p = y)E{( P)(2-P )}

Cazul4).{x)):; Sji-::—_lp & {Xxi;;]é) = (X, y) € {(—1,1),(1, —1)} )

Multimea solutiilor ecuatiei este S = {(1, p).(p.1),(-L2-p),(2-p,-1),(-112),(1, —1)} :

Problema489.

Solve in real numbers the system:

a’®+3ab?+3ac? —6abc =1
b® +3ba? +3bc® —6abc =1.
c® +3ca® +3ch® —6abc =1

Baltic Way-2002

Solutie.

Scad primele dou3 ecuatii= (a—b)2 |:(a—b)2 +3C2} =0< a=b.

2 2
Scad ultimeledoua ecuatii= (b—C) [(b—c) +3a2} =0< b=c.
Obtinema =b =csi prima ecuatie= a=1.
Deducem cd sistemul admite solutia unica (a, b, C) = (1,1,1) .

Remarca.

Fie A # 7 fixed. Solve in real numbers the system:
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a®+3ab?+3ac’—tabc=7-1
b®+3ba?+3bc?—Aabc=7-1.
c*+3ca’+3ch’-labc=7-1

Marin Chirciu

Solutie.

Scad primele doud ecuatii= (c’:l—b)2 [(a—b)2 +3€2} =0« a=bh.

Scad ultimeledoua ecuatii=> (b —C)2 |:(b —C)2 +3a2] =0 b=c.

AT
Obtinema = b = Csi prima ecuatie= (7—-4)a’ =(7-1) = a=1.

Deducem c& sistemul admite solutia unics(&,b,¢) =(1,11) .

Problema490.

Solve in positive real numbers the equation:

X+ y+1+1+4:2(\/2x+1+\/2y+1).
Xy

Baltic Way-2000

Solutie.
Avem X+ +2- 242X :l(x—«/2x+1)2.
X X
X—+2Xx+1=0
Ecuatia se scrie echivalentl(x—\/ZXJrl)2 +1(y—«/2y +1)2 =0 i =
X y y—/2y+1=0

J2x+1=x {x2=2x+1 X =1++/2
N =1 N .
2y+1=y y =2y+1 y=1+2

Deducem c& ecuatia admite solutia pozitiva unicd (X, y) = (1+ \/5,1+ \/E) .

Remarca.

Solve in positive real numbers the equation:

X+ y+z+1+1+1+6=2(\/2x+1+\/2y+1+\/22+1).
X y z
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Marin Chirciu

Solutie.

Ecuatia admite solutia pozitivd unica (X, Y, Z) = (1+ \/5,1+ \/§,1+ \/E) .

Problema491.

IfX,y,2>0,X+y+z=1then

(1-X)(1-y)(1-2)> S JBoz.

Michel Bataille, France, Mathematical Inequalities 2/2025

Solutie.

Lema8/9 8

8 SOS8
LHS =[T@-x)=]T(y+2) = 52 xy=g1-2 %y = 5-\3xyz ) x =
:g 3xyz =RHS.

Egalitatea are loc daca si numaidacaX=Yy =2 = 5 .

Remarca.

In AABC

Solutie.
Lema.

IfX,y,2>0,X+y+2z=1then
(1-X)(1-y)(-2)> S Bz

r
Se cunoaste identitatea in triunghi Z— =1.
r

a

rr
Folosind Lema pentru(X, Ys Z) 2( ,r—,r—J obtinem:
b “c

m-‘l-‘



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - MARTIE 2025 www.mateinfo.ro

Dezvoltari, Marin Chirciu

Problema492.

S:L25.4. Rezolvati in numere reale ecuatia:

% —L14+2%, =4 +..4nyx, -0 :%(x1+x2+...+ X,),neN".

Titu Andreescu, 1975, SGM-1/2025

Solutie.
Domeniul de definitie este dat de X, >1,X, > 4,...,X, > n*.

Ecuatia se scrie echivalent:

( X1—1—1)2+(\/X2—4—2)2+...+(1/xn—n2—n)Z:O &
<:>( X1—1—1)2:O,(,/X2—4—2)2:0,...,(,/xn—n2—n)2=0<:>
o P -1=1%,~4=2,..,x - =ne x -1=1x,-4=4,.,x —n*=n’ &

o X =2,% =8,..,x, =2n*,

n
Deducem cd ecuatia admite soludia unicé(Xi, Xy yeen Xn)z (2,8,---, 2n2) .

Remarca.

Rezolvati in numere reale ecuatia:

JX —1+4y%, =16 +...+nJx, —n* :%(x1+x2+...+xn),neN*.

Marin Chirciu

Solutie.

Domeniul de definitie este dat de X, =1, X, >16,...,X, = n*.
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Ecuatia se scrie echivalent:

& (Yo —1-1) =0,(yx, 16-4) =0 o _n) _
o X -1=1%,-16 =4,..,\/x, -n* =n* & x -1=1,%,-16=16,...,x,—n* =n* <

& X =2,% =32,..,X, =2n",

Deducem ci ecuatia admite soludia unica (X;, X,,..., X, ) = (2,16, . 2n4) )

Problema493.

VII.603. Se d4 patrulaterul convex ABCD cu mésurile unghiurilor A, B,C invers proportionale cu

numerele10,15, respectiv6 si A= B +30°.Demonstrati ci dacd EC || AB , E € AD, atunci
2ED =DC

Nicolae Ivdaschescu, Canada, RMT 1/2025

Solutie.
DinA-10=B-15=C-65iA=B+30°= A=90",B=60°,C =150",D=60".

in ADEC dreptunghic in E si<tECD = 30" aplicim teorema unghiului de 30" si obtinem 2ED = DC

Problema494.

0687. Let X, Y, Z be real numbers such that Xy +Yyz+2zX=1andX+y+2>0.

Prove that
D xyNz?+1 L2
X+y+z 3 '
Marius Stanean, Zaldu, Romania, Mathematical Reflections 1/2025

Solution.

Xy« Z +1 2
Z y < 3D xyWzP+1<2) x.

X+Yy+12

e T < [T T8« [T )ty
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It is enough to show that:

32xy(z+ X;yJSZZx = 9xyz+gny(x+ y)<2) x.

Using pgr -Method we have: p=X+Yy+2Z,0=Xy+YzZ+2ZX=1r=Xxyz.
We have p? >3q andq” >3pr,q=1then p° >3and1>3pr.

We have Y xy(X+y)=> x> xy—3xyz=pq-3r.

The inequality 9Xxyz +§ny(x+ y) < ZZXis written:
9r+g(pq—3r)32p & 9r+3pg<4pandq=1< 9r+3p<4p < 9r<p,see

r<l 9. lc p < p° >3, true.

3p 3p
Equality occursifandonly if Xx=y =27 = i
\/§ .
Remark.
In AABC
. r
Dosin—sin- <=+ —.
3 6R
Solution
Lemma.

IfX,y,2>0,Xy+Yyz+zx=1then

D xyVz? +1£§Zx.

B C
Se cunoaste identitatea in triunghi Ztan Etan E =1.

Folosind Lema pentru (X, Y, Z) = (tan g ,tan % ,fan %j obtinem:

Marin Chirciu



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - MARTIE 2025 www.mateinfo.ro

ZtanEtanE,/tanzé+1£32tanéc>ZtanEtanE 1 33-4R+rc>
2 2 2 3 2 2 2 ﬁ 3 p

=2

COs

. B . C

COS — COS— COS — 3p P 3
2 2 2 4R
2(4R+r
= sinEsinEsi'—( * )QZsinEsingsd'RH.
2 4R 3p 2 2 6R

2 r

. B.C
Deducem SIHESIn—<_+_

2 3 6R’

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Nota.

. B. C 3
Inegalitatea intareste inegalitatea lui Child Zsm Esm E < Z,(Math.Gazette 1939,J.M.Child).

Remark.

Au loc inegalitatile:

In AABC
. r 3
Dosin—sin-<=+—<=
2 3 6R 4
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3. Extinderi ale inegalititilor CESARO si PADOA

De Gheorghe Ghita, Buzau

Articolul prezinta o extindere a inegalitatilor Cesaro si Padoa, precum si o serie de
inegalitati din aceeasi clasa.

1) Extindere Cesaro.

kn>0;xy,z =0 = (kx +ny)(ky + nz)(kz + nx) > (k + n)3xyz.

Holder
Q 3 3 3
Demonstratie.(kx + ny)(ky + nz)(kz + nx) = (i/kxkykz + 3/nynznx) =
(k + n)3xyz

Egalitatea are loc dacd sinumaidaca ©® x =y = z.
Pentru k = n = 1 se obtine binecunoscuta inegalitate a lui CESARO:
Vx,y,z=2 0= (x+y)(y+2z)(z+x)=8xyz

2) Extindere Padoa.

—a+b+c a—-b+c a+b—-c . .
Pentruk,n > 0;x = Y = ,Z = ,unde a, b, ¢ sunt laturile unui
2 2 2

triunghi ABC rezultd o extindere a inegalitatii lui PADOA:

[(m—Kk)(a—b)+ (n+ k)c][(n—k)(b—c)+ (n+ k)a][(n—k)(c—a) + (n+ k)b]
>(k+n)ib+c—a)c+a—-b)a+b-oc).

Gheorghe Ghita, Buzau

Extindere Cesaro

Demonstratie. 1 (k _a+2b+c +n a_:H) S (k +n)3 H% N

[MIn—k)(a—b)+ (n+k)c]= (k+n)3[I(b+c—a).
Egalitatea are loc dacd si numaidaca © a =b = c.
Pentrun = k = 1se obtine binecunoscuta inegalitate a lui Padoa:
AABC = abc=(b+c—a)(c+a—b)(a+ b —c).
Lema.Vx,y,z> 0> Yx?y < inZxZ.

MA-MG

Demonstratie. ¥ x ¥, x2 = ¥(x3 + x2y + xy2) = ¥ 33/x3.x%y-xy? =3¥ x2y.

Aplicatii.
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Al)x,y,z=>20=

9M(x+y)
xy+yz+zx < S(x:;f;) < (w/]_[(x-i—y ) <x?+y?+z?
Gheorghe Ghita, Buzau
Solutie .

Prima inegalitate.

g(x+y+z)(xy+yz+zx) <Ex+yy+2)z+x)eox(y—2)2%+y(z—x)*+
z(x—y)? > 0;

A doua inegalitate.

92(;?) (m) =310 +y) < 2T +9)) Tx & 27T[(x +y) <

MA-M
BE0? o Mx+y) 2 (E—“‘*”) = 220,

3 27
A treia inegalitate.

M A-MG
3 2 2
Moy 2 [Swwr_28x_ s Me+) <2 4G _G9"

3
Yx? o Yxy < Yx2
Nota. Din A1) se obtine inegalitatea lui Carlson:

YT (x +y) = 2\/@

, ) - 2(Zx) 23X xy . -
\/H(T /SZxey /(Ex) Exy) 2 /(ny) —9 |2
81 27 3
VT +y) 22 |22

A2)xy,zk=>0=

(k+1)

[I(kx +y) < Lxy(kx +y).

Gheorghe Ghita, Buzau

Solutie.

n(kx+y) = (k3 + 1)xyz+k22x2y+k2xy2;

(k+1)

[Mkx+y) <—Yxylkx +y) © (k3 + Dxyz+ k2 Y x?>y + kY xy? <
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("“) kEx2y +Xxy?) & k(k> —k+ D X%y + (k2 —k+ 1) N xy? >
3(k+1D(k2—k+Dxyzo kY x?y + Y xy? > 3(k + 1)xyz,

adevarata deoarece
MA-MG
kY x’y+Yxy?> = 3kxyz+3xyz=3(k+ 1)xyz.
A3)xy,zk=>0=>
[TCkx +y) <

(x+y+z)(x + y? + z2).
Gheorghe Ghita, Buzau

Solutial.
Lema

[Tkx+y) = (k3 + Dxyz + k2 Y x%y + kY xy? 2

0% 5.2
<X
K2 k MaME )3 | k2+k o
(k3+1)xyz+?2x2x2+52x2x2 < (*k3+1 > +TZxe2 <

k3+1 k2+k (k+1)
X xXxt+——Fxyx? =——Xxxx%

Solutia 2.
MAME Saeyn®  ksxex (k 1)
~ X+ x+ +
Mocty) 2 (R0) = (SRedoy’ - GGy =
(z;c)zsz 2
(k+1) (x+ +Z)m < (k+1) ——(x+y+2)(x?+y?+z2).
A4d)a,b,c,k>0=>
a b c (k+2)*(ka+b)(kb+c)(kc+a) Jk+5

kb+c = kc+a ka+b  (k+1)*(ka+b+c)(a+kb+c)(a+b+kc) k+1

Gheorghe Ghita

. a (k+2)*[I(ka+b) k+5 c (k+2)*[I(ka+b)
Solutie. by kb+c  (k+D*[[(ka+b+c) Z e X (ka+b + ) + (k+D*[I(ka+b+c) —

k+5

—+3e
k+1

MA-MG
» ka+b+c (k+2)*[I(ka+b) > 4(k+2) | » ka+b+c (k+2)*TI(ka+b) =
ka+b (k+D4[I(ka+b+c) — k+1 '’ ka+b (k+1)4[I(ka+b+c)

44 l_[ka+b+c_ (k+2)*[I(ka+b) _ 4(k+2)
ka+b  (k+D*[I(ka+b+c)  k+1 °



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - MARTIE 2025 www.mateinfo.ro

Nota. Pentru k = 1 = problema J656, Mathematic Reflection. Nr. 2/2024 de Nguyen Viet
Hong, Hanoi, University of Sciences Vietnam

A5) For k > 1in AABC the following relationship holds:
min(Y.(kb + nc)h,, Y, a(nh, + kh,)) = 18(k + n)V/3r2.
Solution.

A-G M A-MG
Y.(kb + nc)h, = X.(kb + nc)_ 25y kb+nc S 25.3 ’n(k:b-l;nc) S

5 3 MltTlTlOUlC
A 6pr f% =6pr(k+n) = 18(k+n)V3r?;
Y a(nh, + khc) —za( = kﬁ) =2SY a(nhy + kh,) =
(kb+nc) / beTleyc(kb+ne) _ 3 /n (kbrne) T oC
a(kb+nc r*\ abc[leyc nc cye nc <
2p1‘ Z bc = 2 (abc)? pr abc -
s Mitrinovic
6pr /% =6pr(k+n) = 18(k +n)V/3r2

Equality holds fora = b = c.
Remark. For k = n = 1result problem 1718 proposed by Zaza Mzhavanadze- Georgia,
RMM-Geometry Marathon 1701-1800

A6) For k,n = 1in AABC the following relationship holds:

2A 2B 2C )

(k+ntg E)(k+ntg E><k+ntg E)Zk(k—n)
Gheorghe Ghita
Soluti L AABC Zt 2i1_(4—R+T)2_2_ b Zt Zét ZE—M
olution.Lemma. = a) 9 5= - ; b) g 79 5= 2

r2

o) [1tg® —=—2

)

Lemma
~

]'[(k+ntgzg) =k3+kznZtg2§+anZtgzgtg2§+n3l'[tg2§ 2
2

2 2_pp2_
k3 + k*n (4R+r) — 2| 4 k2 2R 3T
p p? p?

K? 2_2kn? 3.2
k3 = 2k%n + kn? + n(4R+7) Zpr; r(aR+m)+nr? _

k(k —n)? + nk@RIn)_n)” -, k(k —n)2.

pZ

Remark. For k = 1,n = 9 result problem 1726 proposed by Nguyn Hung Cuong-
Vietnam, RMM-Geometry Marathon 1701-1800.
A7) AABC;k >0 =

9(ka + b)(kb + c)(kc + a) - AR +r
(k + 1)3abc - r

Gheorghe Ghita, Buzau
Solutie.

Lema

[I(ka + b) = (k3 + Dabc + k2 Y a?b + kY ab? <
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Y a?=2(p?-r2-4RR)

40 + DpRr + -5 a3 o = M2 [kp? + 3k — 7k + 3)Rr —
Gerretsen
kr?] <

®

M [4kR? + (3K — 3k + 3)Rr + 2kr?] 2 S HEHD)PPRRAT)

Euler
9[I(ka+b 9 4(k+1)3pR(R4T 3R+3r _ 4R+r -
[1( )< 4(k+1)°pR( ): < oR 3 2

(k+1)3abc — 4(k+1)3PRr 3 r =

unde(1):

4kR? + (B3k? — 3k + 3)Rr + 2kr* < (k+ 1)?R(R+1) &
Euler

(k—1)2R? — (2k® =5k + 2)Rr — 2kr2 = (R = 2r)((k — 1)2R + kr) = 0.

Nota. Pentru k = 1 se obtine problema IX-63, RMM winter edition 2024 de Adil Abdullaev,
Azerbaidajan

A8) AABC; k > 0 = 2atD)tbrotkera) ) | 0y oy ( +2 42 )
a

(k+1)3abc a

Gheorghe Ghita, Buzau
Solutie. Avem

A7)
1 4R+r 9(kat+b)(kb+c)(kc+a) = 4R+
(g +1py +rc)( +— + )=(4R+r);= TT; 2 (k+1)3acbc —2 2 rr:
9(ka+b)(kb+c)(kc+a)
(k+1)3abc = (T T+ TC) ( +t - Tq + )

Nota. Pentru k = 1 se obtine problema IX-56, RMM 31, 2021 de Adil Abdullaeyv,
Azerbaidajan
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