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1. H. Bergstrom and J. Radon triangle collaboration

By D.M. Bitinetu-Giurgiu and Neculai Stanciu

Main results I.

[.1) In any triangle ABC holds:
bc ca N ab >27Rr_

+ 2 )
b+c c+a a+b 2p

[.2) In any triangle ABC holds:
1 1 1 9 _
2 + 2 + 2 2 2 2
2r; +5nr,  2r, +5rr, 2r7 45,  2(4R+r) +p
1.3) In any triangle ABC with usual notations holds:

1 1 1 3 )
> +— +— > ;
ro+2rr, ro+2rr, r.+2r,r, \4R+r
1.4) In any triangle ABC with usual notations holds:

2 2 2

a b c
+ + >4,

rr. r.r, frr

c

I.5) If x,y,z e R}, then in any triangle ABC with usual notations holds:

3 3 3 2 2 )2
r, N ry N r S ((4R+r) —22p ) :
X+yr +2r, X+yr,+zr, xX+yr,+zr,  (AR+r)x+p°(y+2)
1.6) If m,neR;,m>n, then in all triangle ABC holds:
a b c 3
+ + > ;
m(b+c)-na m(c+a)-nb m(a+b)—-nc 2m-n
1.7) If m,n e R}, then in all triangle ABC holds:

ma?® + nb? . mb? + nc? N mc? +na’
a+b-c b+c-a c+a-b

1.8) If m,n e R}, then in all triangle ABC holds:
ma’ + nb? . mb? + nc? . mc? + na’
(@a+b-c)-c (b+c-a)-a (c+a-b):b

1.9) In any triangle ABC holds:

aZ b2 C2 4p2 .
+ + > ;
(p-b)-(p-c) (p-c)-(p-a) (p-a)-(p-b) (4R+r)r

>2(m+n)p;

>3(m+n);

Proof of 1.1) We have:
1

ab+ac’

bc
U=) ——=abc
2o mabe)
and by Harald Bergstrom’s inequality we obtain:
9 9abc _ 9abc(a+b+c)?

U >abc- = =— .
D (ab+ac) 2(ab+bc+ca) 8p?(ab+bc+ca)

3
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Since,

(X+y+12)*>3(xy +yz+2x),VX, Y,z € R, we deduce that
S 27abc(ab +bc +ca) _ 27abc
~ 8p’(ab+bc+ca)  8p?
and taking account by abc = 4Rpr, yields the conclusion.

Proof of 1.2) By Harald Bergstrom’s inequality we have:

1 9
2 2r? +5r 1, = 2> r2+5y "
Because,
D> orf=(4R+r)*-2p*and ) r,r, = p?,
follows the desired result.

Proof 1.3) By Harald Bergstrom’s inequality we have:
2
Z 1 S 1+1+1)
r 2

Ze2nr, 2+

D> rf=(4R+r)*-2p* and ) r,r, = p’
we obtain the desired result.

Because

Proof of 1.4) By Harald Bergstrom’ s inequality we have:
2 2
Za_ > @

rb rc Z ra rb

D a=2pand ) r,r, =p?,

and by ,

follows the result.

Proof of 1.5) By H. Bergstrom’s inequality we have:
4

S S
X+ yr, +2r, Xr, + yr,r, +zr,r,
Xy
> a
(era +(y+ Z)Zrarb)
And if we taking account by,
dr=4R+r, >rZ =(4R+r)*-2p® and > r,1r, = p?,
we obtain the conclusion.

Proof of 1.6) We have
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U= o m

m(b + c) na Z m(ab + ac) na’
where we apply the inequality of H. Bergstrom and we deduce that

R Xaf X
“m) (ab+ac)-n>.a®* 2m> ab-n> a’

(>af =3>aband Y a?>> ab,
follows the conclusion.

Remark. For m=1 and n =0 we obtain the inequality of Nesbitt.

Since,

Proof of 1.7) We have:

2 2

+ny.

_Zma +nb? —mY

a+b-c a+b-c
And by H. Bergstrdm’s inequality we obtain that

o) (Zof Xaf o arbro)?
VNS b " Sa-09 "V Sarb-g "V Tarbre
=2(m+n)p.

a+b-c’

Proof of 1.8) We have:

2 2 2
Z ma? +nb mz a 2+nz b

(a+b-c)-c ac+bc—c ac+bc—c?’
and by Bergstrom’s inequality we get

e (=)

B Z(ac+bc)—2c Z(ac+bc) Zc
Xaf

Y (ac+bc)-> c’

(a+b+c)?

=(m+n)-
( ) 2(ab+bc +ca) - (a* +b? +c?)

=(m+n)-

Since,
(a+b+c)?

a?+b%+c?>ab+bc+ca and a® +b? +c? >

Xaf
2) a’->a’

we deduce that
(> af
2.a

U>(m+n)- =(m+n)- > (m+n) > =3(M+n).

Proof of 1.9) By Bergstrom’s inequality we have:

a2 N (Za)z B 4p?

U= > = .
Z(|0—b)(p—0) Y. (p-b)(p-c) D (p-a)p-b)

since,
D (p—a)(p—b)=(4R+1)r,

follows the conclusion.
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Main results I1.

I1.1)If meR_, then in any triangle ABC with usual notations holds:

1 1 1
> 2. m.
At Bt ¢c¥%
sin"— sin™— sin™—
2 2 2
11.2) If x,y,ze R, meR,_, theninall triangle ABC holds:
r, r, r, S (4R +r)™*

+ + > :
(xr, +yr)"  (xro+yr)"  (xr+yR)"  (x+y)" - p®”

.3) If x,y,ze R, meR,_, theninall triangle ABC holds:

r r, r N (4R +r)™*

a C

+ + > .
(X+yr, +zr)"  (x+yrg+zr)" X+ yr, +zr)" ((4R+r)x+(y+z)p2)m

Proof of 11.1) By J.Radon’s inequality we have:

Z 1 S 3m+1

Since the function f :(0,7) > R,, f(x)= sing with f'(x) = %cosg,

f"(x) = —%sin g <0,Vxe (O, %) is convex on (0, ) yields that:

A+B+C

Zsinége.sin 35in£:§.
2 6 2

So:

m+1
> L .3 _aom

sinmé § "
2 (2J

Proof of 11.2) From the inequality of J.Radon we have:

m+1

D L o

(Xrb + yrc)m (Xrarb + yra IFc)m
(Z ra )m+1

>
x+"rn )

dr,=4R+rand Y r,r, =p?,

where we taking account by,
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we obtain the conclusion.

Proof of 11.3) By J.Radon’s inequality we have:

m+1

D e LA Iy e >

(x+yr, +zr,)" (xr, +yr,r, +zr,r,)" B

§ (Zra )m+l
S+ )

dr,=4R+rand > rr, =p?,

and from well-known,

we get the desired result.
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Art 5800

2. Math Journal
-

Marin Chirciu !

Mathematical Journal prezinta o selectie de probleme recente din diverse publicatii de
specialitate .

Problema81.
Ifa,b,c>0,abc =1then

2t
3a+l1 4
Thay Hai Math, Vietnam
Solutie.

Cu substitutia(a,b,c) = (5 , Y , Ej problema se reformuleazi:
y'z'x

Ifx,y,z>0then

X 3
> SZ'

3X+y
Demonstratie.

Z X < 3 = Z y > E, care rezultd din inegalitatea lui Bergstrom:
3x+y 4 3x+y 4

Y oy VS (Xy) _Ty+2ywoes

3x+y “3xy+y’ > (3xy+y?) TSy Yy 4

y?+2> xy _ 3 )
inde () o 2223 S e Sy o 3 (xoy) 20,
Egalitatea are loc daca si numai dacd x=y=z < a=b=c=1.
Remarca.

Ifa,b,c>0,abc=1and A > 2then

Z a < 3
Aa+1l” A+1

Marin Chirciu
Solutie.

Cu substitutia(a,b,c) = (5 , Y , EJ problema se reformuleazi:
y 'z x

Ifx,y,z >0then

X 3
>t
AX+y A+1

Demonstratie.

! Profesor, Colegiul National ,, Zinca Golescu "Pitesti

8
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X 3 DR . .
Z Z > , care rezulta din inegalitatea lui Bergstrom:
AX+Y /1 +1 /1x +y A+1

3 -y y ¢ (Zy) XYy 3
/1x+y /Ixy+y > (Axy+y? ) Dy +ﬂny A+1
unde (1)

%; :j%f; Tl e (2-2)Y v 2 (2-2) Y xy o (1-2) 3 (x—y) 20.

Egalitatea are loc daca si numai dacd x=y=z < a=b=c=1.

Problema82.
Ifa,b,c>0,a*+b*+c?=1then
Ja+3++vb+3+c+3> 2+2\/§.
Mathematical Inequalities 5/2024, Nguyen Minh Tho, Vietnam
Solutie
Lema.
If0<a<1then
Ja+3 2(2—\/§)a2+\/§.
Demonstratie.

Jat32(2-3)a’+3 = a+32(2-\3) a' +2V3(2-3) a’ 13
@ az(2-43) a'+243(2-V3) 8" > a(a-1)| (2-\B) o’ + (2-VB)a+1|<0, vea

0<a<l.
Folosind Lema obtinem:

LHS =Y Va+3 = 3(2-+3)a* +3V3 =(2-3) Yo’ +3/3 = (23 1+3/3 -

=2+2J3=RHS.
Egalitatea are loc dacd si numai dacd (a,b,c)=(1,0,0)si permutarile sale.

Remarca.
Problema se poate dezvolta.
Ifa,b,c>0,a*+b*+c? =1then

Ja+8+b+8+c+8>3+442.
Marin Chirciu
Solutie.
Lema.
IfO<a<lthen
Ja+8 2(3—2J§)a2 +242.
Demonstratie.

Jat82(3-2v2)a +2V2 & a+8>(3-242) a' +4/2(3-212) a*+8 =
o ax(3-212) a' +442(3-242) a’ & a(a—l)[(S—Zﬁ)z a2+(3—2\/§)a+1}30,

vezi0<a<l.
LHS = ZH 2(3 242)a® +6v2 =(3-2v2) Y a* +6v2 = (3-2V2)- 1+6+2 =

—3+4J2=RHS.
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Egalitatea are loc daca si numai dacd (a,b,c)=(1,0,0)si permutarile sale.

Problema83.
Ifa,b > 0then
a b 16
+ + <
a+l b+l a+b+6
RMM 5/2024, Nguyen Hung Cuong, Vietnam

Solutie.
lHs_ 2 . b 6 . 1 1 16

+ + =1-—+1- + =
a+l b+l a+b+6 a+l b+1 a+b+6

cs 1+12 (Y
o (L, 1 16 g, () 16, 4 16 95 pp
a+l b+1) a+b+6 a+b+2 a+b+6 t+2 t+6
unde ()= 2+ + 2% <3 o (t-2)* 0.
t+2 t+6
Egalitatea are loc daca si numai dacd a=b=1.

Remarca.
Ifa,b > 0then A > 0then

a b 44
+ + <2
a+A b+4A a+b+24
Marin Chirciu
Solutie.
LHS = a + b + 44 =1- 4 +1- 4 + 4 =
a+A b+4A a+b+24 a+A b+4 a+b+24
( yl /lj 4 o A(L+1) 4 45 4
=2- + + <2- + =2- + =
a+A b+4A) a+b+24 a+b+24 a+b+24 t+214 t+24
=2=RHS.
Egalitatea are loc daca si numai dacd a=Db.
Problema84.

Ifa,b,c>0,abc >1then

2
> a .3
bc+1 2
RMM 5/2024, Nguyen Hung Cuong, Vietnam

s (So) _Taeoywens o

LH
= Z:bc+1 Zbc+1) > bc+3 2

2
unde (1) & MZE < 2) a’+4> bc>3> bc+9 < 2> a*+ > hc>9,

Solutie.

care rezulti din Z a’> Z bc>3.

Egalitatea are loc daca si numai dacd a=b=c=1.
Remarca.
Ifa,b,c>0,abc>1and A >0 then

2
Z a zi.
bc+14 A1+1
Marin Chirciu
Solutie.

10
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a2 o (Ya) Y& +23bc® 3 _RHS.

LHS = >

Zbc+/1 M(bc+d)  Dlbc+3r A+l
unde (1) & ngJ;iabc > a1 (A+1)> a*+2(A+1)> bc>3> bc+91 <
< (A+1)) a’+(24-1)D bc=>94, care rezultd din )_a*>> bc>3.

Egalitatea are loc daca si numai daca a=b=c=1.
Problema8s.
Ifx,y,z>0,x+y+z=1then

2
Zx +3xyS
X+Yy
Mathematics(College and High School), Amir Sofi, Kosovo
Solutie.
X2 +3xy 2xy AM GM 1
LHS = < X+Yy)=
Z X+Yy Z[ x+yj Z Zx+y 22( y)

=1+) x=1+1=2=RHS.
Egalitatea are loc dacd si numai dacd X=y =12 =% .

Remarca.
Ifx,y,z>0,x+y+z=1and A >1then

2
Zx +ixy</1+1.

X+Yy 2
Marin Chirciu
Solutie.
X2 + Axy (A-1)xy (A- 1xyAM SCUU - |
LHS = < 1+— X+V)=
Z X+Yy Z( X+Yy ] Z Z X+Yy 4 Z( y)
=1+’17_1Zx=1 u:’1T+1=RHS

Egalitatea are loc dacd si numai dacd X=y=72=—

Problema86.
E:16880. Ifa,b,c >0,abc =1then

Z; < g
(b+c)(a+1) 4
E:16880, GM-4/24, Victor Ailioaiei, Vaslui
Solutie.

Lema.
Ifa,b,c>0,abc=1then

1+ 1
(b+c)(a+1) 4
Demonstratie.
1 AM -GM 1 1

(b+c)(a+1) : 2\/@-2\/5:4\/abc=

< a=b=c=1.

—, cu egalitate pentrub=c,a=l,abc=1<

11
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=Y = Tyl 3 _pps
(b+c)(a+1) 4 4

Egalitatea are loc daca si numai dacd a=b=c=1.

Remarca.
Ifa,b,c >0, abc =1then

Remarca.
Ifa,b,c>0,abc=1andn e Nthen

> L <3
(a+n+1)(b+c+n) (n+2)2
Marin Chirciu
Solutie.
Lema.
Ifa,b,c >0,abc=1then
1 < 1
(a+n+1)(b+c+n) (n+2)2 '
Demonstratie.
1 AM -GM 1 1
S = =
(a+n+1)(b+c+n) (n+2)n+\2/a~1~...-1~(n+2)n+2b-c-l-...-l (n+2)" "gabc
n+1 n
:;2, cu egalitate pentrua=1,b=c=1,abc=1< a=b=c=1.
(n+2)
1 Lema 1 3
LHS = < = =RHS.
Z(a+n+1)(b+c+n) (n+2)2 (n+2)2

Egalitatea are loc daca si numai dacda a=b=c=1.
Problema87.

0662. Ifa,b,c>0,a+b+c=1then
%£a4+b4+c4+26abc31.

Mathematical Reflections Nr.3/2024 0662. Nguyen Viet Hung, Vietnam
Solution
The first inequality.
We note f (a,b,c)=a‘+b"+c* + 26abc.
We have: f(a,b,c)—f(a,b,0)=a*+b*+c’+26abc—a’—b*=c*+26abc>0=
= f(a,b,c)>f(a,b0).

4
f(a,b,@:aﬁb“?@:%.

From f (a,b,c)> f (a,b,0)and f (a,b,O)z%: f(a,b,c)zé = a4+b4+c4+26ab02%,

equally for(a,b,c) = (%%Oj .

The second inequality.
Lemma.

12
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IfO<a<1then
3 2
2 S15a —/a +a
9
Proof.
39,2
) SW & 9a*<15a°~7a’ +a < a(a-1)(3a-1)" <0, see0<a<1, equally

forae{o,l,l}.
3

Using Lemma we get:

Lema 3 _ 2 1)
a*+b*+c*+26abc < ZW+ 26abc<1,

15a®-7a’+a

where(l) < > +26abc <1< 15 a’-7> a’+» a+234abc <9, which

results from:

>a’ :(Za)3 ~3>a) ab+3abc =1-3) ab+3abc and
> a’ :(Za)z—ZZabzl—ZZab.

It remains to show that:
15(1—32 ab +3abc)— 7(1— 2y ab)+1+ 234abc <9 < 31> ab>279%bc < > ab>%abc,

seeAM-GM: D ab=» a> ab AMiGM 3%/abc -33ab?c? =9abc.

Equality occursifand only if a=b=ce {0%} .

Remarca.
In AABC
yr,2% 1
ra4 rpz r3
Marin Chirciu
Solutie.
Lema.

Ifx,y,z>0,x+y+z=1then
x*+y*+2* +26xyz <1.

IfO < x<1then
4S15x3—7x2+x.
9
Se cunoaste identitatea in triunghi£+£+£=E = r.r L:1.
L L r.r r L or

Folosind Lema pentru(X,y,z)= (L L Lj obtinem:
rLrr

4 4 4
r r r rrr 1
— |+ =]+ +26———<le Z—4+26 Z—+—<—
r-a rb rc r-a rb r-c I rb rc a
Egalitatea are loc daca si numai daca trlunghlul este echilateral.

Remarca.
In AABC

13
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Marin Chirciu

Problema8s.
Ifa,b,c>0,abc <1then

Mathematics(College and High School), Amir Sofi, Kosovo
Solutie.

AM -GM
Avem1+1+l > 33,/1&-1 3:>1+l+123,(1).
a b c abec a b c

C
l+1+12 9 = 2 1+1+1 Zi,(Z)
a b c¢c a+b+c a b c a+b+c

Adunand (1)s1(2) = 3 1+— 1 >3+ 18 :>l+1+121+ 6 .
a c a+b+c a b c a+b+c
Egalitatea are loc daca si numai dacd a=b=c=1.
Remarca.
Ifa,b,c,d >0,abcd <1then
1 1 12
S+ =2
a b c d a+b+c+d
Remarca.
Ifa,a,,..,a, >0,a4a,..a, <lthen
n(n-1
l+i+...+i>1 ( )
a a, a, a+a,+..+a,
Marin Chirciu
Solutie.
AM -GM
Avemi+i+ +i >
8 @ a,
cs 2
SR n :>(n—1)[i 1 JZ (2).
a a, a, a+a,+..+a, a a a, ) a+a,+..+a,
Adunand (1) si (2)
n’(n-1 n(n-1
:n[i+i+...+i]2n+ ( ) :>l+l+ +i21+ ( )
a a, a, a+ta+..+a, a a, a, a+a,+..+a,
Egalitatea are loc dacd si numai dacd a, =a, =...=a, =1.
Problemas9.
In AABC
Ztan— tan2E+tanEtanE+tan Cls1,
2 2 2 2
RMM 5/2024,Neculai Stanciu, Buzau
Solutie.
Lema.
If X,y >0then

14
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’x2+xy+y2 J Xty
3 2

Demonstratie.

2 2
«/X +x§/+y > x;y & (x—y)* 20, cu egalitate pentrux =y .

Folosind Lema pentru(x,y)= (tan % ,tan %) obtinem:

B C
Lema tani"'tani
LHS:Z'[ané 1 tan2E+tanEtanE+tan29 > Ztané—2 2 _
2\3 2 2 2 2 2 2
=ZtanEtanE:1: RHS .
2 2

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
1). Zcot [cot B cotBeotS i cor? EJZQ.
2 2 2 2
2). Zsm— sin E+smEsmE+sm29 3r
2 2 2 2 )7 2R’
3). Zcos (cos E+cosEcosE+cos2 Ej o
2 2 2 2 ) 2R’
4). Zsec— sec E+secEsecE+sec :C >4,
2 2 2 2
5). chc— csc E+csc Bcsc9+csc Ej >12.
2 2 2 2
Dezvoltari, Marin Chirciu
Remarca.
In AABC
2rp®
Zh\/ (K +hh, +h?) > —
Marin Chirciu
Solutie.
Lema.
If x,y >0then
’x2+xy+y2 J Xty
3 2
Demonstratie.

2 2
«/X +x§/+y > x;y & (x—y)* >0, cu egalitate pentrux =y .

Folosind Lema pentru(x, y) = (h,,h; ) obtinem:

2
LHS = Zh\/(h2+hbhc+h) Zhh+h Zhbhczz%:RHS.

15
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2

Am folosit mai sus »_hyh, = 2% :
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
InAABC
1). Zwa\/%(wj +WW, + W ) 2 2717
2). Zma\/%(mj +mym,+mZ) = p.
1/, 2\ o 2rp?
C%).Zsa\/g(sb +5,5,+50) 2 -
4). Zra\/l(rb2 +hr 417 ) 2 P,
3
Dezvoltari, Marin Chirciu
Problema90.

E:16882. Ifa,b,c >0,a*+b?+c? =3then
2
z 2a°+1 51
a*+6a*+a’+1
GM-4/24, E:16882, Adrian Talagsman, Husi

Solutie
Lema.
Ifa>0,then
2a% +1 S 1
a*+6a’+a’+1 2a’+1
Demonstratie.

2a° +1 S 1

o1 al 1> 2a 1<:>361“—6613+3a22O<:>3a2(a—1)220_
a‘+6a’+a’+ a’+

2a® +1 Lema 1 < 9 9 9
LS = rea vl - 22l Y (2a%+1) 2) a*+3 2:3+3 —LERES
Egalitatea are loc daca si numai dacd a=b=c=1.
Remarca.
Ifa,b,c>0,a”+b*+c? =3then
Z 3a*+2 S 3
4a* +10a°+7a’+4 5
Marin Chirciu
Solutie.
Lema.
Ifa>0,then
3a’+2 S 1
43 +10a’+7a*+4 3a’+2’
Demonstratie.
2
sa’+2 >_ 1 <:>5a4—10a3+5a220<:>5a2(a—1)220.

4a* +10a® +7a’+4 3a’+2
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Z 3a®+2 Lere 1 N 9 B 9 _ 9 3
4a'+10a°+7a° +4 ~ “3a’+2 Y(3a’+2) 3),a’+6 3:3+6 5

Egalitatea are loc daca si numai daca a=b=c=1.

Problemadl.

S:L.24:128. Ifx,y>0then
12 N 12 1 S 10

+ > .
X2 yr o xX2+y? (x+ y)2
SGM-4/24, S:24.128, Costel Anghel, Negreni, Olt

Solutie.
iz+i2+ 21 > 10 = < X +2X°y—6x'y? +6X°y° —6X°y +2xy° +y° 2 0 &
XTyT XY (x+y)

& (x=y) (X' +4x°y + x°y* +4xy* +y*) 20
Egalitatea are loc dacd si numai dacad X=Y.

Remarca.
Ifx,y>0and A <12 then

11 1 _2(A+4)
St St5——=2 5
X2yt XTHYT (x+y)

Marin Chirciu

1 1 A 2(A+4

Xy +x2+y22 (>(<+y)2)

X4+ 2X°y —(A+5)xX Y2 +2(A+2) Xy’ —(A+5)X*y* +2xy° +y°* > 0 &
= (x—y)z(x4 +4X°y +(2-2) X*y? +4xy’? +y4)20, care rezulta din:
(x—y)2 20§i(x4+4x3y+(2—/1)x2y2+4xy3+y4)20,VeZi

A<12

X 44Xy +(2-2)Xy2 +4xy° +y* 2 X' +4°y —10x°Y? +4xy° +y* =
:(x—y)z(x2 +6xy+y*)20.
Egalitatea are loc dacd si numai dacad X=Y.

Remarca.
If x, y >0then

Marin Chirciu
Problema92.

Ifx,y,z>0,x+y+z=1then

zx2+y22.

y+1z

Mathematical Inequalities 5/2024, Dorin Marghidanu, Corabia, Olt
Solutie.

LHS = Z:x +Yy Z X(1-y—-z)+y z—x(y+z)+x+yzz(_x+uj:

y+1z y+1z y+1z y+1z

17
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Egalitatea are loc dacd si numai dacd Xx=y=2z=

Remarca.
InAABC
h? +rh, )h
Z( a b) > 2 .
h? (h,+h,)
Solutie
Lema.
Ifx,y,z>0,x+y+z=1then
3 X +y 59
y+z
Se cunoaste identitatea in triunghi i+i+l = 1 PRI
ha hb hc r ha c
. r rr :
Folosind Lema pentru(x,y,z)=| —,—,— |obtinem:
ha hb hc
2
&) w y
h ) h (hZ+rh, )h,
~—2L 2 >2& Yt >2,
2T 2 (h, +h.)
hb hc
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
InAABC
5 (r2 1)
r2(n+r)
Marin Chirciu
Problema93.
Ifx,y,z>0,x+y+z=3then
Z y2 + ZZ 3
1+x%

Mathematical Inequalities 5/2024, Witcher Ben
Solutie.

eyl s Y s F e v e e )

1+x? 1+ 1+x° y2 + X%y’ 242 Y (Y Rty

(Z2) __A%e) o
Z(ZZ+22X) ZX +ZX2 >2>3=RHS,

2(D 2)2 S3e x2)" >33 x2 433" x?y? , care rezulta din:
D xE+> X%y 723 2(2 ) 23 X" 43D XY, ta din
(ZX2)223ZX §1(ZX) 232X2y2.

+

unde (1) <

18
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Sa demonstram (Z x? )2 > 32 X2,

2
Avem (Y x?) 233 %2 = Y x223, vezinZZS(Z‘éx) 33
= 22x422x(y3+z3).

Sa demonstram ()" x* )2 >3> Xy’

Folosim ()’ a)2 >3 be pentru(a,b,c) = (x*,y?,2%).

Egalitatea are loc daca si numai dacd x=y=z=1.

Remarca.
InAABC
1.1
S |
2 3
1+—-
Solutie.
Lema.
Ifx,y,z>0,x+y+z=3then
2 2
Zy 2 >3
1+Xx
Se cunoaste identitatea in triunghi i+£+i = 1 ﬂJrngE =3.
r, r r.r r, o
Folosind Lema pentru(X,y,z)= [ﬁﬂ XJ obtinem:
r,r r
2 2
3r 3r 1 1
v e P
Sl el sz yh L o
or* 3r
(BFJ 142
1+ — I’2
ra
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In AABC
1,1
1
2 2
e
Marin Chirciu
Problemad4.
In AABC
5 My oot A >3\/_
m, +m, 2
RMM 5/2024,Nguyen Hung Cuong, Vietnam
Solutie.
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. m m m )
Tripletele 2 b__ < §1(C0té,COtE,COtEj sunt la fel ordonate.
m,+m, m,+m, m, +m, 2 2 2

Folosind inegalitatea lui Chebyshev obtinem:

Chebyshev Nesbitt Mltrmowc
LHS=Zm coté>1 maz A>13p 13x/_r

m,+m, 2 3“m,+m, 2 32r 2 r
= —3\/§ =RHS.
2
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
InAABC
1. N ot %
,+h, 2 2
2., Wa cotls %
w,+w, 2 2
3.). % cotézﬁ.
S,+s. 2 2
h A _3J3r
4 . S—>—.
-2 h+h 2 2R
5. e ¢ sézgﬁr.
W, + W, 2 2R
6).> cos 2> 3ar :
m, +m, 2 2R
.Y S cos2> 33r :
S, +S. 2 2R
Dezvoltari, Marin Chirciu
Problema9s.
InAABC
> " tan2sN3
I+, 2 2
Solutie.

. I I I . A B
Tripletele| ——,—2>— ¢ sl[tan—,tan—,tan Ej sunt la fel ordonate.
nL+r r.+r, r+r 2 2 2

Chebyshev Nesbi Douce
s =Y bt AT Ly by A3 ARl 5 s

I+, I+, 32 p
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Bemarca.
In aceeasi clasa de probleme.
In AABC
> " sinf> 1(1+L).
r+r,. 2 2 R
Ine Math ,Marin Chirciu
Solutie.
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Tripletele[ "

, "y , £ s siné,sinE,sinE sunt la fel ordonate.
L+r r+r, r+r 2 2 2

A Chebyshev 1

r ANesblttl 3 1 r
LHS = sin— > sin > 1+— |[==|1+— |=RHS.
Zr+r 2 Zr+rZ 32( Rj 2( R)

Egalitatea are loc dacd si numai daca tr1ungh1ul este echilateral.

Problema96.
InAABC
S8 (h +h)z0r.
b+c
RMM 5/2024,Zaza Mzhavanadze, Georgia
Solutie.
Lema.
InAABC
Z (hy+h,) = pz—r2—4Rr.

b+c R
LHS = Z h ) _ p°—r®—4Rrcere=n16Rr —5r° —r® —4Rr _12Rr—6r° _

R B R R

:@Egrgr: RHS .

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
9
or| 2—— +h
[ Rj Zb+c(h" )
Marin Chirciu
Solutie
Lema.
In AABC
2_ 2_
Z (h +h) M
b+c R

Ineqalitatea din dreapta.
2_ 2 _ Gerretsen 2 2_ 2 _ 2 2 Euler
z (h +h) p°—r°—4Rr z AR +4Rr+3r° —r 4Rr:4R +2r p %
b+c R R R 2
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Inegalitatea din stanga.
2_y2_ Gerretsen — 2_r2_ — 2
Z a (h +h ) p°—r°—4Rr S 16Rr —5r° —r* —4Rr :12Rr 6r _
b+c R R R

:wzariz—%)

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
r a 9R
ogr<or{2—— | —(h +h )<—
( Rj Zb+c( )
Problema97.
UP.548. Find
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J‘ Inx
x> +1In% x

RMM- Number 37, Summer 2025, Daniel Sitaru, Romania

Solutie.

. > arctan — inx., =
[ X j +1 1(Xj +1
In x In x

e 1 T T
=—| arctan — —arctan— |=—| arctane — E = E —arctane.

e T ) e
Q:.lf 1—IndeX:.!- In2 x j Inx dx = — X

Ine Inl
Remarca.
Find
Q:I4d1_|n3( X
1 X" =In“x
Marin Chirciu
Solutie.

—Inx _( X )' X 1e
e _ e T e —_— _ e
Q=I% In x dx:j In®X__ 4 J- In x q _ 1 llnx ——llnx In x
1 1

( X ]2_1 1(xj2_1 2 | X 4 2 |x+Inx|,
In x In x Inx |,

1, |x=Inx|[  1( _e-Ine  1-In1) 1(, e-1 e-1 1, e+l
=—=1 =—={1In —In =—=|In—-Inl ———In—=—|n—.
2 [x+Inx|, 20 e+Ine 1+Inl 2\ e+l 2 e+l 2 e-1
Problema98.
InAABC
(_j‘l Z2r +h, _ [Ej
“alr )
Mathematical Inequalltles, Problem(381), Kostas Geronikolas, Greece
Solutie
Lema.
InAABC

2r,+h,  p®+r?+4Rr
2 2r,  4Rr
Inegalitatea din dreapta.
3 2r,+h,  p*+r’+4Rr Gerrtsen AR®+A4Rr+3r° +1°+4Rr _ R*+2Rr+r’ Buler R
2r, 4Rr 4Rr Rr ar

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Inegalitatea din stanga.

3 2r,+h, _ p®+r”+4Rr e 16Rr —5r° +1° +4Rr _ 5R—r e Or

2r, 4Rr B 4Rr R R’
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Remarca.

In AABC
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{Z)esdof?]

Marin Chirciu
Solutie.
Lema.
In AABC

Zh _ p?+r?-8Rr
r 2Rr '
Inegalitatea din dreapta.

zh_ _p*+r’—8Rr Gerfse“ 4R®+4Rr +3r? +r? —8Rr _ 2(R2 —Rr+ rz) Eier 3R2

a

r 2Rr 2Rr Rr 4r?

a

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Inegalitatea din stanga.

z&_ p2 +r2 —8Rr GergtseanRr_SrZ +r2 —8Rr ~ 2(2R—r) Egerg

r, 2Rr 2Rr R R
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Remarca.
In AABC
r, 2R
3< Zh—a <= -1
Marin Chirciu
Remarca.
In AABC
ha ra
252
Marin Chirciu
Solutie.

Folosind Lemele de mai sus, inegalitatea se scrie:
p®+r?—8Rr _2R-r
2Rr oo
p®> <4R®+4Rr +3r°.
Egalitatea are loc dacd si numai daca triunghiul este echilateral.

Problema99.
Ifx,y,z>0,x+y+z=3then

& p? <4R*+6Rr—r?, care rezultd din inegalitatea lui Gerretsen

3

Z X

>3
2

Solutie.

X 3x° _ 3x* <s 3(3 %) _
Zy2+z2 _z(x+ y+2)(y*+2°) Zx(x+y+z)(y2+zz)_ >x(x+y+z)(y*+2%)

3(D x +23 x°y?) w3

>Z = RHS,

B 2 Cyr+ Y x(yP+2%)+2xyzy x 2
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3(D X' +23 x°y?) >3
2> X2y?+> x (y +7 )+2xysz
= 2Zx4+42x2y2222x2y2+2x(y +z )+2xysz<:>
& 23 x +23 Xy 2 > x(y +2°)+ 2xyz) " X , care rezultd din:
22x422x(y3+23)§i2x2y22xysz.

Sa demonstrim2) x* > x(y3 + 23) .

unde (1) <

<~

AM -GM

Avem(x4 +3y“)+(x4 +3z° ) > 4\/x“y“y“y4 +44X 2 242" = Axy® + 4x2® :4x(y3 +23) =
=2 x* 22x(y3+23).

Sa demonstrémz = XyZZ X.

Folosim )" a?>>"bc pentru(a,b,c) = (xy, yz, zx).

Egalitatea are loc daca si numai dacd Xx=y=2z=1.

Remarca.
InAABC
1 1
> >
3(1 1] 2r
Ll 2t 2
rb rc
Solutie.
Lema.
Ifx,y,z>0,x+y+z=3then
© .3
yi+z22 27
Se cunoaste identitatea in trlungh|£+ ! +£:l §+ﬂ+ﬂ:3.
L n r.r r, r o r
Folosind Lema pentru(x,y,z)= {ﬂi ﬂ} obtinem:
ra rb rc
3
3r
r, 1 1
>

3
— 87 > ey - >
Z(3rJ2 (3r}2 2 Zra(l 1] 2r

el I Bl | S5+

I r, h I

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

Problema se poate dezvolta.

In AABC

Marin Chirciu
Problemal00.
Ifa,b,c>0,a?+b?+c? <3then
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Zi <1
4-a
Mathematical Inequalities 5/2024
Solutie
Lema.
If0<a< 2, then
2
Ls a +5.
4-a 18
Demonstratie.
2
is a+5 < a*-4a’+5a-2<0 < (a—1)2(a—2)go.
4—-a 18
Lema 2 a’+15
LHs=y -1 T'y2 +5_ 2, <35 ) RHs.
4—-a 18 18

Am folosita? +b* +c2<3=3-a’>0=a<+3=a<~3<2<4.
Egalitatea are loc daca si numai dacd a=b=c=1.

Remarca.
Ifa,b,c>0,a2+b%+c’>=3and 1 >2++/3 then

Z ! si.

A-a A1-1
Marin Chirciu

Solutie.
Lema.
If0<a< A—2then

1 <a2+2/1—3

A-a 2(2-1)"
Demonstratie.

2 E—

L 342473 % jat+(24-3)a+2-1<0 o (a-1)(a+2-2)<0,
A-a 2(1—1)

vezilD<a<A-2.
Lema 2 — a®+3(24-3) 3+3(24-3
LHS:Zl Sza+2/123zz (2 ) 3+3( 2):3
A-a 2(A-1) 2(A-1) 2(A-1) A-1
Am folosita® +b? +c?=3=3-a’>0=>a<+3=>a<3<1-2<1,veziA>2+/3.
Egalitatea are loc daca si numai dacda a=b=c=1.

Problemal01.
Ifa,b,c > 0then

=RHS.

a
<ia+b+c.
z J2a+b

Mathematical Inequalities, Witcher Ben
Solutie

a CBS a @
LHS—ng /Zazzaer$1/Za-1—«/a+b+c—RHS,
a
unde (1) < Zza+b§1<:>z

2aih >1, care rezultd din inegalitatea lui Bergstrom:
a+
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3 b ¥ b> s (Zb)2 _Zaz+22ab_l

2a+b “2ab+b’ " Y (2ab+b?) ya+2yab
Egalitatea are loc daca si numai dacd a=b=c.
Remarca.
Ifa,b,c>0and A >2then
3(a+b+c)

a
< .
Z“\/ﬂba+b A+1

Marin Chirciu
Solutie

3(a+b+c)

LHS = a czs\/ a (2\/ 3 _ — RHS
_z\/la+b_ zazla+b_ za./1+1_ A+1 ’

a 3 b 3 .. ] ]
unde (1) <— > —— vezi inegalitatea lui Bergstrom:
@) Z/1a+b A+1 Z/1a+b A+1 g g

5 b _y b? (Zb)2 _Za2+22ab(>l) 3
da+b S iab+b® Y (Zab+b?) Y a*+i).ab A+l

Egalitatea are loc daca si numai dacd a=b=c.
Problemal02.

Ifa,b>0then
5 5
a—+b—+4(1+l]210.
b a a b
RMM 5/2024,Nguyen Hung Cuong, Vietnam
Solutie
5 5 Holder (@ +b 5 1 12 4 (Y]
LHS=a—+b—+4(l+1] > (3 +b) (Dt 169 pps,
b a a b 2°(b+a) a+b 8 t

4
unde (1) < %+?210 1780t +128>0 < (t—2)° (t*+4t° +12t+32)>0.
Egalitatea are loc daca si numai daca a=b=1.
Remarca.
Ifa,b>0and A1 >0,ne N then

2n+1 2n+1
a’ b }t(l+lj22(ﬂ+1).
b a a b
Marin Chirciu
Solutie
2n+1 2n+1 Holder (@ 4D 2n+l 1 12 2n )

LHs =2 +b +l(1+lj > (2 j ) +i( +1) = t2 71+ﬂ22(/1+1):RHS,

a a b 2" (b+a) a+b 27 t

t" 420
unde (1) & o +T22(/1+1) S -2 (A+)t+ 2220 &

e (t=2) (" + 4t +127° +. 4+ 277 2) 2 0.

Egalitatea are loc daca si numai dacd a=b=1.
Problemal03.
0666. In AABC
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a’+b?+c?

a) Al +BI*+CI? >

a2

2+cosB+cosC
Mathematical Reflections, 3/2024, Nguyen Viet Hung, Vietnam

b) AI?+BI*+CI? >’

Solution
a)Using Al = rAwe have:
sin—
2 2 2 @ 2( p>—r*—4Rr
D AR r A:rZZ—lA pz. BT ZORT +r2 8Rr—p +r?—8Rr> (¥ )
sin® = sin® — r
2 2
_at+b’+c?

3

2( p?—r? —4Rr)

(1) & p*+r*—8Rr> < p® >16Rr —5r? (Gerretsen).

Equality occurs if and only if triangle is equilateral.

b) Using Al = andr:(p—a)tanéwe have:
. 2
sin—
2
2
r2 (p—a) tan ( 2(p—a)2
SA=Y =Y -y P Z = =
smZé sinZé cos® — 1+COSA 1+cos A
2 2 2
. 2 . 2 . . 2 2
_y (p-b) +(p c) CZSZ (p—b+p-c) -y a .
1+cosB 1+cosC 1+cosB+1+cosC 2+cosB+cosC

Equality occurs if and only if triangle is equilateral.
Problemal04.
Solve in real numbers

JAx2 +5x+1—24x? —x+1=9x—3.
THCS 5/2024,Tran Anh Tuan, Vietnam
Solutie.

Nota a=4x> +5x+1 a-2b=9x-3
otam =

< (a-2b)(a+2b-1)=

= a’-4b*=a-2b

Cazull).Dacia=2b = \/4x2 +5x+1= 2\/x2 —X+1l= x= % care convine.

Cazul2).Dacia =1-2b = /4x* +5x+1=1-2/x*—x+1, care nu convine, deoarece

1-2UX*=Xx4+1<0 e 2x* —x+1>1 < 4x*—4x+3>0,veziA<O0.

Deducem ca ecuatia are singura solutie reald X = —

Remarca.
Solve in real numbers
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JOX2 +7x+1-3x* —x+1=16x-8.

Solutie.

< . : . 5 1
Deducem ca ecuatia are singura solutie reald x = 5

Remarca.
LetA > ifixed. Solve in real numbers
J3
\/%xz +(27 - 2)x+1- 2 —x+1=2(2% 1) x+1- 2%,
Marin Chirciu
Solutie.

a:\/12x2+(/12—2)x+1 _ a—/lb:2(/12—1)x+1—/12

boJx —xa1 a? - A%? =2(A* -1)x+1-2°

< (a-4b)(a+4b-1)=0.

Notim =a’-i%*=a-1b

Cazull).Dacia= b = \/ﬂzxz +(A2=2)x+1= ANK* —x+1 = x = % care convine.

Cazul2).Dacia=1-1b = \/lzxz +(ﬂL2 —2)x+1 =1—A/x? —x+1, care nu convine,

deoarecel—AvVx* —x+1<0 < AxXP=x+1>1 A2 —A%x+ 1% -1>0,

veziA:ﬁ,z(4—3/12)<O,/1>£.

Na

< : . . .o 1
Deducem ca ecuatia are singura solutie reald X = 3
Problemal05.

Ifa,b,c>0,1+1+l=3then
a b c

(a+b+c)(ab+bc+ca)+abc+i211.
abc
Solutie.
Folosim pgr -Method.

Notam p=a+b+c,g=ab+bc+ca,r =abc.

Avem:3:£+l+12331.1.1:i:>rZ
a b c abc 3r

Avem p23§‘/?,q23§/r—2:> pg=9r.

. . 1
Inegalitatea se scrie pq+r+—2>11, care rezulta din pq>9rsir>1= pgq>9.
r

1.

AM -GM

Obtinem pq+(r +—j > 9+2=11.
r
Egalitatea are loc daca si numai dacia=b=c=1.

Remarca.

Ifa,b,c>0,1+%+l:3and0£ﬂ£10then
a c

(a+b+c)(ab+bc+ca)+abc+£2/1+10.
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Marin Chirciu

Solutie.
Folosim pgr -Method.

Notam p=a+b+c,g=ab+bc+ca,r =abc.

Avem:3:1+1+£2331-l~£=i:rzl.
a b c abc ¥r

Avem p23€'/?,q233/r_2:> pg>9r.

Inegalitatea se scrie pq+r +% >11, care rezulta din pq>9rsir >1.
: A A0 A
Obtinem pq+r+—2=9r+r+—>4+10, unde (1)< 10r+—>1+10 <
r r r

< 10r° —=(1+10)r+1>0 < (r-1)(10r—1) >0, care rezulta dinr 212%,

vezi0< A <10.
Egalitatea are loc daca si numai dacia=b=c=1.
Remarca.

Ifa,b,c>0,1+1+l=3then
a b c

(a+b+c)(ab+bc+ca)+abc+%220.

Problemal06.
In acute AABC

(D tan A)2 >3 (1+sec A)”.

Mathematical Inequalities5/2024,George Apostolopoulos, Greece
Solutie.

Cu substitutia A — % —? , problema se reformuleaza.

In AABC

2

(Zcotgjz > Z(l-i- cscgj :

AY AY pY 1 p’ 2 1
cot— | > 1+csc— —| 2 1+ -2 1+ +
(Z 2) Z( 2j©(r) 2 Al S EL AT A

Demonstratie.

sin— sin— sin“—
2 2 2
p_2> 2 1 p_"'> 2  p’+r°-8Rr
©r2_3+z- A+Z.2A®r2_3+z. ~+ - &
sinz - sin® sin

= z ! A < Z(ZTR —1) , care rezulta din inegalitatea CBS:

sin —

2 2 @
_ JB.LZSF«Q(@_@,
r r
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unde (1) < \/BM < Z(ZTR—lj < 3p® <16R*+8Rr +r?, vezi inegalitatea lui
Gerretsen p> <4R” +4Rr +3r2,

Ramane sa aratam ca:

3(4R* +4Rr +3r*) <16R”*+8Rr +1° <> R’ —Rr—2r* 20 < (R-2r)(R+r) >0,

vezi R > 2r ,(Euler).

1 p*+r?-8Rr

., A 2
sin® — r

Am folosit mai sus Zcotg _P sy
r

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
ProblemalQ7.
Ifa,b,c>0,a+b+c=3then

a 1
25 <

21 c?42a+2 2
RMM 5/2024, Nguyen Hung Cuong, Vietnam
Solutie.
Lema.
Ifa,b,c>0then
a < a
b’+c*+2a+2 2(a+b+c)’

Demonstratie.

a a SOS a
<

a
b2+c®+2a+2 (b2+1)+(c2+1)+2a T 2b+2c+2a 2(a+b+c)
pentrub=c=1.

a Lema a 1
LHS = < —  =—_=RHS
Zb2+c2+2a+2 Z2(a+b+c) 2 ’

, CU egalitate

Egalitatea are loc daca si numai dacia=b=c=1.
Remarca.
Ifa,b,c,d >0,a+b+c+d =4then

Yo
b’+c?+d’+2a+3 2~
Marin Chirciu
Solutie.
Lema.
Ifa,b,c > 0then

a a
b2+cz+d2+2a+3£2(a+b+c)'
Demonstratie.
a _ a 523 a _ a
b?+c?+d?+2a+3 (b2+1)+(c2+1)+(d2+1)+2a_ 2b+2c++2d+2a 2(a+b+c+d)
cu egalitate pentrub=c=d =1.

a Lema a 1
LHS = < =—=RHS
Z:b2+cz+d2+2a+3 Z2(a+b+c+d) 2 ’

Egalitatea are loc daca si numai dacia=b=c=d =1.
Problemal08.
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Ifa,b > 0then

2 2

4 a +b +3 1+1 >10.
b+1 a+1 a b
Nguyen Hung Cuong, Vietnam
Solutie.
2 2 s (a+b) 1+1) t=asb 42 W
LHS =4 a + b +3(1+lj24( )+3( ) = at +E210:RHS,
b+1 a+1 a b a+b+2 a+b t+2 t
42 12

unde (1) & = +=-210 & 25t ~4t+1220 & (t-2)*(2t+3)>0.
_l_

Egalitatea are loc daca si numai dacaa=b=1.

Remarca.
Ifa,b > 0then
3 3
4 2P is(1it)a
b+1 a+l1 a b
4 4
2.4l 2+ 2 |i7[lil)sas,
b+1 a+l1 a b
5 5
3.4l 22 |iof1i1)s 0,
b+1 a+1 a b
Remarca.

Ifa,b>0andneN,n>2then

df 2 2 enog( it zanea,
b+1 a+1 a b

Marin Chirciu

Solutie.

n n older n 1 12 =a+h
LHs — 4] 24P +(2n—1)(1+1sz 4—_2(a+b) +(2n—1)—( +) e

b+1 a+1 a b 2"%(a+b+2) a+b
t=atb tn 4(2n _1) (1)
= — + >4n+2=RHS,
2" (t+2) t

unde (1) < t 4(2n_1)24n+2

2 (tr2) |t
< 8" -2"(2n+1)t? -4-2"t+2"(8n-4) >0 <
S (t-2) (8" 432" + 96" 4.+ (n=2)2"t" +(n—1)2""t+2" (2" ~1)) 2 0.

Egalitatea are loc daca si numai dacia=b=1.
Problemal09.
Ifx,y,z2>0,xy+yz+zx=3then

Zl<1.

X*+2
Mathematical Inequalities 5/2024, Nguyen Viet Hung, Vietnam
Solutie.
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> 1, care rezulta din inegalitatea lui Bergstrom:

2 2

Cr <2x>2 S
X423 (x*+2) 246 Y x+2:)yz (ZX)Z
Egalitatea are loc daca si numai dacix=y=2z=1.

Remarca.
In AABC

Marin Chirciu
Solutie.
Lema.
Ifx,y,z>0,xy+yz+zx=3then

Se cunoaste identitatea in triunghi Z tan % tan % =ls Z \/§ tan % . «/§ tan % =3.

Folosind Lema pentru(x,y,z)= (\/§tan g /3tan % J3tan %) obtinem:
g
3tan® = +2
2

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
Ifx,y,z>0,xy+yz+zx=3and A > 2then

Z 3
X% + /1 A+l
Marin Chirciu
Solutie.
1 3 1 3
Z > <— & Z ——, care rezulta din inegalitatea lui Bergstrom:
X*+4 A+l XX+ /1+1

> s (Xx) (X9 Y2y

2+/‘L (x* +}t) > x*+31 Zx +A- Zyz l+1
unde(l) < %:ZIE%::); 2/1+1 © (A-2)).x¢2(2-2)> yz, vezi 1> 2si
ZXZZZyZQZ(X—y)ZZO.

Egalitatea are loc dacd si numai dacax=y=z=1.

Problemal10.
S:L.24.143. Calculati

12 2° n®
lim + +...+ .
n%w[ﬂ Y417 n*4+2° n4+n3J
SGM4-2024, Gheorghe Craciun, Ploiesti

Solutie.
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i 2° n’

Folosim Teorema”Clestelui”pentru sirula, = ———+——5 +..+ ——.
n“+1° n"+2 n*+n
k® nook®

Avemz —— <, <Zn: ;

~n‘tn® Znt+kd Ent+®

o Z":ks nz(n+1)2 Z”:ks n’(n+1)

1.8 ke 1
Obtinem =Kl 4 — =i kL 4 .
Zn ‘41 n*41 n*+1 47 &n*+n* n'+1  n*+nd 4
3 3 3
Rezultalim ! 5+ 42 s+t 4n 5 :l.
ool nt 422 nt 42 n*+n 4
Remarca.
Calculati
) N 28 n®
lim + +.+——— |,unde A >0.
nﬁw[/ln“+13 ant+2° An4+n3j
Marin Chirciu
Solutie.

13 28 n
+ b ——————.
ant+1 An*+2° an*+n?

Folosim Teorema”Clestelui”pentru sirula, =

n n k3
A .
vemz an* +nd <Z;‘/‘tn k3 kzi‘/ln4+13
Ob‘,unem.
o nz(n+l)2 O3 nz(n+1)2
LS 2.k T 1 K kzzllk |

= = = = -
~on*+1 an*+1  An*+1 4ﬂb’kz=;ﬂbn“+n3 an*+1  an*+n® 4

3 3 3
Rezultélim( } + 2 +..+ n j:i

el Ant 412 Ant +2° An“+n® ) 42
Problemalll.
S662. In AABC
1 9 1
a)—+ >4 .
)r 4R+r Z:ra+rb
b)2R+5r>h, +h +h,
Mathematical Reflections 3/2024, Nguyen Viet Hung, Vietnam
Solution.
a)Using Popoviciu “Inequality for convex function f (x) = 1, x > 0we have:
X
f(x)+f f(z
(= F0)+1(2) | (xeyea) 29 (x0y)
3 3 3 2
@1(3+1+1J 2y 2
3lx y z) x+y+z X+Yy

Putting(x,y,z):(ra,rb,rc)and—+l+l=1,ra+rb+rc:4R+rwehave:
r rb L or

a c

l 14_34_& +— _Z 114_ 3 Zzz 2
3\r, o) or+n+r +1 3r 4R+r 37r +r,

a c
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o1y 3 >4y !

r 4R+r ro+r
Equality occurs if and only if triangle is equilateral.
2 2 Gerretsen 2 2 2 2 2@
b) h +h +h, = p +r2R+4Rr p 4R +4Rr+23F: +r +4Rr 2R* +4Rr +2r <2R+5r,

2 2
1) o 2R +4:r+2r <2R+5r < R>2r (Euler).

Equality occurs if and only if triangle is equilateral.
Problemall?.
Ifa,b,c,d,e >0then

a®+1 1
>
2. a’+1 " abcde =1L

RMM 5/2024, Kunihiko Chikaya
Solutie.
Lema.
Ifa > 0then

a’+l 2

3
a +1> a+1

Demonstratie.

*+1 1 :
az 12% & (a—l)2 (a+1)>0, cu egalitate pentrua =1.
a’+

LHs =25 & *L, T 5 L MMy 6¢/abcd !
> =5+ ) a+ > b5+65/abcde- =
Za +1 abcde Z de Z abcde abcde

=5+6=11=RHS

Egalitatea are loc daca si numai dacaa=b=c=d =e=1.
Remarca.

Ifa,b,c,d >0and A >0then

3
(/I+1)Za +/1+ 1 >41+5.,

a’+ /1 abcd
Remarca.
Ifa,b,c>0and A >0then
ad+1 1
A+1 +——2>31+4.
( )Za2+ﬂ, abc

Remarca.
Ifa,a,,..,a, >0and A >0then

A+DY 2L e
a1 +4 aa,.a,
Marin Chirciu
Solutie.
Lema.
Ifa > 0then

a+1 . a+l
a?+1 A+1
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a:L +ﬂ Lema 1 1 AM -GM
(A+1)>. =2 > > (a+A4)+ =ni+Y a+ >
a +/1 aa,..a, a,a,...a, aa,..a,
M (e A+n+1=RHS
> ni+(n+1)ndaa,..a,- =ni+n+l=
(n+1)r 43,4, aa,..a,
Egalitatea are loc daca si numai dacaa, =a, =...=a, =1.

Problemall3.
Ifa,b,c>0,abc =1then

Solutie.

Z 2

a +2
Obtinem a’b’c® +a’b? +b’c® +c’a® > 4a’h’c® = 4.
Egalitatea are loc daca si numai dacaa=b=c=1.

Remarca.
Ifa,b,c>0,abc=1and A > 2 then

<le Z(b2 +2)(c2 +2) < I_I(a2 +2) < a’h’c’ +> b’ > 4, vezi AM-GM.

Marin Chirciu
Solutie.

1 3

Za ST (A+1) (b*+2)(c*+2)<3[[(a*+2)

3a’h’c’ +(24-1) ) b’c’ +(4*-24) Y a* 2 32°, care rezultd din AM-GM siabc =1.
Obtinem:

3a’h’c’ +(24-1) Y b°c’ +(4*-24) > a’ M sathic 4 (24-1)-3%a’b'c’ +

()

+(22-22)-3¥a%c? >342,
unde (1) < ab?c?+(24-1)-¥a’b’c* +(22 - 24) -Ya’b’c? > 22, care rezultd din:
Notand¥/a’b’c? =t < a’b’c? =t’rezulti:

P (22-1)2+(22-22)t- 2720 & (t-1)(t+4)" 20, vezit >1 & Ja’h’c? >1.

Egalitatea are loc daca si numai dacaa=b=c=1.
Problemall4.

In AABC

18r 1 _(3RY

< < =

R _Zaza_(er '
RMM5/2020, Eldeniz Hesenov, Georgia

Solutie.
Lema.
In AABC

Zaz__w

Inegalitatea din dreapta.
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zazi_ P’ +r” +4Rr Cereen AR? + 4Rr +3r” +1° +4Rr _ 4R”+8Rr +4r° _
a 2Rr B 2Rr 2Rr
2 R2 +2Rr+r uler uler
2 )E< 9R e (BRJ
Rr 2r 2r

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Inegalitatea din stanga.

1  p?+r®+4Rrceresen 16Rr —5r2 +r® +4Rr  20Rr —4r? r ) Euler 18r
Say - AL AR _ _of5- L8
2Rr 2Rr 2Rr R R
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In AABC
10-2L<yay iR
R a 2r
Marin Chirciu
Remarca.
In AABC

18r 1 9R (3R
_<10__< <—X< .
R ZZa 2r (er
Problemalls.
Ifa,b,c>0,a+b+c+2=abcthen
2

Za >4,

a+l
Mathematical Inequalities5/2024, Nguyen Minh Tho, Vietnam

Solutie
Lema.
Ifa,b,c>0,a+b+c+2=abcthen
a+b+c>6.
Demonstratie.
3 3 3
p:a+b+c=abc—ZAMSGM(aJrgJFCj —2:[§j -2= pzig) -2

o pP-27p-54>0 < (p—6)(p+3)220<:> p>6, cu egalitate pentrua=b=c=2.

2 2 2 2 9
Hs =Y 2 3 (22) _(22) g4=RHs,unde(1)@@z4®p—z4@
a+1 Z (a+1) >la+3 D> a+3 p+3
< p?-4p-12>0< (p-6)(p+2)=0,vezip>6.

Egalitatea are loc daca si numai dacaa=b=c=2.

Remarca.
Ifa,b,c>0,a+b+c+2=abcand A >0then

12
1). > .
)Za+/1 A+2
a 24
)za+/1 A+2°
at 24
)Za+/1 A+2°

Remarca.
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Ifa,b,c>0,a+b+c+2=abcand1>0,neN,n>2then

a" 3.2"
> > .
a+A A+2

Marin Chirciu
Solutie.
Lema.
Ifa,b,c>0,a+b+c+2=abcthen
a+b+c>6.
LHS=Z a’ ch Z(Za) = (Za) gs'zn:RHS,unde(l)
a+l 37 (a+2) 37(Ya+3) A+2
(Xa) 32 32

3% (Ya+31) A+2 ~ 3"*(p+34) A+2 ~
& (A+2)p"-2"-3""p-6"2120 =
=N (p—6)[(,1+2) P +2(A+2)p" P+ +2(A1+2)6"7 p+6”‘1ﬂ,]20 ,Vezip>6.

Egalitatea are loc daca si numai dacaa=b=c=2.
Problemallsé.
S:E24.75 Rezolvati in numere intregi ecuatia
X* —3xy+y+1=0.
SGM-2/2024, Cristian Amoraritei, Suceava
Solutie.

2
X-3xy+y+i=0e y=2X ez oy oo L | L 70
3x-1 9 3x-1 3x-1

o 3x-leM,; & 3x-1e{-11,-1111} = xe{0,4} = y e {-13}.
Multimea solutiilor ecuatiei este S = {(0, -1),(4, 3)} :
Problemall?.
S:E24.80 Rezolvati ecuatia
2X° —xX* +4x° —2x* +2x = 2024,
SGM-2/2024, Alexandru Moscaliuc, Botosani
Solutie.

2X° —x* +4x° = 2x* +2x = 2024 < (x—4)(2x" +7x° +32x* +126x+506) =0.

Ecuatia admite singura solutie reala x = 4, deoarece 2x* +7x° +32x* +126x +506 > 0 , vezi
2x" +7x° +32x* +126X +506 = X* (2X* + 7x+7 ) +(25x +126X+506) > 0.

~
>0,A<0 >0,A<0

Problemall8.

Ifa,b > 0then
?{/§+§/Es 3 2(a+b)(1+1j :
b Va a b
Mathematics(College and High School) 5/2024, Amir Sofi, Kosovo
Solutie.

Cu substitutia(a,b) =(x°, y° ) inegalitatea se scrie:
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X Y JZ(X3 + y3)[i3 + %J o X4y < ?/2(X3 +v° )2 , care rezultd din inegalitatea
y X Xy

2 2 3 3
ponderata a mediilor\/ X er y < d X ; y :
Egalitatea are loc daca si numai dacaa=b.

Remarca.
Ifa,b > 0then
1).‘{/§+</§£ al4(a b)(1+1j
b a a b
2).5 a,s b < i/8(a+b)(l+lj
a a
Remarca.

Ifa,b>0andneN,n>2then

Q/%+q/g£d2”‘2(a+b)(§+%j :

Marin Chirciu
Solutie.
Cu substitutia(a,b) = megalltatea se scrie:
§+y<\/2” 2 x +y" (—+—J o XP+yr <2 2(x +y“)2 :
y X

n

2 2 5 2 2 n
Vezi\/X _'Z_y <§/X 2y ,vezi inegalitatea ponderata \/X ;y £§/X _'Z_y ,neN,n>2.

Egalitatea are loc daca si numai dacaa =bsaun=2.
Problemallo.
Ifa,b,c>0,abc=1then

2 1 1 1
(a+b+c) | 5—=+5—+— >
a“+2 b°+2 c°+2

RMM 5/2024, Nguyen Hung Cuong, Vietnam
Solutie.

Avem(a+b+c)’ =>a’ +22bc . Za +2.33a’c? Za +6= Z(a +2)

1 1 1
Obtinem LHS =(a+b+c)’ + + > (a2+2 S9-RHS .
’ ( ) (a2+2 b® +2 c2+2J Z( ) a2+2
Egalitatea are loc daca si numai dacaa=b=c=1.
Remarca.
Ifa,b,c>0,abc =1then
1 1 1
1).(a+b+c) + + >9
- ) (a3+8 b®+8 c3+8j
1 1 1
2).(a+b+c) + + >9.
- ) (a4+26 b* + 26 c4+26j
1 1 1
3).(a+b+c) + + >9.
) ) (a5+26 b°> +26 05+26j
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Dezvoltari, Marin Chirciu

Solutie.
Avem(a+b+c) =a®+b°+c° +5(a+b)(b+c)(c+a)(a2 +b?+¢? +ab+bc+ca)AM§GM
AM -GM

> »a’° +5-H<2\/E)-(33/a2b2c2 +3a’p’c? )ab;_lZaS +5:8:6=>a"+240=
=Y (a°+80).

: 5 1 1 1 1 <
Obtinem LHS =(a+b+c) (af’ NI +80j > Z(a5 +80)Z 80 >9=RHS.
Egalitatea are loc daca si numai dacaa=b=c=1.

Problemal20.

Ifa,b,c>0,» {a’+7 =6then

1 11

—+—+—-23.

a b c

Mathematical Inequalities 5/2024, Kunihiko Chikaya
Solutie
Lema.
Ifa>0,then

Jad+7> at’
4

Demonstratie.

Yad+7 2%7 & 64(a’+7)2(a+7)’ < 3a°-a"~7a+520 < (a-1)’(3a+5)>0.

6:23?7?""2“7:Za+21=12a+216§§- +21:>Z§23-

9
4 447?7
a

Egalitatea are loc daca si numai dacaa=b=c=1.

Remarca.
Ifa,b,c>0,> {a’+1=3Y1+1, 1>0then

1+%+123.

a c

Marin Chirciu
Solutie.
Lema.
Ifa>0and A >0then
Jat+a> a+i =
J(A+1)
Demonstratie.
Jat+a ZLJ“Z N (/1+1)2(a3+ﬂ)2(a+1)3 o (A+2)a* -3’ -31a+221+1>0 <
J(A+1)

(a-1) [(A+2)a+24+1]>0, cu egalitate pentrua =1.
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3\3//‘t+1:\3/a3+/1L;naz at+i 22a+3/1_ L Zewi(;S

Ya+1y a1y B Y(a+1y a1y

‘;" 1 9 31 1

> : + = > =23,
Ja+1? L gf(a+1) a
(CEETED Yt R
Egalitatea are loc daca si numai dacaa=b=c=1.
Remarca.

Ifa,b,c>0,> Ya’+26 =9then

—+—+£23
c
Marin Chirciu
Solutie.
Lema.
Ifa > 0then
ffair26>2420
9

Demonstratie.

Yai+26> ag% & 729(a°+26)>(a+26) < 28a°-3a°~78a+5320 <
(a-1)"(28a+53)>0, cu egalitate pentrua =1.
9 78

9=>Ra’+26 Lezmazagze = 2.a+78 _L a+7—8czS —_—t =

1
9 9 9 9 vl 9
2,

N L LN 2123.
9 ZE 9 a
a
Egalitatea are loc daca si numai dacaa=b=c=1.
Problemal2l.

InAABC
(. B . Cj 9R
Dor|sin—+sin= |<—.
2 2 2
RMM5/2024, Nguyen Hung Cuong, Vietnam
Solutie.

. (. B .C.C . A . A . B .
Tripletele(r,,r,,r,)si| sin—+sin—=,sin=+sin—,sin—+sin— | sunt invers ordonate.
2 2 2 2 2 2
Chebyshev
D sinS4sins | < lzaz sinS4sins |<1.9R 5 R
2 2 3 2 2) 3 2 2
Jensen
Am folosit mai susZrag%giZ(sin%Hingj:ZZsing < 2;:3.
Egalitatea are loc daca si numai daca triunghiul este echilateral..

Remarca.
In AABC

1
>, (sin B L sin Ej > Qr(ﬁja :
2 2 R
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Marin Chirciu

Solutie.

>, (sm%wm—jw - \/H H(sm—+sm%)>33/27r 2—_9r(2Rrj :

) . ) . B . C 2r .
Am folosit mai sus| [ r. >27r3si sin—+sin— | > — ,vezi
H a 4 H( 2 2) R

. B . C . B . C . A r 2r
sin—+sin— |>| | 2,/sin—-sin— =8 sm——8 —_—=—
[1[sin2+sinS |2 [Tz finS sin & <83, L

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
1
2r \3 . B . C 9R
D.9r| — | <> r|sin—+sin— |<—.
o[ 5[ <Zafngrand )<
1
. C 2r
2 h |sin—4+sin— |>9r| —
S e
1
. C 2r )3
3. m|sin—+sin— [>9r| — | .
Em (a3 wan Jzor( 2
1
C 2r \3
4 W, | sin—+sin— [>9r| —
 Eon s rsn oo 2
1
. C 2r \3
5 S, |sin—+sin— |>9r| —
Easng +ang Jor T
Dezvoltari, Marin Chirciu
Remarca.
In AABC
1
2(2r sgzi sinE+sinE Sl.
RUR h, 2 2 r
Marin Chirciu
Solutie.

Inegalitatea din dreapta.

] 111y /(.B .C.C . A .A .B .
Tripletele| —,—,— |si| sin—+sin—,sin—+sin—,sin—-+sin— |sunt invers ordonate.
. h, h 2 2 2 2 2 2
Folosind inegalitatea lui Chebyshev obtinem:
Chebyshev
Zi[singﬂinE] < lzi (sinE+sinEj£1-l-3:l.
h 2 2 3=h, 2 2 3r r

a

. i 1 1 . . B i A Jensen
Am folosit mai sus Y —==si > sin2+sin & ZZsm— 9.3 3.

h, r 2 2 2
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Inegalitatea din stnga.

1

1 B Av_ou C 2\ or 2 (2r)
sin—+sin— | | | | sm—+sm 33 — =3 == =

Zha( 2 J \/ ( 2) [3Rj R 3R(Rj
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1
_E(ET
R\R )’

3
Am folosit mai sus | [ h, < (S?Rj siH(sin g +sin %j > 2_Rr vezi

. B . C . B . C . A r 2r
Sin—+sin— |2 2./sih—-sin—=8)» sin—=8.—=—.
H( 2 2) [T2fsiny-sin =83sin 5 =8- =2

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
1
1)E 2r 3szi sinB4sin& <1
RUR W, 2 2 r
1
2) E(EJS szi(sinEJrsinEjsl.
RUR m, 2 2) r
1
2(2r)s 1 1
3).—| — | £ —|sin—+SsIn— [<—
(R <z (g rang )l

Dezvoltari, Marin Chirciu
Problemal22.
Ifx,y,z>0,x+y+2z=3then
1 N 2009
XC+y +2% xy+yz+x
THCS 5/2024, Pham Van Tuyen, Vietnam

>670.

Solutie.
2 2
X z
1).xy+yz+zx£3,vezi:xy+yz+zx£$=%=3.
2) L + 2 >1,

X4y 47 xy+yz+ax
1 2 1 1 1% () 9 9
X Dxy D Y xy ny_szJrZny_(zx)z 3’

Folosind 1) si 2) obtinem:

vezi

2) ]
LHS = ! >+ 2009 >[1- 2 + 2009 =1+ 2007 >1+ 2007 =1+669=670=RHS.
2 2y U 2w 2 Xy 3
Egalitatea are loc daca si numai dacax=y=z=1.
Remarca.

Ifx,y,z>0,x+y+z=3and A > 2then
1 A A+1
+ > .
X>+y*+2° xy+yz+zx 3

Marin Chirciu

Problemal23.
Ifa,b>0,a+b=1then

a+l b+1 S

—+ > 3.
a’+b b’*+a
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RMM5/2024, Nguyen Hung Cuong, Vietnam

Solutie

Lema.

Ifa,b>0,a+b=1then
a;+l >a+l
a‘+b

a+tb=1ob=1-a20= a(l-a)20=>a’<a=a’+b<a+b=1=a’+b<l=

a+1

a’+b

a+l b+l tem
2HS = 20 brag 2 (a+1)+(b+1)=3=RHS
Egalitatea are loc daca si numai daca (a,b)=(1,0)sau(a,b)=(0,1).

Remarca.
Ifa,b>0,a+b=A1,1>0then

>a+1, cu egalitate pentru(a,b)=(1,0)sau(a,b) =(0,1).

a+1l b+1 A+2
2 + 2 Z 2 '
a+lb b°+da A

Marin Chirciu
Solutie
Lema
Ifa,p>0,a+b=4,1>0then
a+l >a+1
a’+lb A%

ath=1A<b=1-a20=
a(l-a)20=a’<la=a’+ib<la+ib=A’"=a’+ib<i’ =

= a?:/llb > aﬂ_+21’ cu egalitate pentru(a,b)=(4,0)sau(a,b)=(0,4).
OHS = a+l b+1 Lgaa+1+a+1:}t+2:RHS

aib btia . A A2 2
Egalitatea are loc daca si numai daca (a,b)=(4,0)sau(a,b)=(0,4).

Problemal24.
Ifa,b,c > 0then

1 1 1 6 15
— 4=+ > .
a b ¢ a+b+c abc+2

Mathematical Inequalites 5/2024, Nguyen Viet Hung, Vietnam

Solutie.
Punand abc =t°si (% %%) =(X,Y,z) = xyz =1si inegalitatea se scrie:

1 1 1 6>15 1 11 6 15t

——+—+ 2 — & —+—+—+ > — , care rezulta din:
tx ty tz tx+ty+tz t°+2 X Yy Z X+y+z tU+2

1 1 1 6 15t

—+—+—+ 252 ——.

X Yy Z X+y+zZ t°+2

Egalitatea are loc daca si numai daca a=b=c=1.

Remarca.

Ifa,b,c>0and/12%then

43


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — IUNIE 2024 www.mateinfo.ro

1. A 249
c a+b+c abc+2’

1 1
44
a b

Marin Chirciu
Solutie.

Punandabc =t°si (% % ¥j (X,y,2) = xyz =1si inegalitatea se scrie:

—+—+—+
tx ty tz tX+ty+tz t+2

@ @(A+9)t
1+1+E+L>3+£>(—)

1 1 1 A 2 + 9 1 -
— , care rezulta din:
X

A+9)t
+£+1+ 4 2( 3+ )
y z X+y+z t0+2

X y z X+y+z 3 t2+2°
(1)©1+1+1+ A 23+£<:>xy+yz+zx A /1+9
X Yy 7 X+Yy+1Z 3 Xyz x+y+z 3
WL XY + Y7+ ZX A A+Q par-Method . 4 A+9
& + > &S qH=>"—.
1 X+Yy+12 3 p 3

r=1
Avemq® =(xy + yz+zx)2 >3xyz(x+y+2)=3rp= q°23p = q=,/3p =t.
Este suficient sa aratam ca:

© 3 —(1+9)P +92>0 < (t-3)(3t° -t -31)>0,

vezit >3, adeviratd dint = \3p , p=X+Yy+2z>33xyz =3.
(3t*-at-31)>0, pentru/’tz%

(2) < 3+%>M

> e U2 e U-342206 (t-1)°(t+2)>0.
+

Egalitatea are loc daca si numai daca a=b=c=1.

Problemal25.

In acute AABC

secB+secC
S SCEHCL S,
sec” A
Mathematical Inequalities5/2024, George Apostolopoulos, Greece
Solutie
Lema.

In acute AABC

ZseCB+Secc p*(8R?+2Rr — p*)~16R* +12R°r* + 6Rr° +r*
sec” A ZRZ[pZ—(ZRH)Z}

Folosind Lema inegalitatea se scrie:

p*(8R +2Rr — p*)~16R* +12R*r* + 6Rr’ +r*
2R?| p*—~(2R+1)" |

& p?(2R*+2Rr— p®)+8R* + 24R°r +18R’r* + 6Rr* +1* 2 0.

Distingem cazurile:

Cazull). Dacél(ZR2 +2Rr — pz) >0, inegalitatea este evidenti.

>3

Cazul2). Dacd(2R® + 2Rr — p*) < 0, inegalitatea se rescrie:
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8R* + 24R°r +18R’r* +6Rr’ +r* > p? ( p° —2R* - 2Rr) , care rezulta din inegalitatea lui
Gerretsen: p® <4R* +4Rr +3r°.

Ramane sa aratam ca:

8R* + 24R% +18R?r2 +6Rr® +r* 2(4R2 +4Rr+3r2)(4R2 +4Rr +3r? —2R? —2Rr) PN
& 8R* +24R%r +18R?*r2 +6Rr* +r* 2(4R2 +4Rr +3r2)(2R2 +2Rr +3r2) N

& 8R* +24R%r +18R*r? + 6Rr® +r* 2(4R2 +4Rr +3r2)(2R2 +2Rr +3r2) N

& 8R* +24R%r +18R?*r? +6Rr® +r* 2(4R2 +4Rr +3r2)(2R2 +2Rr +3r2) N

& 2R*-2R’r-3Rr*-2r’ >0 < (R-2r)(2R*+2Rr+r?)>0, vezi R > 2r ,(Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In acute AABC

Z:secB+secC< (r
sec’A 2
10-2 7}

Marin Chirciu

Lema.

In acute AABC
Zsecg+secc p*(8R?*+2Rr— p*)-16R* +12R°r* + 6Rr° + r*
sec’ A ZRZ[pZ —(2R+r)2} '
Folosind Lema inegalitatea se scrie:
p*(BR® +2Rr — p*)~16R* +12R’r* + 6Rr’ + 1" waiker
2R2[p2 —(2R+r)2} -
walker p° (8R? + 2Rr — 2R* —8Rr —3r? ) ~16R* +12R°r* + 6Rr® + r*

< -
2R’| 2R* +8Rr +3r’ —(2R+r)’ |

p? (6R2 _BRr —3r2)—16R4 +12R2%r2 + 6Rr® + r* waiker
= <
2R? (—2R2 +4Rr+2r2)

Wa.<ker(2R2+8Rr +3r®)(6R* —6Rr —3r*)~16R* +12R°r* + 6Rr® + r*

- 2R? (2R’ +4Rr +2r°)

8R*—6R°r* —24Rr*-8r* _4R"-3R’r* —12Rr’—4r" Euler 4R* —40r"
4R*(-R*+2Rr+17) 2R*(-R*+2Rr+r®) = 8r’(-R*+5r°)

R 4

— 1 -10
_ R*-10r" (r}
T op2(Ep2 _p2) 2"
2r?(5r° —R?) lo_z(ljj

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In acute AABC

45


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — IUNIE 2024 www.mateinfo.ro

3stecB+5ecC < (r

sec’A 2"
10— Z(Rj

Remarca.
In AABC
27r? cscB+cscC _ 27R®
<> ~ < :
F csc” A 4F
Marin Chirciu
Solutie.
Lema.
In AABC
2
chcB+cscC B p*(p* —4Rr)—r*(4R+r)
csc? A 4R?rp '
Inegalitatea din dreapta.
2
Z cscB+cscC p’ ( p’ —4Rr)— r’(4R+r) Gerreten
csc® A 4R%rp B
cerresen (4R” + 4Rr +3r” ) (4R” +4Rr +3r° —4Rr ) —r* (4R +r)’
S =
AR’rp
(4R*+4Rr+3r”)(4R*+3r%)—r* (4R+1)"  4R* 4 4R%r + 2R?r? + R+ 2r* e
B 4R?rp - R2rp N
27R*
Egef 4 _ 27R? _
Rrp  4rp
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Inegalitatea din stanga.
2
Z cscB+cscC p* ( p? —4Rr)— r? (4R + r) Geritsen
csc? A 4R%rp -
cerrasen (16RT —5r% ) (16Rr —5r* —4Rr ) —r? (4R+1)"  r?(44R* —37Rr +6r° ) euer
> = >
AR’rp R’rp
Euler r?.27R* _ 27r?
~ Rrp rp
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In acute AABC
secB+secC cscB+cscC _ 20( 16r*
3. - > -R?*|.
2 sec” A 2 csc” A F ( R’ ]
Marin Chirciu

Solutie.
Folosind Lemele de mai sus, obtinem:

N p*(8R”+2Rr — p*)—16R* +12R’r* +6Rr*+r*  p?(p®—4Rr)-r’(4R+r)’ Geran
2R p*~(2R+1)" | 4R*rp
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2
Geritsen\/_ (8R2+2Rr—pz)—16R4+12R2r2+6Rr3+r4_ p*(p?—4Rr)-r®(4R+r) _

2R?| 4R +4Rr+3r* (2R +1)" | 4R*rp

2
Gergtsen\/_ (8R2+2Rr—pz)—16R4+12R2r2+6Rr3+r4_ p*(p* —4Rr)—r*(4R+r) _

2R?[ 4R” +4Rr +3r" —(2R+1)’ | 4R"rp

5 p*(8R® +2Rr — p*)~16R* +12R?r* + 6Rr’ +r* pz(pz—4Rr)—r2(4R+r)2

2R?.2r? AR’rp

5 p*(8R?+2Rr — p)—16R* +12R’r* +6Rr*+r*  p’(p®—4Rr)-r’(4R+r)’ 31y
= p . Rzrzp - 4R2rp 2
p23r 3 p*(8R*+2Rr— p*)—16R* +12R*r* +6Rr’ +1*  p’(p’ —4Rr)—r’(4R+r)’

> 3r4/3- J_ IR - =

r’p AR’rp

p*(8R”+2Rr — p*)—16R* +12R°r* +6Rr*+r*  p’(p’—4Rr)-r’(4R+r)’
4R*rp 4AR%rp
9[p2(8R2 +2Rr - p?)-16R* +12R*r? +6Rr3+r4]— p?(p?—4Rr)+r?(4R+r)’
R’rp
P (72R*+22Rr —10p® ) -144R"* +124R°r* + 62Rr® +10r" walker
4RF -

watier (2R +8Rr +3r° ) (36R +11Rr ~5(4R” + 4Rr +3r°)) - 72R" + 62R"r + 31Rr® + 5r°
> =
2R*F
_ —40R* +110R°r +8R*r? —116Rr° —40r* —20R"+55R°r + 4R’r® —58Rr® - 20r* Eler
2R’F RZF =
Euler _20R* +320r" _20 6rt  _,
> -R7 .
R’F TFlR
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In acute AABC

secB+secC cscB+cscC 20 16r*
3. > —R? .
(2 sec’ A > 2 A F ( R? j

Marin Chirciu
Problemal26.
Ifa,b,c > 0then

\3/abc+1+%+122\/§.
a C

Math Olymp5/2024, Elton Papanikolla

3/
+1 > 2 6 b_c2: , CuU egalitate pentru ahc = E
a_ 3\a 3 a

LHS = Z(w 1] ZJ_\/EAMGMZ He\/z—i‘j %31 243 =RHS.

47
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Egalitatea are loc daca si numai daca 1 % =
a

Remarca.
Ifa,b,c,d > 0then

{/abcd +3+—+1 1 >4
a C
Marin Chirciu
Solutie.
N 1 B,

Folosind inegalitatea mediilor obtinem: abcd +—28 / de cu egalitate pentru abed = 1

4 a a’ 4 a

AM GM
LHS = Z(“ab 1]>Zs/bi 44 8/%=4-1=4=RHS.
4/
Egalitatea are loc daca si numai daca 1 %:1 =%= aZ)cd < a=b=c=d=2.
a C

Problemal27.

Ifa,b > 0then
J3a? +1 ++/3b? +1+6(i+ij >10.
a+l b+1

RMM5/2024, Nguyen Hung Cuong, Vietnam
Solutie.
Lema.
Ifa,b > 0then

\/3a? +1+125.

a+l
Demonstratie.
J3a? +1+i25 < /332 +1+i25 < J3a%+1> Sa-1 IEN

a+l a+l a+1
& (a+1)(3a’+1)>(5a-1)" < 3a' +6a’ —21a’ +12a> 0 < 3a(a-1)" (a+4)>0.
Lema
LHS = /382 +1++/3b? +1+6(i+i) > 54+5=10=RHS .
a+l b+

Egalitatea are loc daca si numai daca a=b=1.
Remarca.

Ifa,b,c > 0then

J3a2 +1++/302 +1++/3c2 +1+6 1 + 1 + 1 >15
a+l b+1 c+1

Marin Chirciu
Solutie.
Lema.
Ifa > 0then

\/3a2+1+125.

a+l
LHS = Z(\/Saz +1+a%1jm;25 ~15=RHS .

Egalitatea are loc daca si numai daca a=b=c=1.
Remarca.
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Ifa,bzlthen
6

\/8a2+1+\/8b2+1+%(i+ 1 jzg

a+l b+1 3
Marin Chirciu
Solutie
Lema.
1
Ifa>—then
6
V8a’ a2 2
3(a+1) 3
Demonstratie.
J8a?+1+ 32 2§ o o 48at+1> 2527 IS
3(a+1) 3 3(a+1)
& 9(a+1)’(8a°+1)>(25a-7) < 9a‘ +18a° 682" +46a-5>0 <
& (a-1)"(9a’ +36a-5)>0, vezia > % , care asigura (9a’ +36a-5)>0.
32 1 \tma 25 50
LHS = V8at+l1+=— | > Y- _RHS.
Z( 3 a+1j 3 3
Egalitatea are loc daca si numai daca a=b =1.
Remarca.
Ifa,b,c> %then
\/8a2+1+\/8b2+1+\/802+1+¥( ! + ! + L j225.
3la+l b+l c+1
Marin Chirciu
Problemal28.
If x >1then
x> —%29(x—1).
X
Mathematics(College and High Scholl)5/2024, Amir Sofi, Kosovo
Solutie.
x> —% >9(x-1) & x*-1>9x*(x-1),
X

vezi X >15i X2 + X"+ X° + x>+ x* + x* + x> + Xx+1>9x", care rezultd din inegalitatea mediilor:
XX XXX X+ X+12 9K XXX xt X3 X x-1=9YXx® = 0x*.
Egalitatea are loc daca si numai daca x =1.

Remarca.
If X >1and n e Nthen

X" —in >(2n+1)(x-1).
X
Marin Chirciu
Solutie.
Pentrun = 0 se obtine egalitatea X —1=Xx—-1.

Tn continuare fiene N”.
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X" —X—ln >(2n+1)(x-1) & x*" -1>(2n+1)x" (x-1),

2n+1

vezi X 2 1si X2 + x4+ X2+ x4+ X2+ X+12(2n+1) X", care rezultd din AM-G:

X2 P 4 XN L XL (204 1) T xR X XL =

= (2n+2)>"Yx"*" = (2n+1)x".
Egalitatea are loc daca si numai daca x =1.
Problemal29.

Ifa,b > 0then
3 3
a—+b—+2(%+%j26.
b a b* a
RMM 5/2024, Nguyen Hung Cuong, Vietnam
Solutie.

3 3 AM -GM 3 K
LHS=a—+b—+2(%+%) > 2‘/a—-b—+2(%+%)=2ab+2(%+%j=
b a b a b a b a b a
AM-GM
:2(ab+b%+%j > 2-3s/ab-b%-§:6:RHs.

Egalitatea are loc daca si numai daca a=b=1.

Remarca.
Ifa,b > 0then
5 5
a, i 2(% + _SJ >6
b a b° a
Remarca.

Ifa,b>0andn e Nthen

a2n+3 b2n+3 a b
b + a +2(b2n+l+a2n+lj26'
Marin Chirciu

Solutie.

a2n+3 b2n+3 a b AM -GM a2n+3 b2n+3 a b
LHS: b + a +2 b2n+l+a2n+1 2 2 b ) a +2 b2n+l+a2n+1 =

b j AMéGM 2 3 Bi/arwlbrwl 5 a b —

+ .
2n+1 2n+1 2n+1 2n+1
b a b

:Zan+lbn+l+2( a + b jzz(anﬂbnﬂ_'_

b2n+1 a‘2n+1 a
=6=RHS.
Egalitatea are loc daca si numai daca a=b=1.
Remarca.

Ifa,b,c>0andn e Nthen

2n+3 2n+3 2n+3
a b c a b c
+ + + 3( + + j >12.

b C a bn+2 c:n+2 an+2
Marin Chirciu

Problemal30.
Ifx,y,z>0,x+y+z=3then

(x+1)2 .
———2>6.
z(x+ y)(x+2)
RMM 5/2024, Bui Duc Cuong, Vietnam
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Solutie.
Lema.
Ifx,y,z>0,x+y+z=3then
(x+1)° .
— 2 >X-y-z+3.
(x+y)(x+2) X=y—z+

Demonstratie.

ﬁ#m y)+(x+z)AM§GM 3f§/&'(x+ y)-(x+2) =3(x+1),

(x+y)(x+2) (x+y)(x+2)

cu egalitate pentru#(lzm:(x+y):(x+ 7)< y=z=1.

ezu éﬁ+ X+Y)+(X+2)=3(X+ @ﬁ>x— —-Z+3.
Rezult (x+y)(x+z) (xy)+(x+2)=3(x+1) (x+y)(x+z) y 3

Lema

x+1
LHS = z x+y x+7) > > (x—y-7+3)=9-> x=9-3=6=RHS

3 3 AM —-GM 3
LHs = 2.0, 2(6‘2 %) > 2‘/6‘— b—+2(a2 bj=2ab+2(%+%j=
b a b a b a b? a’ b a
a b AM -GM
=2 ab+—2+—2 > 2-33ab-— —Z—GZRHS
b a b a

Egalitatea are loc daca si numai daca x=y=z=1.

(=

Remarca.
In AABC
rr.(3r+r ¥
> oL (3reh) g,
ra(ra+rb)(ra+rc)
Solutie
Lema.
Ifx,y,z>0,x+y+2z=3then
(x+1)3
D e B
(x+y)(x+z)
Se cunoaste identitatea in trlungh|£+ 1 +£:l g+£+i:3.
L r r.r L L r
Folosind Lema pentru(x,y,z)= [ii ﬂ) obtinem:
ra rb rc

3 3
ra

>6 < 2 > 54r?
2 3r sryfsr, 3r zfa(fa+rb)(ra+rc)
ra rb ra rc
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In AABC

o1


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — IUNIE 2024 www.mateinfo.ro

hh (3r+h )
Y LGreh) g
h,(h,+h,)(h, +h,)
Marin Chirciu
Problemal31.
1) If a,b,c>0then
1 1 1 1
+ + < .
a+b*+abc b*+c*+abc c*+al+abc  abc
USAMO-1997

Solutie.
Folosind inegalitatea x*+y®> xy(x+ y) < (x+ y)(x— y)2 >0, X,y >0 obtinem:

Ms=S ¥r -y L _ .

b®+c®+abc be( a+b+c) abc

b+c +abc

Egalitatea are loc daca si numai daca a=b=c.

Remarca.
2) If a,b,c>0andX >1then
1 1 1 3
3 3 + 3 3 + 3 3 < '
a’+b’+iabc b*+c’+iabc c’+a’+Aabc  (A+2)abc
Marin Chirciu
Solutie.

Folosind inegalitatea x*+y°>xy(x+Yy) < (x+y)(x —y)zzo,x,y>00b§inem:

1 1
Ms = < =
> Zb3+03+ka\bc Zbc(b+c)+kabc Zbc b+c+?»a)

1y a 91 3 3

abc“~b-+c+ra abc A+2 (L+2)abc ’

unde (1) < Y. 3 b+c > 6
b+c+ka A+2 b+c+ia A+2

Obtinem:

¥ b+c _y b+c)2 cs [ > (b+c } 4(Za)2 _
b+c+ra “(b+c) +ka(b+c)_2[(b+c) +2a b+c} 2).a°+2(1+1)) bc
zaz ZZbC si l—l)ZO, adevdrata din conditia din ipoteza A >1.

Egalitatea are loc daca si numai dacia=b=c.
Problemal32.
Ifa,b,c>0then

ab+2a+b+ac+2a+c> 4a
a+2b+1 a+2c+1 a+1

Daniel Sitaru, Romania
Solutie.
Lema.
Ifa,b,c > 0then
ab+2a+b S 2

a+2b+1 a+1

Demonstratie.
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ab+2a+b_ 2a
>

> & b(a-1)" >0, cu egalitate pentrua =1.
a+2b+1 a+l

Lema
I_Hs_ab+2a+b+ac+2a+c 7 2a N 2a 4a _RHS .

a+2b+1 a+2c+1 a+1l a+1 a+l
Egalitatea are loc daca si numai daca a=1.
Remarca.
Ifa,a,,...,a,, 4 >0then

/1a1+2/1+a1+ﬂba2+2ﬂb+a2 N +ﬂ,an+2/1+an S 2nA

A+2a,+1  A+2a,+1 T A+2a +1 A+l
Marin Chirciu

Solutie.
Lema.
IfA,a, > 0then

Aa +2A+8 2

A+2a,+1  A+1
Demonstratie.

A +24+4a, S 24

> = /1—1220,cue alitate pentru A =1.
A+2a,+1  A+1 4 ) J P

Lema
LHg =y 2t 2Ara 58w 24 20 oy
A+2a +1 A+1 A+1
Egalitatea are loc daca si numai daca 4 =1.
Problemal33.
InAABC
o, » A _9R
—<—
2 2R2 _Zh sin’ 2" 8
Mathematical Inequalities 5/2024, George Apostolopoulos, Greece
Solutie.
Lema.
InAABC

r(4R+r
> h,sin’ A M
2 2R
Inegalitatea din dreapta.

Zh szé<% %s% < 9R?—16Rr—4r’ >0 < (R-2r)(9R+2r) >0,

vezi R > 2r, (Euler).
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Inegalitatea din stanqa'

r(4R+r 2 AR+r 2
> h, szﬁ>% - o ( )Zﬂﬁf r2 <:>( )29,3/ r2<:>
2 \2R 2R 2 V2R R 2R

2

—(4Rtr) >729.
R 2R
& (R-2r)(128R* +352Rr —r*) > 0, vezi R > 2r , (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In AABC

& 2(4R+1)" 2 729Rr? & 128R° + 96R’r —705Rr? +2r° >0 <
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3

32r*
Marin Chirciu

., A 8R?+2Rr-p’
Zrﬁ SIN® — =
2 2R
Inegalitatea din dreapta.
> r,sin? A_8R’+2Rr—p’ Gerztse“8R2 +2Rr —16Rr +5r° 8R?—14Rr +5r? cuer 9R?
2 2 2R B 2R 2R - 32r2 :

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Inegalitatea din stanga:

., A 8R?+2Rr— p? cereten 8R? + 2Rr —4R® —4Rr —3r®  4R? —2Rr —3r? Euer R
D rsin’ == > - s R

2 2R 2R 2R 8
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Remarca.
In AABC
., A _9R ., A
2o< < 2
> h,sin > <3 <>'r,sin X
Marin Chirciu
Solutie.

Folosind Lemele de mai sus, dubla inegalitate se scrie:
2 2
r(4R+r) 9R _8R’+2Rr-p’
2R 8 2R

Prima inegalitate%g% < 9R?-16Rr—4r*>0 < (R-2r)(9R+2r)>0,

veziR > 2r, (Euler).

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
- - gR 8R2 + 2Rr - p2 2 2 - 2 2 2
Adoualnegalltate?s T < 4p° <23R°+8Rr, vezi p° <4R°+4Rr+3r-.

Ramane sa aratam ca:
4(4R2+4Rr+3ﬁ)sz3R2+8Rr¢>7R2—8Rr—12ﬁ;30¢:
< (R-2r)(7R+6r)>0, vezi R>2r, (Euler).

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Remarca.
In AABC

27r? , A 27R
< i ek
1). R <>, cos <5
Solutie.

Lema.

In AABC

2). > h, cos’ g =>"r,cos’
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3).3> _h,sin —<Zh cos %
4).3) r,sin —>Zr cos g

Dezvoltari, Marin Chirciu

Problemal34.
Ifa,beR,(a+b)’ +4ab>36then

a’+b*+a+b>4.
RMM 5/2024, Nguyen Hung Cuong, Vietnam

Ifa,beR,(a+b) +4ab>36then
a+b>2.

Demonstratie.
36s(a+b)‘r’+4ab§(a+b)5+(a+b)2 = 36$(<51+b)5+(a+b)2 = 36<t’+t’ =
S t+t7-3620 < (t-2)(t'+2t° +4t°+9t+18) >0 > t=2 = a+h>2,

Holder (g + b Lema 93
LHS=a’+b*+a+b > u+a+b > %+2=4=RHS

Egalitatea are loc daca si numai daca a=b=1.
Remarca.

Ifa,beR,(a+b)’ +4ab> 68then
a’+b°+a*+b*+a+b>6.
Marin Chirciu

Solutie.
Lema.

Ifa,beR,(a+b)’ +4ab>68then

a+bh=>2.
Demonstratie.

68<(a+b)’ +4ab<(a+b)’ +(a+b)’ = 68<(a+b)’ +(a+b)’ = 68<t°+t? =
St +17 6820 < (t-2)(t°+2t" +4t°+8 +17t+34) >0 > t=2 = a+h>2,

Holder (g + Db a+b 3 Lema 95 3
LHS =a’+b>+a®+b*+a+b > ( 16) +( ) +a+b > 126+ZZ+2 6 = RHS

Egalitatea are loc daca si numai daca a=b =1.
Problemal35.

In AABC
cos 2=C
6=y 2 3R
B+C r
cos
Mathematical Inequalities 5/2024, George Apostolopoulos, Greece
Solutie

Inegalitatea din dreapta:
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B+C AT
sin—
2

T A4 cosx< (3]
2—2 <1 1 <3_R

(8] Euler
unde(l) < Z <$care rezultd din: Z 1A < 2(1+$] < ?

sm— sinE
Inegalitatea din stanga:
2 2
Cosg AM —GM Cos B C HCOS B C L‘;‘ZR[‘

2 2 8R
S—2_ 5 3] -3, =38R
B+C B+C . A r

cos cos sin—

R

4R
Gerrtsen _ Euler
_szp +r?+2Rr \/16Rr 5r? +r?+2Rr _3\/18R2r 4r® _3s f9RR2r s

Egahtatea are loc daca si numai daca trlunghlul este echilateral.
Remarca.
In AABC

9 R
3 —_
33(9 Z C (1+ r]
S 2
Marin Chirciu

Remarca.
In AABC

CcO0S
6<33/9—£< Tzcsz(uﬁjsﬁ.
R cosL r r

2

Problemal36.
InAABC
a B C
cot—+cot— [ >33
Z b+c ( 2 2 j V3.

RMM 5/2024, Zaza Mzhavanadze, Georgia
Solutie.
Lema.
In AABC

2p(p®-3r*-4Rr)

a B C
ZE[COtE+COtEj_ r(p2 +r? +2Rr)

2p(p*—3r’—4Rr)w
LHS:Zi(cotE+cot9j: P(? )35 RHS ,
b+cl ™ 2 2)  r(p*+r’+2Rr)

2p(p®—3r®—4Rr)
r(p?+r®+2Rr)

Ramane sa aratam ca:

>33 , care rezulta din inegalitatea lui Mitrinovic p > 3J3r.

unde(l) <
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2-33r(p*-3r’ - 4Rr)

>33 < 2(p?-3r?—4Rr)> p?+r?+2Rr <
r(p?+r®+2Rr) ( )
< p? >10Rr +7r?, care rezulta din inegalitatea lui Gerretsen p°> >16Rr —5r?,

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
2
zi(cotEJrcotEj < Bﬁ(ij .
b+c 2 2 2r
Marin Chirciu
Solutie.

Folosind Lemade mai sus, obtinem:

2p(p?—3r*—4Rr)w ?
LHS=Zi(cotE+cotE)= p(p )S3\/§(E] =RHS,
b+c 2 2 r(p2+r2+2Rr) 2
2p(p*-3r*—4Rr

r
r(p?+r®+2Rr)
Ramane sd aratam ca:
3\3R(p*—3r° - 4Rr) R (p*-3r’—4Rr)
2 2 SB 2 = 2 2

r(p?+r®+2Rr) 4r (p?+r®+2Rr)
4r(p®—3r’ —4Rr)<R(p®+r*+2Rr) < p’(R—4r)+r(2R* +17Rr+12r°)>0.
Distingem cazurile:
Cazull). Dacd (R —4r) >0 inegalitatea este evidenta.

Cazul2). Daci (R - 4r) < 0 inegalitatea se rescrie: r(2R? +17Rr +12r) > p*(4r -R),

unde(l) <

3/3R
S

) 2 o
33\/§(z—j , vezi inegalitatea lui Mitrinovic p <
r

R
<—&
ar

care rezultd din inegalitatea lui Gerretsen: p> < 4R* +4Rr +3r?,

Ramane sa ardtam ca:

r(2R? +17Rr +12r?) > ((4R2 +4Rr +3r2))(4r— R) < 4R*~10R’r +4Rr’ >0 <
< R(R-2r)(2R-r)>0, vezi R>2r ,(Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In AABC

2r a B C R
R - —_ — 1< —
V3 R zb+c(tan 2 +an ZJ_\E 2r

Marin Chirciu
Solutie.
Lema.
In AABC
2[p2(2R+3r)—r(8R2+6Rr+r2)]

p(p2+r2+2Rr)

a ( B Cj
Z— tan — +tan — | =
2 2

b+c
Inegalitatea din dreapta.

a ( B Cj
Y —|tan—+tan— |=
2 2

b+c

2[p2(2R+3r)—r(8R2+6Rr+r2)](£1)\/§.31
p(p2+r2+2Rr) 2r

S7
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2[ p*(2R+3r)—r(8R*+6Rr + rz)]

unde (1)

R
N3-— &

p(p*+r*+2Rr) ¥ 2r
o 4r[p2(2R+3r)—r(8R2+6Rr+r2)]s\/§-Rp(p2 +r?+2Rr) , care rezulta din
inegalitatea lui Mitrinovic p 23J§r .
Ramane sa aratam ca:
4r[p2(2R+3r)—r(8R2+6Rr+r2)]g\/§.R.3\/§r(p2+r2+2Rr)<:>
=N 4[p2(2R+3r)—r(8R2+6Rr+r2)]s9R(p2+r2+2Rr) =N
& p?(R-12r)+r(40R* +33Rr +4r%)20.

Distingem cazurile:
Cazull). Dacd (R —12r) > Oinegalitatea este evidenta.

Cazul2). Dacd (R —12r) < Oinegalitatea se rescrie: r (40R2 +33Rr + 4r2) > p?(12r -R),

care rezulti din inegalitatea lui Gerretsen: p° < 4R +4Rr +3r?,

Réamaéne s aratdm ca:

r(40R? +33Rr +4r?) > (4R? +4Rr +3r°)(12r -R) < 2R*+3R°r —6Rr’ —16r° >0 <
& (R-2r)(2R*+7Rr+8r*)=0, vezi R > 2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Inegalitatea din stanga.

a ( B C)
Y —|tan—+tan— |=
2 2

b+c

2[p2(2R+3r)—r(8R2+6Rr+r2)](i)\/§.£
p(p2+r2+2Rr) R

2_p2(2R+3r)—r(8R2+6Rr+r2)
p(p*+r*+2Rr)

N 2R[p2(2R+3r)—r(8R2+6Rr+r2)}2\/§-2rp(p2+r2+2Rr) , care rezulta din

3/3R

2

unde (2) < —zﬁ% o

inegalitatea lui Mitrinovic p <

Ramane sa aratam ca:

(p2+r2+2Rr)<:>

2R[p2(2R+3r)—r(8R2+6Rr+r2)]2\/§-2r-3\/2§R
=N 2[p2(2R+3r)—r(8R2+6Rr+r2)}29r(p2+r2+2Rr) =N

= p2(4R—3r)+r(16R2 +30Rr +11r2)20,vezi inegalitatea lui Gerretsen: p> <16Rr —5r?,
Ramane sa ardtam ca:

(16Rr —5r*)(4R—3r)+r(16R* +30Rr +11r°) > 0 <> 24R* —49Rr’ +2r* >0 <

< (R-2r)(24R-r)>0, vezi R = 2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In AABC

b+c +C

SZi(tangHan %) < zbi(cot%+cot%j.
Marin Chirciu
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Solutie.
Folosind Lemele de mai sus, inegalitatea se scrie:

2| p*(2R+3r)—r(8R*+6Rr+r°)]| < 2p(p*-3r?~4Rr)

3.

p(p® +r?+2Rr) ~ r(p?+r?+2Rr)
=N 3r[p2(2R+3r)—r(8R2+6Rr+r2)]s p*(p*-3r*—4Rr) <
& p?(p®-12r* —10Rr)+3r*(8R* +6Rr +r°)>0.

Distingem cazurile:
Cazull). Dacd( p? ~12r° —10Rr) > 0 inegalitatea este evidenta.

Cazul2). Dacd ( p* ~12r° —10Rr) < 0 inegalitatea se rescrie:

3r*(8R?+6Rr+r”) > p’ (10Rr +12r° - p°),

care rezulti din inegalitatea lui Gerretsen: 16Rr —5r? < p® <4R* +4Rr +3r°.
Ramane sa aratam ca:

3r®(8R” +6Rr +r”) 2 (4R* +4Rr +3r” )(10Rr +12r” —~16Rr +5r*) <

3r(8R* +6Rr +r°) > (4R* +4Rr +3r” )(-6R+17r) < 6R° —5R*r —8Rr* —12r° >0

& (R-2r)(6R*+7Rr+6r’) =0, vezi R> 2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problemal37.

In AABC
> av4a® + 907 >10/6F .
RMM 5/2024, Daniel Sitaru, Romania
Solutie.
Lema.
Ifa,b > 0then
cs (2a+3b)’
4a? 1op S (22+3)
Demonstratie.
2a)  (3b)*cs(2a+3b) .
48’ +9p? _(23) +( ) 2( ) , cu egalitate pentru@:@.
1 1 1+1 1 1

2 2
LHS = av/4a” +9b’ CZSZa«/@ :%Za(2a+3b) = 2.2 jESZab Sgs

sos2» ab+3)» ab 5) ab cordon 5.
> 2b+3) a0 _5), > 54*/§F=1o\/6|:=RHs.
2 2 2

Am folosit mai sus > ab > 4+/3F .
Egalitatea are loc daca si numai daca % = g = g = g , contradictie.
Inegalitatea este stricta.
Remarca.
In AABC

3" ayA%a? +n’b? >10/6F ,unde 4,n > 0.

Marin Chirciu
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Solutie.
Lema.

Ifa,b,A,n>0then

A%a® +n’b? C;M

Demonstratie.

2
(/1a) +(nb) C_S(ia+nb) cu egalitate pentru@:n—b.
1 1 1+1 1 1

Sa trecem la rezolvarea problemei din enunt.
5 (Za+nb)” 1 Ay a’? +nZabsos
LHS =Y aA%a’ +n*h* > > a T:TZ (2a+nb)= 5
s0s AY ab+n> ab _ (A+n)> ab cordon (2+1n)-443
J2 V2 J2

b
c

A2a® +n’h? =

2(/1+n)JEF =RHS.

< A=n.

Egalitatea are loc daca si numai daca

c
a

oo

Am folosit mai susZab > 4/3F .

Egalitatea are loc dacd si numai dacd A = nsi triunghiul este echilateral.
Problemal38.
L:1118. Calculati

V1
B j‘- e* cos 2x
T

T
Adunind jcoxsjd I dx obtinem
e+ e+l
2 y
Lcos2x , Le‘cos2x, (e +L)cos2x ¢ sin 2x
2I=J'—dx+J' dx=j dx j cos 2xdx = =
Joet+1l Joe'+l o e +1 4 -
y 7 2 7 4
_l(sm——smi :£(1+1):1
2 2 2
. 1
Din2l =1=1=—.
2
i
in final deducem ca I @dx:l
Joe'+l 2
4
Remarca.
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Calculati
4 cosnx
J. dx,undeneN.
Joe'+1
7
Marin Chirciu
Solutie
3 % i 3 o
cosnx . *>~* ¢ cos(—nx) COS NX e* cosnx
|= [ ——dx = [ o= (-dx)= [ —dx= [ ——=d
s e+l e+l et coe+l
7 1 7 e 7
4 cosnx 4 6" cosnx
Adunind | = Ix—dx sil = Ix—dx obtinem:
coet+l soe
7 r
7 7 X 1 (e 7 7
COS NX e* cos nx e” +1)cosnx sinnx|
21 = jx—dx+jx—dx: j#dx f cosnxdx = =
coet+l cooet+l s e"+1 ke n |-
7 7 7 7 4
1 . —n«m 1. .. nr 2. nx
=—|sin——sin—— |==-2sin— =—sin—, pentrun > 0.
n n 4 n 4
. 2 . nr 1. nx
Din2l ==sin— = | ==sin—.
n 4 n 4
4 z
n Y/ Y/ T T
Pentrun=0= 2I = J.dx=x|j‘” =l ——— |=—t—=—= ==
il - 4 4 4 4 2 4
7
COS NX nz 4 T
In final deducem ca I —d ——sm— , pentrun > 0si j dx==—.
v n 4 Jet+l 4
4 4
Remarca.
Calculati
7
. cos nx
lim '[ d
o J e +1
7
Marin Chirciu
Solutie.
4 cosnx , *-x & cos(—nx) 4cosnx, 4 e*cosnx
Soe+l © e +1 1 S e+l
@ 4 @ e @
4 cosnx 4 ¢* cosNX
Adunind | I ———dxsil, = I ————dxobtinem
coet+l e+
7 r
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% % X % e" +1)cosnx % "
2|n:Icosnxd)HJ-e cosnde:J‘( ) dx — J~ Osnde_smnx4 _
Joet+l Jooet+l Je+l J n |-~
s e e e 4
1( nﬂ'j 1 2 Nz
=—|sin——-sin—— |=—=-2SIn— =—Sin—.
n n n 4
Din2l, :zsmn—” =1, :lsmn—”
n 4 n 4
Calculam lim molx—nmls,m”T”:O
n—oo n—>oon
-
A 4 osnx
In final deducem calim J
e
Problemal39.
S:L.24.54 Ifa,b,c >1then
Iog;‘b+log;1 log} a 9
a b c a+b+c
SGM 2/2024, Liliana Tomita, Suceava
Solutie.
4
I_HS_Ioggb log; ¢ Iog aHO'def(Iog b+log, ¢+ log, a) Av_GM (3\/|09ab log, c-log. a ) ~
a b C = 3*(a+b+c) B 3*(a+b+c)
3.1)'
__ Gy 9 ppe

_32(a+b+c) a+b+c

Egalitatea are loc daca si numai dacaa=b=c.

Remarca.
Ifa,b,c >1andn e Nthen

log; b N log; C IogC 9
a b C a+b+c
Marin Chirciu
Problemal40
28802.Calculati
lim 5 L dx,unde aeR.
”%wl(x +1)(xa+ )

n

GM 2/2024,Anisoara Rotariu, Dorohoi

Solutie.
11
n ﬁ 1 _1 n a
I, ‘{(XZ +1)(x* +1 -n[(lerl]()(l+1](7)dx—{(xz+1)(Xa+1)dx.
Obtinem:
n " NG t x*+1
et g™ e e
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1
—dx arctgx|1 = arctgn — arctg -

+1

S \._\t_..:;

Calculamhm(arctgn arctg jz%—Ozz.

N—o0 2

n
T

. 1
Deducem ca Lml(xz +1)(xa +1)dX_Z'

n

Problemal4l.
Q104. If(a,)_, is a real positive sequence such that Iim(an+l —a,)=e then compute

i (s~ =)

Sclipirea Mintii Nr33, D.M.Batinetu-Giurgiu, Bucharest, Romania
Solution

Lemma.
If(a,),., is a real positive sequence such that lim(a,., -a,)=A>0 thenlima, =co.

n+l nN—oo

Ilm n+l a)
IlmJ_(,/ -Ja )—Ilm &1~ —I| =
. " \/arHl + V i n+l n+1
+ lim +lim
n—oo n—oo
e Stolz—Cesaro
=———— \/—WhICh results from: I|m— = ||mM_
Je+e 2 n—o e N4+1-n
. a n+1 . a n+1
andllmah+1 lim| L. —— | = lim—L . lim——==e-1=e.
n—w n—w n_|_1 n n»oon_|_1 n—o N
Deduce lim (/ _Ja )
n—)oo\/—
Remark.

I(a,),., is a real positive sequence such that lim(a,., - a,)=2>0 then compute

n+1

im (s~ VB ).

n—o

Solution

Deducellm«/_(\/_ \/_)

n—o

Problemal4?2.
Q103. Compute

2[3 n®+3n? +1}—[\/n2 +2n}
lim )

n—oo n n!

Sclipirea Mintii Nr33/2024, Florin Rotaru, Focsani, Romania

Solution
Usingx—-1<[x]<x,V¥xeR we have:

3[/A3 2 2
23 +3n2+1-n?+2n-2 3 2[\/“ +3n +1}—[\/n +2n} 3 23 +3n2+1-n?+2n-1
vn! vnl! ynl!
Cu teorema clestelui obtinem:
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2[\3/n3 +3n? +1}—[\/n2 + Zn}

lim = ¢, deoarece:
n—owo n n!

lim Vn’+3n° +1 =e, vezi:

n—w n,n! - ! )

(n +1)n+1

lim Y’ +3n 1 lim lim—=1limp n” =lim (n+1)! =
n—o0 ”n! _naoo / _n~>oo n/ 1 n—o nl n—o n” -

n!

_“m(n+1j _Iim(1+1j =e.
n—oo n n—oo n

. \/n’+2n
Analog lim ———=esilim—

S o f
Problemal43.
Fie functia f :R — R ,cu f (0) =—2, care admite primitiva F .
Daca f (x)+2F (x) =3, Vx e Rsase calculeze f (-1).
Pre-Admitere Universitatea Poltehnica 2024

Solutie.
Avem F'(x) = f (x).
Se deriveaza f (x)+2F (x)=3= f'(x)+2F'(x)=0= f'(x)+2f(x)=0.
Ecuatia diferentiala omogena are solutia generala de forma f (x)=Ce™", unde C este
constanta care se determina din conditia initiala f (0)=-2= f (0)=Ce™*=C = C=-2.
O solutie particulara a ecuatiei diferentiale este f (x) =—2e ™ = f (-1) =27 = 2¢?.

Deducem ca f (1) =—2e’.
Remarca.
Fie functia f :R >R, cu f (0)=—4, 2 >0, care admite primitivaF .
Daca f (x)+AF (x)=2+1,Vx e Rsase calculeze f (-1).
Marin Chirciu
Solutie.
Deducem ca f (-1)=—-1e".
Problemal44.
SP.542. Ifz,,2,,2, €C,|z|=|2,| =|z;| =1, 2, + z, + 2, =1, 7,2,7, = 1 then find:
3
0=y 73z ZZ
k=1 k=1 k=1
RMM- Number 37, Summer 2025, Daniel Sitaru, Romania
Solutie.
Folosim|z| =z-z,z¢C.
1 1 z7z7,+7,2,+2,2, 7,2,+2,2,+2,Z -

; — = — — 1
Aveml=1=7+27,+2,=2+2,+2,=—+—+—=
Z1 Z2 Z3 Z12223 l

= 2,7, +2,2,+ 2,2, =1.
Formam ecuatia de gradul al treilea cunoscand sumele lui Viete
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2 +2,+2,=1,212,+ 2,2, + 2,2, =1,2,7,7, =1:

Obtinem ecuatiaz® - z* +2-1=0 < (z-1)(2* +1)=0, cu solutiile{z,2,, 2,} = {Li,~i} .

RezultaZz =1, y 25:1,23127:1.

k=1 k=1 k=1

3 3
Deducem caQ) 232 2.52 7' =1.

Remarca.
Ifz,,2,,2, €C,|z)|=|z,|=|z| =1, 2, + 2, + 2, =1, 7,2,2, =1and k, n, p € N then find:

3 3 3
_ 2k+1 2n+1 2p+l
Q=> 7" > 7" 7"
k=1 k=1 k=1
Marin Chirciu
Solutie.
- 2 -
Folosim|z| =z-z,zeC.
1 1 zz7,+7,2,+2,2, 7,2,+2,2,+1,Z

- —_— = = = 1
Aveml=1=2z+7,+2,=2+2,+Z; =—+—+
Z, 7, 1, 2,2,2, 1

= 72,2, + 2,2, + 7,2, =1.
Formam ecuatia de gradul al treilea cunoscand sumele lui Viete
2, +2,+2,=1,22,+2,2,+ 2,2, =1,2,2,7, =1:

Obtinem ecuatiaz® -z +z-1=0 < (z—l)(z2 +1)=0, cu solutiile{z,2,, 2,} = {Li,i} .

Rezultaiszﬂ i 2n+1 i p+l
k=1

k=1 k=1
+1 : 2n+1 S 2p+l
n+. p+l
Deducem caQ 2N g2y g =1
k=1 k=1 k=1

Problemal45.
JP.550. The non-coplanar points are given: A, B,C, D . If K -the midle of the segment[BD] :

(KM -bisector 1 AKB, M (AB), (KP -bisector [ AKD,P e(AD), and N e (AC), such that

A—C—E_l Prove that
AN 2AK
AN -NC + AM -MBZZPD-(AN + AM —AP).
RMM- Number 37, Summer 2025, Gheorghe Molea, Romania
Solutie.

Deoarece K este mijlocul lui[BD] = BD_ KB =KD = AC _KB =1si AC KD _
2 AN AK AN AK

AM AKSAP AK
MB KB PD KD

Folosind teorema bisectoarei in AAKB si AAKD =

AC KB AN+NC KB NC KB NC KB
———=1 - = —_— =l —=— >
AN AK AN AK AN AK AN AK
T —bis R-Thales
:NC:KB ° MB:NC:MB = MNTIBC, (1),
AN AK AM AN AM
Analog:
. AC KD AN +NC KD NC KD NC KD
Din—-—=1«< =leolf———=leo —=—>=
AN AK AN  AK AN AK AN  AK
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NC B KD T-bis PD NC PD R-Thales

=22 — PNIIDC, (2).
AN AK AP AN AP

R-Thales
pinNC _MB GNC _PD _ MB _PD "1, 6h (),
AN AM AN AP _ AM AP

Din (1), (2) si (3) = AMNP [ ABCD .
Impartind ambii membri prin AM - MB obtinem:
AN-NC+AM -MB _ 2PD-(AN+AM -AP) AN NC 2PD( AN AP
> = . +1> +1— .
AM -MB AM -MB AM MB MB \ AM AM
AN AC NC AC PD AD AP _AD

AM  AB'MB AB'MB AB AM " AB’
Egalitatile de mai sus inlocuite in inegalitatea ceruta conduc la:

AC-AC+122AD AC+1—AD < AB?+AC’?>2AD(AB+AC-AD)
AB AB AB \ AB AB

& AB?+AC?+2AD? > 2AD(AB+AC) &
< (AB?+AD?)+(AC’ + AD*) 2 2AD(AB+AC) < (AB—AD) +(AC—AD)’ >0,

cu egalitate pentru AB = AC = AD.
Remarca.
Fie tetraedrul ABCD, M -mijlocul muchiei BD, P,Q -picioarele bisectoarele unghiurilor

Folosind AMNP [0 ABCD =

AMB,, respectiv AMD, iar R € ( AC )astfel incatﬁ—(é—% =1. Aratati ca:

a) (PQR)D(BCD).
b) APQRL ABCD.
Marin Chirciu
Solutie.

a) Folosind teorema bisectoarei in AAMB si AAMD = AM AF)s AM _ AQ

‘MB  PB MD QD

Deoarece M este mijlocul
ui[BD] = MB=MD = ~= _MB _; . AR¥RC_MB _
AR AM AR AM

T —bis R-Thales
AR AM AR AM AR AM AP
Analog:
AC MD AR+RC MD
LN DN sl
AR AM AR AM
T —bis R-Thales
o 1+ ﬁ_@:]_@E:MD:RC:MD 2°DQ = QRIDC, (2.
AR AM AR AM AR AM AQ

Din (1) si (2) = (PQR)(BCD)
o) Din~c_MBGRC _QD__PB_QD "I by gp (3).
AR AM AR AQ AP AQ
Din (1), (2) si (3) = APQRI[] ABCD.
Problemal46.
UP.547. Find without any software:

2 4 x+7
J'4X —-6Xx-9 2 Xalx |
1

RMM- Number 37, Summer 2025, Daniel Sitaru, Romania
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Solutie.

45" —6x -9 6 9 3 3 6
Avem—x4 :4—F—F=(2—?j(2+?]—g.
Obtinem

Il
—_—
N
x
S
><4> o
x
|
(o]
N
<
T
o
|
P C— N
VR
VR
N
|
><N| w
N
VR
N
+
><m| w
N—
|
><w| o
N——
D
2
T
> |
o
X
Il

’
2x43 2 6 2x43 2 3 2%+ 2 6 2x+3  Parti
e de—J'—se de:J' 2+—|le * dx—j—3e xdx =
1 X 1 X 1 X

Remarca.
Leta,beR". Find :

O .2[ a’x* —24bx—b2 ax+§dx |
1 X
Marin Chirciu
Solutie.
Avem a’x’ - 2ox—b" =a’ —Z—b—b—zz(a—g)(a+£)—@.
X4 X3 X4 XZ X2 X3
Obtinem:

2 2 4 b 2 b
—2bx —b* ax+> b b 2b ) a
Q:J‘ X4 e XdX:I((a—?j(a+?j—?Je xdx =

1

b b 4a+b
:(a+9j g2 —(a+9j et |-4axb —(a+b)e*”.
4 1 4

Problemal4y.
UP.546. Prove without any software:

/ /1 2 5
I —+—d I >\ XIdX>Z'

RMM- Number 37, Summer 2025, Daniel Sitaru, Romania

Solutie.
Folosim formulele lui Cardano pentru ecuatia de gradul al treilea x> + px+q=0.

Discriminantul este A = —(4 p°+ 27q2).

vvvvv

_ 2 3 _ 2 3
><1=#7q+ %+% +i/7q_ %+§_7 si X,, €C—R.

Pentru p=1,q=—1 ecuatia de gradul al treilea X’ + x—-1=0areA=—(4+27)<0 =
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o N P
2 \4 27 2 \4 27 ’
2 2
f(x):3§+ i+x_+3§_ i+x_2f(1)= l+ i+1+31_ i+l=x1_
2 27 4 2 27 4 2 \/27 4 2 \27 4

Aratam ca x; > g

Consideram functiag :[0,6] > R, g(x)=x>+x-1;avemg’(x)=3x*+1>0=g T.

3
Deoareceg(§j=(§j £2_127828 g(1)=1>0= S x <1.
8 8 8 512 8

Obtinem:

X 5 x> Ix |1 X
I —+ —+—d X+ | 3=— —+—d I —+ —+—+3—— —+— [dx>
27 4 27 4 0 2 \27 4

2

_0.,.5
8" 4

0

>ix1dx>j.§dx:gx
0 0

Problemal48.

Evaluate
4 JI 9-—
J' n( X) dx.
2\/In(9—x)+\/ln(3+x)
About Mathematics, 4/2024
Solutie.

—I / —X) xfti In(3+t) J. JIn(3+x) i
\/In \/In 3+x \/In +\/In 9-1) \/In 3+x)+\/ln(9 X)

j JIn(9-x) j JIn(3+x) dx=j1-dx=x|‘2‘=4—2=2.
\/In 9-x +\/In 3+x \/In 3+x \/In 9- x >

Obtinem2l =2 < | =1.

In(9—x) ~
—x)+\/ln(3+ x)dx_l'

21 =1+1=

4
Deducem caJ‘
\/In 9

Remarca.
Leta >1. Evaluate

ail In(3a—x)
2 \/In (3a—x) +\/In (a+x)

Marin Chirciu
Solutie.

atl 1/In(3a X) dx -1
x=1.

Deducem Caj\/ln 3a_x +\/In a+x)

Remarca.
Let f :[a—1,a+1]—(0,), f -continua. Evaluate
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a+l _
J' f f(3a X) dx

2 f(3a—x)+ f(a+x)
Marin Chirciu

Solutie.

a+l
Deducem ca I f(3a-x)
2, f(3a—x)+ f (a+Xx)
Problemal49.
4928. If AD, BE, CF -internal bisectors, r,, 15, I. -inradii of triangles AEF, BFD, CDE then:

dx =1.

2 2, .2_3 )
r, +1g + 1 S—G 2

Crux Mathematicorum, March 2024, George Apostolopoulos, Greece

Solutie
Lema.
If AD, BE,CF -internal bisectors, r,, I, I, -inradii of triangles AEF, BFD, CDE then:
(2 < F-bc .
3J3(a+b)(a+c)
Solutie.
Folosimr, = Snee =5,, unde:
pAEF
bc bc a
S _AE-AF-SinA_aic a+b 2R _abc bc _4RS bc _
e 2 2 4R (a+b)(a+c) 4R (a+b)(a+c)
_ S-bc
(a+b)(a+c)’
_ AE + AF +EF
AEF — .
2
F-bc
o _(F) v ()" (F')° _ P _(atb)(a+c)  F-b

A

T T (p) 3F\B 3B 358 3/3(a+b)(atc)
Am folosit inegalitatea lui Hadwiger p? > 3F+/3.
Lema F-bc F bc
LHS =ri +15 +1 < =
AoEE Z3«/§(a+b)(a+c) 3\/§Z(a+b)(a+c)

__F p’+r’-2Rr% F 3R® 3R’

33 p*+r?+2Rr 343 8r  64r’

p2 +r2_2Rr 3R 2 2 2 2

unde (1)<:> mgg = 8I’(p +r —2RI’)S3R(p +r +2Rr) =
& p?(3R—8r)+r(6R* +19Rr —8r*)>0.
Distingem cazurile:
Cazull).Daca(3R—8r) >0, inegalitatea este evidenta.

Cazul2).Daca(3R—8r) <0, inegalitatea se rescrie: r(6R*+19Rr —8r*)> p’(8r -3R), care

=RHS,

rezulta din inegalitatea lui Gerretsen: p° < 4R* +4Rr +3r?,
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Ramane sa aratam ca:
r(6R? +19Rr —8r*) > (4R? +4Rr +3r°)(8r —3R) < 6R° —7R’r —2Rr’ —16r° >0 <

& (R-2r)(6R*+5Rr +8r*)>0, vezi R > 2r ,(Euler).

4 4 3
Inegalitatea(2) < PR < 3l2 = pr 3R < 3R > < P R—2 care rezulta din
3J3 8r ~ 64r 3J3 8r ~ 64r 3J3 8r
inegalitatea lui Mitrinovic p < 3R2\/§.
3R/3
I 3
Ramane sa aratam ca—2— < R—2 & 4r* <R?vezi(Euler).
33~ 8r
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
If AD, BE,CF -internal bisectors, r,, I, I, -inradii of triangles AEF, BFD, CDE then:

]
N N 1 .S .
A'B 12\/g

F b+c
2).r2 < —,
) 243 a
Dezvoltari, Marin Chirciu
Problemal50.
UP.542. Find :
Q= Zarctan 49 .
—~ 49+(7n+1)(7n+8)
RMM- Number 37, Summer 2025, Daniel Sitaru, Romania
Solutie.
. 1 1 1 1 ..
Folosind arctan — —arctan — = arctan —————, x > 0, pentru x = n + = obtinem:
X X+1 X°+Xx+1 7
1 1 49
arctan—l—arctan 7= arctan 5 = 29 (7 1) (7 8) )
+(7n+ n+
n+? n+?+1 n+1) +n+1+1
7
Rezulta:
Q= Zarctan 49 = Z arctan I arctan I
~ 49+(7n+1)(7n+8) = na L ne i
7 7
1 1 1 1
= arctan —— —arctan +arctan —— —arctan —— +... +arctan —— —arctan +..=
1 1 1 1 1
1+= 2+= 24+ = 3+= n+= n+l+=
7 7 7 7 7
=lim arctani—arctan :arctanz.
" 1+= n+1+—= 8
7 7
Remarca.
LetA>0.Find:
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© /12
Q=) arctan .
Z‘ A?+(An+1)(An+ 2 +1)
Marin Chirciu

Solutie.

. 1 1 1 1 .
Folosind arctan — —arctan — = arctan ———, x > 0, pentru x = n+— obtinem:

X X+1 X+ X+1 A
1 1 1 A2
arctan—l—arctan—1 =arctan > = 7 (i 1) (A i 1) .
+(An+ n+A+
n+z n+*+1 n+1j +n+1+1
A

Rezulta:

© /12 © 1 l
Q= Z arctan = Z arctan —arctan =

—r A2 +(An+1)(An+2+1) o n+£ n+1+1

A A
1 1
= arctan —— —arctan +arctan —arctan +...+arctan —arctan ———+...=
1
1+— 2+— 2+— 3+— n+— n+1+—
A A A A A A
=lim| arctan Ll —arctan =arctan i .
n—so 1+ = n+l+; A+1

Problemal51.
SP.541. Find all continous functions f : R — R such that:

f(gj—ﬁ (x)=15x,(V)xeR.

RMM- Number 37, Summer 2025, Daniel Sitaru, Romania

Solutie.
1

f(%j—?,f(x):le o f(x):§f(§j—5x.

X ) .
Dand lui xvalorile: ,3—nobt|nem Succesiv:

Pt
f(x):lf(fj—sh1 lf(izj—Sf Bx= f( 2) 5x(1+i2)=
3 \3 313 \3 3 3 3 3

111, (x X 1 1 1

| =f| = |-5= |-5X|1+= |==f 5——5x 1+

3{3 (33j 32} ( 32j 3 (33j 3 ( 32)

1 X 1 1 1 1 1
=—f| = |-5X|1+5+= |= =—f X1+ = +—=+...+ = |
33 (33 j ( 32 34 j 3!’1 ( j ( 32 34 32n j

Trecand la limita pentru n — oosi tinand seama ca functia este continua si f (0) = 0 obtinem

f(x):—5x!i£po(1+3—12+3—1[1+...+3%j:_ X-2="2y.

Deducem ca functia cautataeste f :R >R, f (x) = ? X.

Remarca.
Leta >1,b e R fixed. Find all continous functions f : R — R such that:
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Marin Chirciu
Solutie.
X 1 X
fl=|—-af (x)=abx < f(x)==f| = |-bx.
(%)-at 0 (=21 (%]

Dand lui xvalorile: o iv:
'a a
f(x):lf[zj—bx:l{if(éj—bz}—bx:%f(éj—ax(l+i2):
a \a ala \a a a a a
1|1 X X 1 1 X X 1
=—|=f| = |-b= |-bx|1+= |==f| = |-b—=—-bx|1+= |=
az{a (a?’j az} ( azj a® (a3j a* [ azj
1 X 1 1 1 X 1 1 1
=—f|l = |-bX|l+=+=|=..=—f| = |-bX| 1+ =+—+...+ .
aS [a3j ( aZ a4j an (anj ( a2 a4 aan

Trecand la limita pentru n — oosi tinand seama ca functia este continua si f (0) = 0 obtinem

1 1 1 a’ a’b
f =—bhxlim 1+ =+—=—+..+— |=-bx: = X
() n%[ a® a* az"j a®-1 1-a

a’b
1-a

Deducem ca functia cautataeste f :R >R, f (x) = X.

2

Problemal52.

UP.541. Find:
J3
Q- I X— arctanx
1 1+x arctan x)
RMM Number 37, Summer 2025, Daniel Sitaru, Romania
Solutie.

Folosind substitutia t =arctanx = x =tant = dx = (1+tan2 t)dt =

t
(1+tan t)t

tant —t

tant —t
(1+tan2t)t3

2

(1+tan2t) t3

tant
a dt—

dt= (1+tan2t)t3

Q=

1+tan’t)dt =
( )

BN ——wlN
;‘ﬁ!.’w\g;
,';‘.\ql—.w‘(\q
p‘u'—.w\u

sint

COSt dt j‘ sin 2t
N

t3

1+cos2t
2t?

2
dt- [ %% t dt - dt =

gt =1
2

Il
BN ——w|y

T sintcost
%

Ma'—.wm
BN C—w| N

3
coszt coszt 4
13 -1Y . 31 3cos2t. Al(-1). P 341 i1 3
=—|| — | sin2tdt — | —dt — dt==|| — |sin2t] — || — |-2cos2tdt |— | —dt —
zﬂzﬁ) lzﬁ -,[th 2{(32) h J;(thj -,[th l
7 7 7 4 3 7 7
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] : 3
1 1 5 sinz—”+ 1 5 sin2—”+J'£2cos2tdt +i3—J.—dCOSZ2t t=
2 T 3 V4 4 ﬂ_t 2t£ p 2t
_ 3 3
1 12 sin—+ L > sinz—”+'f120052tdt LI Icosftdt
2 o 7 o 7 4 ot 0. T o % L A
3 4 : 3 4 ¢
_ 3 3
S R S U Y s S T 1
2 NE: 2 2 (7 271 2 27 24 t
3 4)) 3 4
_—J§+1 3 4 3 1 1 93 4 1
- 2 PP 2 2 o 2 2 5
N 4£ 2r 2rm g% 47 2r  8x n° 2z
3 4 9 16
VAN
Deducem caQ) = j X Zarctanx 3dx=i2—£—i.
1 (1+x°) (arctan x) 7~ 8z° 2«
Remarca.
Ifk e N find:
Q0o f kx arctan x
1 1+x arctan x)"
Marin Chirciu
Solutie.
B B
Pentruk:OavemQ:I azctanx dx:—j 1 >ax.
1 (1+x°)" (arctan x) 1 (1+%°)
Integrand prin parti avem
I dx = x—dx— —Ix( 21 )dx ~[x: —2x ~dx =
x*+1 x* +1 X+l X" +1 x*+1 ( +1)

- X1+ZI( X _dx= X1+2IXZ+1_1dx: X +ZI 1 Sax .

N A A j(x2+1)

R (\/_17:}1\/51_

Obtinem Q = J. 5
(1+X) 8 4 24

In continuare fiek >1.
Folosind substitutia t =arctanx = x =tant = dx = (1+tan2 t)dt =
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k tant
2 2k ldt
(1+tan t)t ¥

t o
(1+tan” t)t* -

(1+tan2t)dt
1+tan t 2t

0o ‘% ktant— t

:]31 ktant -t
7 (L+tan? )t
4

BN ]y
Mu'—;wm

~ _\/§.32k N 42k -1 N 32k—1 _4zk_1
8z* ™ 2(2k-1)x*
kx arctanx . _ 42 J3.3% gl _ g2k

N
Deducem caQ = = )
J; 1+ %) “(arctanx)*t 2T 82 2(2k-1)7"

Problemal53.
JP.552. Justify if exists non-zeo natural numbers a,b,c,d , different in pairs, such that we

have :
a(b+c—a)=b(a+c-b)=c(a+b-c)= a+(l;)+c .
RMM- Number 37, Summer 2025, Gheorghe Molea, Romania
Solutie.

Avema(b+c-a)=b(a+c-b)=c(a+b-c)= b+c-a_a+c-b_a+b-c_

11
a b c
b— b)+ b—
(a+b-c)+ (f clz 1) (a+ c):f+2+clza+b+c dacat+ l+1:d,
44,1 111 d a b c
a b c a b c
. 1 11
vezi(a,b,c,d)=(2,3,6,1), decarece =+ = +==1.
2 3 6
Remarca.
Justify if exists non-zeo natural numbersa,b,c,d,e, different in pairs, such that we have :
2(a+b+c+d
a(b+c+d—-a)=b(a+c+d-b)=c(a+b+d-c)=d(a+b+c—d)= (a+ e+ * )
Marin Chirciu

Solutie.
Avema(b+c+d—-a)=b(a+c+d-b)=c(a+b+d-c)=d(a+b+c—d)=
:b+c+d—a a+c+d-b a+b+d-c a+b+c—d:

1 1 - 1 - 1
a b c d
(b+c+d-a)+(a+c+d-b)+(a+b+d-c)+(a+b+c—d)
B 1 1 1 1 -
ab c d
2(a+b+c+d) 2(a+b+c+d
=§ 11 1)= ( " )d §+i+i+1=e,
S ek
a b c d
vezi(a,b,c,d,e)=(2,4,6,12,1), deoarece -+ 21 L g,
2 4 6 12

Problemal54.
JP.551. Find the real numbers X, y,zknowing that they meet the conditions :
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X+y+z=1

Xy +(x+y)(z +1)=g'
RMM- Number 37, Summer 2025, Gheorghe Molea, Romania

Solutie.
S=1-z S=1-z
Notand x + y = S si xy = Pavem = )
y d P+S(z+1):g P:%+z2

. : i 1
Formam ecuatia de gradul al doilea cunoscand suma S =1-z si produsul P = §+ 2.

Obtinemt? -St+P =0 < t? —(1—z)t+%+ 2 =0 < 3t*-3(1-z)t+32°+1=0,

cu A=9(z-1)° -12(32° +1) =-27t* ~182-3=-3(3z+1)".
Deoarece solutiile x, yale ecuatiei de gradul al doilea trebuie sa fie reale punem conditia

A=-3(3z2+1)>0 z=_?1.

Punand z = _?1 in ecuatia3t’ —3(1—-z)t+3z° +1=0o0btinem9t* -12t +4=0 < (3t—2)2 =0

@t:g,deundex:y:g.
3 3

Deducem ca(x, Y, z) = (Z , 2 , _?1) este solutia reala unica a sistemului.

33
Remarca.
Let 2 > 0 fixed. Solve in real numbers X, y, z the system:
X+y+z=21
2 .
Xy + (X + y)(z+/1):%
Marin Chirciu
Solutie.
Notand x+ y = S si xy = P avem 2 & 2 .
g g P+S(z+/1)=% P=%+z2

. i . A
Formam ecuatia de gradul al doilea cunoscand suma$S = A —z si produsul P = =—+ z°.

2
Obtinemt*—St+P =0 < t? —(ﬁ,—z)t+%+ 22=0 < 3t° -3(A-2)t+32°+1* =0,
cu A=9(z—1) —12(32° + A*)=-27t* ~1842-34% =—3(3z+ 1)’
Deoarece solutiile x, yale ecuatiei de gradul al doilea trebuie sa fie reale punem conditia

A=-3(3z2+2) 20 z=%.

Punand z = % in ecuatia3t’ —3(A—1z)t+3z° + 2° = 0obtinem9t* -12At +44* =0 <
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c>(3t—2/1)2=0<:>t:ﬁ,deundex=y:ﬁ.
3 3

Deducem ca(x,y,z) = (2% %}este solutia reala unica a sistemului.

3

Problemal5sb.
UP.549. If 0 <a <bthen find:

; In x
Q(a,b)=
(a.b) £x2+(a+b)x+ab

RMM- Number 37, Summer 2025, Daniel Sitaru, Romania

Solutie.
Folosind substitutia x = aTb = dx = _t"’;b dt =
b In ab
In x I b ab
= Q(a,b)= dx = _dt |=
(a.b) £x2+(a+b)x+ab -!: 2 [ t? )

+

(ab) (a+b)atb+ab

t
In(ab)-Int dtzi In(ab) dt—:bf Int ot =
) £+ (

b
-!:t2+(a+b)t+ab t*+(a+b)t+ab ?+(a+b)t+ab
b
[ @)y o(a).
" t* +(a+b)t+ab
b b
Rezulta caQ(a,b) :I - In(ab) dt—Q(a,b) & 2Q(a,b) IZ In(ab) dt <
-7+ a+b t+ab -7+ a+b t+ab

b

jz dt
-+ a+b t+ab
1

Sa calcul dt .
acacuamj 2+(a+b)t+ab

Avem
p 1 " 1 1 %1 1 1

dt = dt = — dt = In(t —In(t+b))=
£t2+(a+b)t+ab !(t+a)(t+b) b—a'!:(t+a t+b] b—a(n(+a) n(t+b))

b 2
= ! In(Haj = 1 In(b a} In(a+aj = ! In(a+b) , pentrua<b.

b-a \t+b b-a b+b a+b b-a 4ab
Pentrua =bavem I L dt=0
t?+(a+b)t+ab

Deducem ca:

b 2 2
Q(a,b):ln(ab)j : 1 dt:In(ab). 1 In(a+b) _ In(ab) In(a+b) |

2 Jt°+(a+b)t+ab 2 b-a 4ab 2(b-a) dab
pentrua <bsiQ(a,b)=0pentrua=h.
Remarca.
If 0<a<bhthen find:
b
Q(a,b):IL)(zdx.
2 (x+a)
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Marin Chirciu

Solutie.

a’ -a’
Folosind substitutia x = e = dx = t—zdt =

. t+a)2

Q(a,b)ideim][ a’ j j'” 'ntt—i(m(az)dt—z('”t dt -

(t+a)2
Rezulta caQ(a,b) jﬂdt Q(a,b) & 20Q(a,b) 2Inaj ~dt <
t+a) t+a)
Q(a,b)=Ina- Ld
(t+a)
Sa calculam j—dt
t+a)
Avemf - —1|_ +1 —2a+b+a _ b-a .
(t+a)’ t+al, b+a 2a 2a(a+b) 2a(a+h)

b-a (b-a)lna
2a(a+b)  2a(a+b)’

Deducem ca: Q(a,b)=Ina-

Problemal56.
UP.554. We consider the equation: (1+iz)™" =i -(1+ 22)n ,n >1natural number and i’ = -1.

a. Prove that the complex numberi is a solution of the equation for any n>1.
b. Solve the equation in the case n =1and in one the casesn=2orn=3.

c. Find the solution of the equation in the general casene N”.
RMM- Number 37, Summer 2025, Adalbert Kovacs, Romania

Solutie.
a. Severifica(l+i-i)" =i-(1+i%) & (1-1)" =i-(1-1)" & 0" =i-0" < 0=0.
b. Pentrun =1lavem ecuatia(1+iz)" =i-(1+2°) < (1+i)z* -2iz+i-1=0,cu A=4.
Obtinemz, =2,z, =2i.
Pentrun = 2avem ecuatia (1+iz)" =i-(1+ 22)2 < (1-i)z" - 4iz° —(6+2i)2° +4iz+1-i=0
= (z—i)2(22+22—1):0.
Obtinemz, =i,z,, = ~1+4/2.
Pentrun = 3avem ecuatia(1+iz)" =i-(1+ 22)3 <
< (1+i)2° - 6iz° +(3i—15) z* + 20iz° +(3i +15) 2° —6iz +i—1=0
& (z—i)3(23—322—32 +1):0 o (z-i)(z +1)(22—4z+1):0.

7l
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Obtinemz, =i,z, =-1z,, = 2+/3.

c. Pentru rezolvarea ecuatiei (1+iz)" =i -(1+ zz)n distingem cazurile:
i).Cazull. 1+2z° #0.

. 2 n
(1+iz)2n :i-(1+ 22)n =N [lel—z;zj =i,1+2? #0.
+7

H 2
Notandw=l+2l—zzzrezolvam ecuatiaw” =i < w" =1| cos = +isinZ |, cu solutiile
1+z 2 2

E+2k7z z+2k7r

wkzcos2 +isin2 k=0,n-1.
n n

Revenind la notatie avem:

H 2

:“12'—222 & (1+w)z? —iz+w-1=0,cuA=3-4w’ = z =i++/3-4w* ,unde

+2

E+2k7r E+ 2k
W = cos-2 +isin ,k=0,n-1.

n n

ii).Cazul2. 1+2z° =0.
1+2° =0 2°=-1< z=4i.
Problema este complet rezolvata.
Problemal5?7.

SP.543. Letbe f :[0,1] »[0,20], f (x)=2-3"+4-5"—6.Find:

Q:i[ofl(x)dx.

RMM- Number 37, Summer 2025, Daniel Sitaru, Romania
Solutie.
Folosim egalitatea lui Young:

Daca f :[0,a] —[0,b] este o functie derivabila, strict crescatoare cu f (0)=0si f (a)=b,
a b

atunci are loc egalitatea f f (x)dx +I f7(x)x=ab.
0 0

In cazul nostru f :[0,1] —[0,20], f (x) =2-3*+4-5" -6 este o functie derivabila, strict
crescatoare(exponentiale cu baza supraunitara), cu f (0) =0si f (1)=20.
Aplicand egalitatea lui Young obtinem:

jff(x)dx+T f(x)dx = 20.

0 0

: : ¥ 5 1 3 5
Avem.([f(x)dx=_(|)‘(2-3 +4-5 —6)dx=[2-m+4.ln5—6x]‘ :(2-m+4-m—6j—

_ 2i+4i :i+£_6_
In3 In5 In3 In5

Obtinem:

20
Q:jf‘l(x)dx=20—(i+£—6J 62 106
0 In3 In5

Remarca.
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Letbe f:[0,1]—[0,25], f (x)=3-4"+4.5" -7 Find:

25
Q= j f (X )dx
0

Solutie.
Folosim egalitatea lui Young:

www.mateinfo.ro

Marin Chirciu

Daca f :[0,a] —[0,b] este o functie derivabila, strict crescatoare cu f (0)=0si f (a)=b,

a
atunci are loc egalitatea f f

b
x)dx+j f7(x)x=ab.
0

In cazul nostru f :[0,1] —[0,25], f (x) =3-4*+4-5" —7 este o functie derivabila, strict

crescatoare(exponentiale cu baza supraunitara), cu f (0)=0si f (1)=25.

Apllcand egalltatea lui Young obtinem:

j x)dx+jf x)dx = 25.
Avemjf(x)dx=I(3.4X+4.5X_7)dX:( )

0

(gt 419 16 -
In4 In5 In3 In5

Obtinem

In4 In5

Q= jf x)dx = 25— (i+£—7j=32————.

Problema158

UP.550. If f:[0,1]> R, f continous andjxf

4x
In4

1
6x :[3.i+4.i_7j_
6 In4 In5

In5

dx aj dx b,a,beR then:

jf x)dx > 3(a—b)’.

RMM Number 37, Summer 2025, Daniel Sitaru, Romania

Solutie.

Folosim inegalitatea CBS sub forma integrala:

b
Daca f,g:[a,b] >R, f,g integrabile atunci_[ f 2 (x)dx

Punand[a,b]=[0,1]si g (x) = x—1obtinem:

J:fz(x)dx.l[(x—l

:>_[f % ab:>jf

0

Remarca

If f:[0,1] >R, fcontmousandj'xf (x)dx = aJ'

[j (x)(x~ 1)dxj:>jf

x)dx >3(a—-b)’.

dx b,a,beRthen:
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fz(x)dx2(3a—2b)2.

O e

Marin Chirciu
Solutie.
Folosim inegalitatea CBS sub forma integrala:

b b b 2
Daca f,g:[a,b] >R, f,g integrabile atuncij fz(x)dxjgz(x)dxz[j f (x)g(x)dxj .

Punand[a,b]=[0,1]si g(x)=3x—2obtinem:

jffz(x)dxj'(Bx—Z)zz[ f(x)(3x-2)d j jf X )dx - 1>@ f(x)dx—ZEf(x)dej

0

O ey

:>_[f x)dx > (3a—2b)’.

Problema159.
SP.553. If 0<a<bh<1then:

1+X ) ) )
GIIog( dex>(b —~a’)(b*+a’ +6).
RMM- Number 37, Summer 2025, Daniel Sitaru, Romania

Solutie.

Aratam calog(“—xj22x+§x3,03x<l.

1-x
Intr-adevar:
1+ X

Consideram functia f (x) = Iog(
—X

j 2x—§ x}, 0<x<1.

4

Avem f'(x)=

Iog(“x 2x—§x320 Iog( Xj>2x+§x
—X

>0 = f este crescatoare pe[0,1) = f (x)> f (0)=0=

Folosind log (“—Xj > 2X +§ x* obtinem:

4 4
:G(bz—a2+b _4 J:
6

(b2 —az)(b2 +a’+6
Remarca.
If 0<a<hthen:

b
GIIog (1+x)dx > (a—b)(a2 +ab+b’ —3a—3b).

Marin Chirciu
Problemal60.
SP.551. Find:

4n-8
=lim njwdx.

0 (l+ X4)

80
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RMM- Number 37, Summer 2025, Daniel Sitaru, Romania

Solutie.

Lx3 (1+ x“”’g)

—=dx.
0 (1+X4)

Calculam

Facem substitutiax* =t = 4x3dx =dt .
Obtinem

L y3 (1+ X8

) Clplt"? o 1(r 1 L gn-2 1 “1 )
!de_zl.;d(lﬂ)nt_z[£(1+t)"dt+z[(l+t J ut+1 dt+j( +J t—zdt]_

t n-2+1
S j(LJ”Z[Ljdt 2t 1 (tJ 1|
4 -n+l 0 olt+1) (41 4 -n+1 -n+1 n-2+41 [0|
1 n-1
1 2 n+l 1 +(2j _O _1 2—n+1 N 1 +2—n+l _l 1 B 1
4 -n+1 -n+1 n-1 | 4{-n+1 n-1 n-1) 4 n-1 4(n-1)’
1+ x*8
Rezultaj ( - )dx: : :
0 (1+X4) 4(!’]—1)
_ _ 1x3(1+x‘”‘8) 1
In final Q =limn dx=Ilimn ==,
"y (1+x4) e 4(n-1) 4
Remarca.
Letk >1fixed. Find:
_ 1 kal (1+ an—zk)
Q=Ilimn —=dX..
% (l+xk)
Marin Chirciu
Solutie.
1+an 2k
Calculamj ! )
0 (1+Xk)

Facem substitutiax* =t = kx**dx =dt .

k-1 kn—2k
(1+ X ) 1
Rezulta_!' ] KD

_ - k-1 (1+ xkn-2k ) . 1

In final Q = limn —=dx=limn =
o (14 x) = k(n-1)

Problemal61.

JP.542. Solve for real numbers

x| =
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6X+6y ,
9+4xy
6y+6z y
9+4yz
6z+6Xx
9+4zx
RMM- Number 37, Summer 2025, Daniel Sitaru, Romania
Solutie.

Bx+6y ,

9+ 4xy 6X+6y =9z +4xyz

6y +62

9+ 4 =X <& 6y+6Z2=9x+4xyz.

z
Y 6z +6x=9y+4xyz
6z+6Xx
9+4zx

Scad ecuatiile(1) si (2) = 6(x-2)=9(z-x) = x=z.
Scad ecuatiile(2) si (3)= 6(y—x)=9(x-y) = x=y.

ﬁ,o,ﬁ},

Folosind ecuatia(1) six=y =z = 4x’-3x=0 = x ¢ {— > >

Multimea solutiilor sistemului este S = {[—?,—?,—?J,(0,0,0){

Remarca.
Let0 < A < 2nfixed. Solve for real numbers

AnX+ Any
T e, L
A°+Nn°xy
Any + Anz

R A—— e ¢
A2 +n’yz
ANZ+ANX
A% +n%zx

Marin Chirciu
Multimea solutiilor sistemului este :

‘ ={£\/2/1n12 -2 o7 J,(o,o,o),(‘/z’m_’lz 27" a7 J}

n n n n n n

Problemal62.
L271. Demonstrati ca in orice triunghi are loc inegalitatea
bc ca ab _ 20R-4r

2 + 2 + 2 3
(p-a)” (p-b)" (p-c) r
Recreatii Matematice2/20214, Andy Brojbeanu, elev, Targoviste

2) bc L ab22@+12—2n,unde—8£n£8.

(p-a)" (p-b)" (p-c)” r

Marin Chirciu, Pitesti
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Solutie.
Avem

(p-a°  JI(p-a (r*p) ) rp*
Inegalitatea de demonstrat se scrie:

2 _ 3
p(r 8Rr)p“:(4R+r) 2$+12—2nc>(4R+l’)32 pz[(n+8)R+(11—2n)r],carerezulté

R(4R+r)’

din inegalitatea Blundon-Gerretsen p* <
2(2R—-r)

(‘adevarata din identitatea

2p*(2R-r)

 R(4R+r)
AA,BB',CC’, unde A',B',C’ sunt punctele de tangenta ale cercului inscris in triunghiul ABC
cu laturile BC,CA, AB) si conditian+8>0, care asigurd (n+8)R+(11-2n)r >0.
Rémane sd aratam ca:
R(4R+r)’

2(2R-)
& (R-2r)[(8—n)R+r]>0, evident din inegalitatea lui Euler R> 2r si conditia8—n>0.

HI? =4R? {1 } , 1" este punctul lui Gergonne:intersectia dreptelor

(4R+r) > [(n+8)R+(11-2n)r] < (8-n)R*+(2n-15)Rr-2r’ >0 <

Egalitatea are loc daca si numai daca triunghiul este echilateral.
bc ca ab 8R

3 + + >——4.
'(o-aF (p-b) (oo 1
bc ca ab 8R 20R —4r
4) =+ 5+ >>——42> .
(p-a)” (p-b)" (p-c) * 3
5 ¢, @ 80 B8R 4R 15 o0, unde-8<n<s.
(p-a)" (p=b)" (p-c)” T r
Problemal63.
InAABC
., A 1
ZhaSInZEZsinzAzgr'
Mathematical Inequalities 5/2024, George Apostolopoulos, Greece
Solutie.
Lema.
In AABC
2N Sinzéz 1 _(4R+I’)[p2(p2+2r2—8Rr)+r2(4R+r)2}
T 245in? A 8Rrp? '
Demonstratie.
_ , A r(4R+r) | 1 pz(p2+2r2—8Rr)+r2(4R+r)2
Fol h, sin®> — = = :
olosim . sin 2 2R S'lzsinzA 4r? p?

Folosind Lema obtinem:
Zh Sinzéz 1 _(4R+r)[p2(p2+2r2—8Rr)+r2(4R+r)1 )
) 2“sin?A SRrp? _
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i 2 2 erretsen 2 2
_ AR+ p2+2r2—8Rr+—r (4R2+r) T 4R+r 16Rr —5r2 +2r2 —8Rr 1) (4R+r)2 -
8Rr i p 8Rr R(4R+r)
] 2(2R-r) |
i —r)r? AR +1)(8R*+Rr—2r?) uter uler
_AR+T gpr_gry 22RZD)T }( J : )% ararEr,
8Rr | 8R
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Remarca.
In AABC
A 1 R
4R +r <) h_sin? 4R
+r<>Y h,sin Zzsm A 2r( +1).
Solutie
Lema.
InAABC
A 1 (4R+r)[p2(p2+2r2—8Rr)+r2(4R+r)Z}
D hsin® =y ——= _ _
2 ~sin” A 8Rrp
Demonstratie.
A r(4R+r) pz(p2+2r2—8Rr)+r2(4R+r)2

. 1
Folosim > h, sin® = > =" n §lzsin2 e e

Inegalitatea din dreapta.
(4R+ r)[ p*(p*+2r* —8Rr)+r? (4R + r)z}

., A 1
h_sin®— = _
2.h, ZZsinzA 8Rrp?
2(4R 2| Gerretsen 2(4R 2
AR e e g LURET) [ AR e gpr e e or—grr g RET) |
8Rr p 8Rr r(4R+r)
R+r
4R +1)(4R?* —3Rr +6r?) euter
4R+r[4R2 4Rr +51% +1(R+1)]= (4Rr)( — )t 25(4R+r).
r r
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Inegalitatea din stanga.
A 1 (4R+r)[p2(p2+2r2—8Rr)+r2(4R+r)z}
D hsin? = ——= - =
2 ~'sin” A 8Rrp
I r2(4R+r)’ |ceretsen r2(4R+r)’
_AR+r p2+2r2—8Rr+—( . )| AR epr sp2 4 o7 _grr s L ARET) )2 _
8Rr | p 8Rr R(4R+T)
i 2(2R-1) |
I 2(2R=r)r2] (4R+r)(8R?+Rr—2r?) euer Euler
:4:R” sRr—3r? + 22RT) }( ) - o or.
r
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In AABC
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3
27R<Zrc Z 1 _2IR

sin? A~ 8r?
Solutie
Lema.
In AABC
2( 2 2 2 2
Zracoszéz 12 P (p?+2r 8Rr2)+r (4R+r1) |
2<sin“ A 8Rr

Demonstratie.

2
_ A p 1 p*(p*+2r* —8Rr)+r” (4R +r)
Folosim 'r. cos? — = —si = .
2 2 2R’ ZsinzA 4r?p?
Inegalitatea din dreapta.

2(p2+2r2 —8Rr )+ 1? (4R+r)’ Gerretsn
Zracoszéz 12 :p(p 2) ( )" cerret
2 “~sin* A 8Rr

ceresen (4R? + 4R +3r?)(4R” +4Rr +3r° +2r* —8Rr )+ r* (4R +r)’
< =
8Rr?
Z(R4 +2R%r* +Rr’ + r“) Euler 7R3
< .
Rr? 8r?
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Inegalitatea din stanga.

2
zé 1 _ pz(p2+2r2—8Rr)+ I’2 (4R+r) Geritsen
2.1, 008 2 zsin2 A 8Rr? =~

www.mateinfo.ro

cerrasen (16RT —5r* ) (16Rr —5r° +2r° —8Rr )+ r* (4R+r)°  2(9R*—5Rr+r?) o 27R

> =

8Rr? R
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In AABC

3)_h,sin? g <>'r, cos’ g
Solutie.

r(4R+r) p°
Folosth sin? 2‘ s12r cos?

2
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